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PREFACE. 


Parts  I,  2  and  3  of  this  volume  were  completed  and  printed  in  the  fall  of  1902. 
A  number  of  separates  were  distributed  by  the  Students'  Observatory  at  that 
time.  Parts  4,  5  and  6  were  completed  in  May  of  1905,  spring  of  1906,  and  March 
of  1907,  respectively,  but  on  account  of  pressure  of  work  in  the  State  Printing 
Office  at  Sacramento  the  last  of  these  parts  did  not  come  oflf  the  press  until  the 
spring  of  1909.  Unfortunately,  since  the  material  for  the  completion  of  the 
volume  was  then  ready  and  the  prospects  for  having  the  remainder  printed  with- 
out delay  seemed  bright,  no  separates  of  Parts  4  to  6  were  distributed  at  the  proper 
time.  The  manuscript  of  Part  7  and  practically  also  of  Part  9,  with  which  as 
Part  8  it  was  originally  intended  to  conclude  the  volume  was  ready  to  be  printed 
in  April,  1909,  but  owing  to  the  lack  of  University  funds  at  the  State  Print- 
ing Office  the  printing  of  these  papers  was  unavoidably  delayed.  It,  therefore, 
seemed  expedient  to  extend  the  scope  of  the  volume  so  as  to  include  the  material 
which  in  the  mean  time  had  become  available,  as  Parts  8  and  10,  and  to  add  the 
tables  at  the  end  of  Part  7. 

It  may  be  of  interest  to  point  out  that  the  opportunities  for  research  are 
greatly  limited  in  this  department  by  our  extensive  duties  of  instruction,  but 
this  disadvantage  is  offset  to  some  extent  by  the  voluntary  assistance  given  by 
graduate  students  in  the  numerical  work  incident  to  the  investigations  contained 
in  these  pages,  particularly  in  the  construction  of  tables  and  determination  of 
orbits.  The  orbits  included  in  Parts  8  and  10  as  typical  examples  of  the  Short 
Methods  form  only  a  fraction  of  those  derived  with  the  assistance  of  students, 
mostly  in  connection  with  the  regular  courses  of  instruction. 

The  Short  Method^  originally  proposed  in  Part  i,  appears  in  a  revised  and 
greatly  extended  form  in  Parts  7  and  9. 

\  desire  to  take  this  opportunity  to  express  to  Director  W.  W.  Campbell  of 
the  Lick  Observatory  my  appreciation  of  his  cooperation  in  providing  for  the 
publication  of  papers  by  the  staff  of  the  Berkeley  Astronomical  Department  by 
giving  them  space  in  the  established  publications  of  the  Lick  Observatory.  By 
this  arrangement  it  has  become  unnecessary  to  maintain  a  separate  series  of  astro- 
nomical publications  for  the  Berkeley  Astronomical  Department. 

Junk,  191  i. 

A.  O.  LEUSCHNER. 
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A  SHORT  METHOD  OF  DETERMINING  ORBITS  FROM 

THREE  OBSERVATIONS. 


By  a.  O.  LEUSCHNER. 


A  few  years  ago  Professor  Harzer  developed  a  very  elegant  method  of 
determining  orbits,  without  previous  hypothesis  as  to  the  eccentricity,  on  the 
basis  of  a  limited  number  of  observations;  five,  in  general,  representing  the 
greatest  advantages  (A.  N.  3371).  At  least  two  essential  points  are  gained  by 
Harzer  over  Laplace's  method  contained  in  M6c.  c6l.,  T.  I.,  premiere  partie, 
livre  II,  Chap.  IV:  the  first  is  a  practical  gain,  and  involves  an  adjustment  of  the 
effects  on  the  residuals,  due  to  the  coefficients  of  the  higher  powers,  when  the 
geocentric  coordinates  are  developed  as  a  function  of  the  time  by  Taylor's 
theorem;  the  second  is  a  theoretical  advantage,  and  confines  the  effects  of 
perturbations  to  the  accelerations  and  higher  derivatives  by  the  use  of  helio- 
centric coordinates,  by  means  of  which  the  higher  derivatives  may  be  expressed 
in  terms  of  the  coordinates,  velocities,  and  accelerations  at  the  normal  date  more 
readily  than  by  means  of  geocentric  coordinates. 

From  a  theoretical  point  of  view  the  method  gives  perfect  satisfaction  in  the 
case  to  which  it  has  been  applied  by  Harzer.  There  are,  however,  practical 
difficulties  involved  which  make  it  doubtful  whether  astronomers  will  adopt  this 
method  in  preference  to  the  short  methods  of  determining  circular  elements  for 
planets,  to  Olbers'S  and  v.  Oppolzer'S  methods  of  deriving  parabolic  orbits  for 
comets,  or  even  to  the  more  general  methods  of  Gauss  and  Oppolzer  for  the 
determination  of  orbits  without  previous  hypothesis  as  to  the  eccentricity.  Some 
of  the  difficulties,  all  of  them  of  the  utmost  importance  to  computers,  are  as  follows : 

(A.)  It  is  necessary  to  solve  a  system  of  five  simultaneous  equations  for  each 
of  the  two  observed  coordinates,  before  and  after  corrections  for  parallax  and 


*  It  has  been  thought  best  by  all  concerned  that  the  results  of  astronomical  researches  made  under  the 
auspices  of  the  University  of  California  should  be  published  in  as  few  mediums  as  possible.  I  shall  therefore 
be  glad  to  give  appropriate  places  in  the  established  Lick  Observatory  publications  to  standard  papers  written 
by  members  of  the  Berkeley  Astronomical  Department. — W.  W.  Campbell,  Director. 
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aberration  have  been  applied.  In  all,  therefore,  at  least  four  such  systems  will 
have  to  be  solved,  and  more  if  the  first  attempt  does  not  give  the  geocentric 
distances  with  sufficient  accuracy  for  the  final  determination  of  the  parallax  and 
aberration.  This  is  all  the  more  serious,  as  the  greatest  accuracy  must  be 
observed  in  determining  the  unknowns.  In  Harzkr's  example  the  first  attempt 
at  the  geocentric  distances  gave  the  final  corrections  for  parallax  and  aberration. 
Further,  not  four,  but  only  two  systems  of  simultaneous  equations  needed  to  be 
solved,  as  it  was  possible  to  avoid  the  solution  of  the  third  and  fourth  systems  by 
a  somewhat  less  laborious  process.  This  process  is  applicable  whenever  the 
parallax  corrections  in  a  and  tan  <5  are  expressible  in  the  linear  forms 

Saa  =  7/0  +  ^«  V\  ?    ^  tan  Sa  —   d  +  ^«  >i 

where  0«  is  the  interval  between  an  observed  date  /«  and  the  normal  date.  If  the 
observations  are  made  at  observatories  widely  separated  in  latitude,  or  if  the  hour- 
angles  differ  greatly,  the  linear  relations  will  not  be  sufficiently  accurate,  particu- 
larly not  when,  as  in  HarzerVs  example,  the  calculation  is  conducted  with 
seven-place  logarithms.  In  such  cases — which  are  as  likely  to  occur  as  not — 
recourse  must  be  had  to  the  solution  of  a  third  and  fourth  sj'stem  of  five 
simultaneous  equations. 

(B.)  No  hints  are  given  for  the  solution  of  the  equation  of  the  seventh 
degree  which  gives  the  geocentric  distance  at  the  normal  date.  This  equation 
will  have  to  be  solved  at  least  twice,  before  and  after  parallax  and  aberration  are 
applied,  and  the  necessary  approximations  will,  in  general,  involve  a  large  amount 
of  numerical  work. 

(C.)  After  the  residuals  of  the  five  observations  have  been  determined  on 
the  basis  of  the  last  approximation  for  the  geocentric  distances,  it  becomes 
necessary  to  determine  the  coefficients  of  the  six  differential  corrections  to  the 
rectangular  heliocentric  coordinates  and  their  velocities  at  the  normal  date  for  ten 
observation  equations.  The  total  number  of  these  coefficients  is,  therefore,  sixty. 
If  it  is  intended  that  the  results  shall  satisfy  only  three  of  the  available 
observations,  thirty-six  coefficients  are  still  necessary.  Although  the  solution 
for  the  six  unknown  quantities  from  the  observation  equations  has  been  rendered 
quite  simple,  the  amount  of  labor  involved  in  determining  the  coefficients  them- 
selves does  not  seem  warranted  when  the  results  are  not  based  on  normal  places. 

Freed  from  these  disadvantages  the  methods  of  Laplace  and  Harzer  will 
permit  of  the  determination  of  an  orbit,  without  previous  hypothesis  as  to  the 
eccentricity,  more  readily  than  Olbers's  method  for  the  determination  of  parabolic 
elements  in  the  case  of  comets. 

The  essential  improvements  to  be  sought  for  are : 

I.  The  restriction  of  the  number  of  observations  to  three,  the  minimum 
number  necessary  for  the  solution  of  the  problem.     The  slight  gain  in  accuracy 
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resulting  from  the  introduction  of  two  additional  observations  is  more  than  offset 
by  the  shortening  of  the  numerical  work. 

II.  A  reduction  of  the  number  of  fundamental  data  to  be  approximated. 
These  data  consist  in  {a)  the  two  observed  geocentric  coordinates,  their  velocities 
and  accelerations;  {b)  the  rectangular  heliocentric  coordinates  and  their 
velocities — all  for  the  normal  date.     This  reduction  involves  no  loss  in  accuracy. 

III.  A  short  method  of  obtaining  preliminary  values  of  the  quantities  to  be 
approximated,  which  will  do  away  with  the  solution  of  simultaneous  equations. 

IV.  A  short  method  of  solving  the  equation  of  the  seventh  degree. 

V.     A  short  method  of  determining  the  final  corrections  to  the  data  from 
which  the  elements  are  computed. 

Harzer  has  based  the  determination  of  the  fundamental  data  {a)  on  five 
observations  to  secure  a  greater  accuracy  in  them  by  taking  into  account  the  third 
and  fourth  derivatives  of  the  right  ascension  and  declination  with  regard  to  the 
time.  This  procedure  assumes  that  the  errors  of  observation  are  considerably 
less  appreciable  than  the  eflfect  of  these  higher  derivatives.  For,  in  cases  where 
these  effects  are  comparable  with  the  errors  of  observation,  less  accurate  values  of 
the  required  fundamental  data  (^)  will  result  from  the  accurate  representation  of 
all  five  observations  than  are  attained  by  neglecting  these  derivatives  and  by 
deriving  the  most  probable  values  of  the  required  normal  coordinates,  velocities, 
and  accelerations  from  the  five  observation  equations  available  for  each  coordinate. 

It  is  of  course  impossible  to  decide  beforehand  when  the  effect  of  the  higher 
derivatives  and  the  errors  of  observation  are  comparable.  But  it  seems  that  for 
short  intervals  three  positions  can  be  made  to  give  approximations  for  the 
fundamental  data  {a)  sufficiently  accurate  to  permit  of  a  rough  approximation  of 
the  fundamental  data  (^),  so  that  it  is  advisable  to  restrict  the  number  of  observa- 
tions to  the  minimum  number  necessary  for  a  solution  of  the  problem.  This 
restriction  (I)  may  be  made  to  include  a  reduction  in  the  number  of  fundamental 
data  to  be  approximated  (II)  and  a  short  method  of  obtaining  first  approximations 
for  the  same  (HI).  The  first  three  improvements  are  thus  secured  at  one  and  the 
same  time.  For,  let  us  assume  for  a  moment  that  we  have  at  our  disposal  an 
ephemeris  giving  a  and  <5  referred  to  the  mean  equinox  at  the  beginning  of  the 
year  for  every  zu  mean  solar  days.  Then  the  velocity  a'  in  a  at  an  instant 
midway  between  two  ephemeris  epochs  is  given  in  terms  of  successive  differences 
by  the  following  formula  of  numerical  differentiation,  the  unit  of  the  time  being 
chosen  as  \lk  mean  solar  days : 

^'=^=-^k\^{a+{i+^]w)-i^r{a  +  [t+\^w)  +  ^\^r^  (1) 

and  6'  is  given  by  a  similar  formula.     Let  us  further  assume  that  the  successive 
differences  diminish  numerically,  which  is  equivalent  to  the  assumption  that  the 
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curves  representing  the  right  ascension  and  declination  as  a  function  of  the  time 
are  free  from  maxima,  minima,  points  of  inflection,  etc.,  within  the  range  of 
the  ephemeris. 

As  a  first  approximation  to  (1)  we  may  then  write : 

We  now  proceed  to  apply  this  expression  to  the  observations.  Let  0,,,  and  0, 
denote  the  time  intervals  between  the  first  and  second,  and  second  and  third 
observations,  respectively,  expressed  in  Vk  mean  solar  days,  so  that 

where  /,,  /,,,  /,,,,  are  the  dates  of  the  three  given  observations.  Assume  w  =  t^^  —  t^^ 
i,,,—i,,  successively,  and  let  a^,  a,,  a,,,  <S,,  <J,,,  <S,,,  be  the  observed  right  ascensions 
and  declinations  referred  to  the  mean  equinox  at  the  beginning  of  the  year. 
Then  we  shall  have 

and  we  may  write  as  a  first  approximation 


«./=^-i?-^-;    «:-^^-^p--  (2«) 


Similarly 


*n 


^  f  ^  ^*'-^*  =  ^A:^j*j ;      s: = ^^^^-''  =  ^^.f ^'.  (2*) 


ti4  t4t  i  i 


^///j  ^///;  ^A  ^/  ^^^  approximations  to  the  velocities  in  a  and  S  at  the  instants 

In  general,  these  velocities  dififer  from  their  true  values,  first,  on  account  of  the 

errors  of  observation;  secondly,  because  they  are  not  corrected  for  parallax  and 

aberration;  thirdly,  because  the  third  and  higher  differences  have  been  neglected. 

No  allowance  can  be  made  for  the  errors  of  observation,  the  problem  before  us 

being  the  exact  representation  of  three  observations  without  previous  hypothesis 

regarding  the  eccentricity.     Parallax,  aberration,  third  and  higher  differences,  if 

appreciable,  may  be  allowed  for  subsequently. 

Letting,  further, 

T=  i(  T,,  +  T,)  =  i(/,  +  2/,,  +  /,,,), 

we  have  for  this  instant  from  {2a)  and  (2^) 

^=  i(«./  +  <)\       ^'=\{^J  +  ^:).  (3) 

with  the  same  degree  of  accuracy  as  {2d)  and  (2^). 
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Let  us  next  assume  that  we  have  at  our  disposal  a  table  giving  a'  and  <5'  for 
every  w  mean  solar  days.  The  accelerations  a'\  d"  at  the  instant  T  are  then 
obtained  from  {2d)  and  {2b)  by  replacing  the  coordinates  by  the  velocities. 
Accordingly  we  write 

wk=e  =  k{T-T,,,)  =  k{!^'^-^+^M.^::^ 


and  obtain 


A  a' =  a;.- a  J',         A6'=6;-6J 


a"=^';        ^"=^1'.  (4) 


a",  5"  differ  from  their  true  values  for  the  same  three  reasons  that  were  given  in 
the  case  of  a'  and  S\  It  should  be  observed  that  whenever  the  effect  of  the  third 
and  higher  differences  is  inappreciable  within  the  range  of  the  observations,  the 
values  of  a',  S\  a",  <S"  computed  by  (3)  and  (4)  require  correction  only  on  account 
of  parallax  and  aberration. 

By  adopting  the  second  observation  as  the  normal  place  and  correcting  a'  and 
5'  for  the  acceleration  during  the  interval  from  7"  to  4  =  ^//  by  the  formulae 

ao'=a'  +  k  (/,,  —  T)c/';         6^'  =  d'  +  Jk  (/,,  —  T)  d''  (5) 

we  obtain  the  following  system  of  fundamental  data  (^),  with  which  we  may 
proceed  to  solve  the  equation  of  the  seventh  degree  for  p  or  2: 

a,  =  a,,  ,  do  =  tf,,  ;         a,'  ,  6^  ;         <'  =  a"  ,  (Jo"  =  S"  (6) 

The  choice  of  the  second  observation  for  the  normal,  or  better  zero  position,  has 
the  effect  of  reducing  the  number  of  quantities  to  be  approximated  from  six  to 
four,  for  both  groups  (a)  and  (^),  and  the  method  here  given  for  obtaining 
preliminary  values  of  the  velocities  and  accelerations  does  away  with  the  necessity 
of  solving  any  system  of  ^multaneous  equations. 

The  nearer  the  actual  velocities  and  accelerations  determined  by  (4)  and  (5) 
*are  to  their  true  values,  the  smaller  will  be  the  corrections  to  the  fundamental 
data  (6)  which  will  have  to  be  derived  later.  By  plotting  the  observations  we  may 
determine  readily  whether  the  assumptions  on  which  formulae  (4)  and  (5)  are 
based  hold  approximately  in  a  given  case.  If  they  do  not,  the  velocities  and 
accelerations  may  be  estimated  from  the  plot  with  sufficient  accuracy  to  furnish 
the  basis  for  the  determination  of  the  final  values.  Formulae  (4)  and  (5)  can  not, 
therefore,  be  used  mechanically. 

The  first  three  of  the  improvements  for  which  we  were  seeking  having  been 
determined,  it  now  becomes  necessary  to  facilitate  the  solution  of  the  equation  of 
the  seventh  degree  (see  A.  N.  3371,  pages  181-182). 

Mr.  Roger  Sprague  has  already  shown  in  A.  N.  3669,  at  my  suggestion, 
that  a  first  approximation  to  the  roots  of  the  equation  of  the  seventh  degree  may 
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be  obtained  from  Oppolzer's  table  Xllla,  Bahnbestitnmung^  Vol.  I.  In  its 
present  form  the  table  gives  z—^i^2X  most  to  three  decimal  places.  I  hope, 
however,  soon  to  be  able  to  extend  the  table  so  that  z  may  be  interpolated  more 
accurately.  When  this  shall  have  been  accomplished,  the  geocentric  distance  at 
the  normal  date  may  be  taken  directly  from  the  table  on  the  basis  of  two 
arguments  depending  on  the  fundamental  data  {a).  The  so-called  trials  or 
successive  approximations  to  the  geocentric  or  heliocentric  distances  will  then, 
in  general,  no  longer  be  necessary. 

In  the  meantime  differential  relations  may  be  used  for  the  correction  of  the 
approximate  value  of  z  taken  from  table  Xllla. 

The  equation  of  the  seventh  degree  is  given  in  the  following  form  in  A.  N. 
3669,  page  387,  equation  (12): 


;//' 


_  ;_^'  _  ^     _  A'* 

R'        "     '"     ( I  —  \z  cos  V'  +  "j') ^ 
in  which 

, K  __         />  r)  (tan  (J  cos  {A  —  «)  —  tan  D)  a'  +  sin  {A  —  a)  (tan  6)' 

'''  ~  cos  S'>  H--  —  A  cos  JJ  ^^,3  ^^^  ^       ^^,,  ^^^^^  ^y  ^    ^^,  ^^^^  ^y, 


y?,  A^  and  I?  being  the  sun's  geocentric  polar  coordinates  at  the  normal  date, 
referred  to  the  equator.     It  is  more  convenient,  however,  to  use  the  form 

/  {z)  —  ;;/'•  =  {z'  —  1z  cos  ^  +  1)*  (.z  —  mf  —  m'  =--  0  (7) 

or 

/  {s)  -    ;;/»  =:  //»r/^  —  ;;/«  =  0  (8) 

where 

ni'  _  H  .Qv 

'''-       R'-      ^os^'R^^  ^^^ 

The  arguments  with  which  z  is  taken  from  table  Xllla  are  },^  and  ^',  the 
geocentric  angle  between  the  planet  or  comet  and  the  sun.  Let  the  approximate 
value  of  z  taken  from  the  table  be  denoted  by  z^  and  let 

{z,'  —  2a,  cos  //'  +  1)'  {z,  —  viY  —  w'  -    ^  f  {^^) 

or 

^^^V,"  —  ;//«  .-  M,  (10) 

It  will  then  be  necessary  to  determine  a  correction  Jz^  to  z^  in  such  a  manner  that 
z^  —  Zi  +  jdz^  will  satisfy  (7).  By  differentiating  /{z)  with  respect  to  z  and  by 
identifying  df{z)  with  Mi^  we  obtain  for  the  required  correction 

A^  —  --     -  ~^^^*  {\\\ 

^'        27^Vr  [  //;+  '6v,  {z,  -  cos  f)]  ^      ^ 

In  many  cases  Z2  =  Zi-{-Jzi  will  be  found  to  satisfy  equation  (7),  so  that  A/2  =  0.  If 
M2  is  not  equal  to  zero,  then  the  process  must  be  repeated.  It  is  easily  seen  that 
the  numerical  operations  involved  in  solving  for  the  geocentric  distance  according 
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to  the  foregoing  method  are  almost  insignificant  in  comparison  with  the  corre- 
sponding operations  even  in  Olbers's  method. 
From  the  final  value  of  r  =  2:^^  =  xro  we  find: 

Po  =  Ps.  =  R^^o  (12) 

The  next  step  will  consist  in  the  determination  of  the  geocentric  distances 
p^  and  />,,,  or  ^,  =  p,  cos  S^  and  a^^^  =  p^^^  cos  <5^,,.  We  shall  need  the  velocity  a^  and 
the  acceleration  o^'.  These  may  be  computed  by  Harzer's  formulae.  After  the 
approximate  values  of  the  three  geocentric  distances  have  been  computed,  the 
observations  are  to  be  corrected  for  parallax  and  aberration. 

As  it  is  intended  to  make  use  of  the  heliocentric  rectangular  coordinates  and 
their  velocities  at  the  normal  date  (fundamental  data  (^))  for  the  purpose  of 
deriving  the  elements  and  an  ephemeris,  we  stop  to  consider  whether  we  shall  at 
once  proceed  to  the  determination  of  these  quantities,  or  whether  the  whole 
process  of  determining  Po)  Po'  ^r  ^o  ^o'  shall  be  repeated  on  the  basis  of  the 
corrected  observations.  The  latter  course  has  been  adopted  by  Harzer,  and  also 
in  the  two  examples  which  follow.  Some  labor,  however,  could  have  been  saved 
by  omitting  the  second  approximation,  particularly  in  Harzer'S  example  and  in 
the  comet  orbit,  part  3,  as  in  both  these  cases  the  first  approximation  of  the 
geocentric  distances  furnished  sufficiently  accurate  corrections  for  parallax  and 
aberration.  The  small  changes  in  the  fundamental  data  {6i)  resulting  from  these 
corrections  could  have  been  determined  just  as  well  from  the  observation 
equations  as  part  of  the  final  corrections  of  the  heliocentric  coordinates  and 
their  velocities. 

The  determination  of  these  final  corrections  can  rarely  be  avoided.  Even  in 
Harzer'S  example,  in  which  the  fourth  derivatives  of  the  right  ascension  and 
declination  with  respect  to  the  time  were  taken  into  account,  it  was  possible  to 
improve  the  heliocentric  coordinates  and  their  velocities.  There  is  every  reason 
to  believe  that  this  was  due  to  the  small  errors  of  observation  rather  than  to  the 
neglect  of  the  fifth  and  higher  derivatives.  In  the  process  outlined  in  these 
pages  even  the  third  derivatives  are  neglected,  and,  although  this  method  is 
intended  only  for  short  intervals,  a  second  approximation  of  the  geocentric 
distances  would  rarely  lead  to  heliocentric  coordinates  and  velocities  of  such 
accuracy  that  the  first  and  third  places  leave  no  residuals.  This  need  not  trouble 
us  so  long  as  we  are  able  to  .set  up  simple  formulae  for  the  determination  of  such 
corrections  to  the  fundamental  data  (^)  as  will  reduce  the  residuals  to  zero. 
These  formulae  constitute  the  last  of  the  improvements  for  which  we  are  seeking. 

I  have  so  far  assumed  that  it  is  intended  to  satisfy  the  given  observations 
within  the  limits  of  accuracy  of  a  six-  or  seven-place  computation,  but  this  may 
not  always  be  desirable.  In  cases' of  newly-discovered  comets,  for  example,  the 
computer  generally  will  aim  at  results  only  sufficiently  accurate  to  furnish  a  fairly 
close  finding  ephemeris.     In  such  cases  a  direct  approximation  of  the  geocentric 
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distances  may  frequently  take  the  place  of  the  determination  of  corrections  to  the 
fundamental  data  {ti)  by  the  differential  formulae  derived  below.  We  find  this  to 
be  true  in  the  case  of  our  second  example,  in  which,  with  two-day  intervals,  the 
residuals  of  the  first  and  third  places,  resulting  from  the  second  approximation 
for  the  geocentric  distances,  are  only 

{O  -C) 

When  two  approximations  have  been  made  it  is  sometimes  possible  to 
improve  the  corrections  for  parallax  and  aberration.  This  should  not  be  neglected, 
if  it  is  intended  to  accurately  represent  the  observations. 

From  the  value  of  p,,  =  Po  resulting  from  the  first  or  second  approximation  of 
the  geocentric  distances,  as  the  case  may  be,  and  from  the  corrected  values  of 
o^,  (Jq,  the  rectangular  geocentric  coordinates  ^oj  7o)  Co  are  now  to  be  derived.  To 
compute  the  velocities  ^o',  V^^  V  we  avail  ourselves,  in  addition,  of  the  last  values 
of  Po'  or  <So',  ^o',  <5o'  or  (tan  S)^. 

^0}  7o)  Co  give  the  heliocentric  rectangular  coordinates  r,),  jVo,  ^o  with  the  aid  of 
the  sun's  rectangular  coordinates  Xqj  Voy  Zq  which  have  already  been  used  in 
determining  y?o»  ^o?  ^o-  To  obtain  the  velocities  Xq^  y^^  z^  we  determine 
X^y  Vq\  Zq  for  the  zero  (second)  date,  uncorrected  for  aberration,  by  numerical 
differentiation  on  the  basis  of  the  X,  F,  Z,  tabulated  in  the  American  Ephemeris 
and  Nautical  Almanac^  or  the  Berlin  Jahrbtuh, 

X^^  K^,  Z^,  ^Y^,„  K,,„  Z,^^  may  be  interpolated  at  the  same  time,  care  being  taken 
to  use  the  times  /,  and  /,,^,  uncorrected  for  aberration,  as  it  is  supposed  that  in 
reducing  the  three  given  right  ascensions  and  declinations  to  the  beginning  of 
the  year  the  aberration  terms  have  been  taken  into  account.  F'rom  the 
heliocentric  coordinates  and  velocities  we  easily  derive  ro  and  r©'- 

We  now  have  all  the  necessary  data  to  compute  a ,  5^,  a  ^^,  8^^^  by  Harzer's 
formulae  (A.  N.  3371,  pages  183-184)  and  to  compare  them  with  the  observed 
values.     Let 


then 


and 


/. 

-       1     — 

^'               "•  "•"    "'  6/-.,'       

f... 

—      I 

^  - " '''     ^'^7:    

-*'/         /<-*'o         ^  t^o    » 

"^444              J  444^ a              S444^(i 

9, 

cos  S^ 

cos  a^    —  ^4    —  X^    +  X,      - 

'\'.  +  A^o  +  gX 

P. 

cos  S^ 

sm  a,    --  //,    -^  Y,    +  y4    -----^ 

y.  +f.y.  +g.y: 

P. 

sin  6^ 

^4         +  / rf-^O         H"  Si^O 

r'444 

cos  tf,,, 

cos  OL^^^          C,^^^          X  ^^^  -\-  X^f^ 

''^444        1      J  444^^        \       £444^0 

"n4 

cos  tf,,, 

sm  «,,,  —  ;;,,,  —  T,,,  +  /,,,  — 

^  t44         1      / 4ltJ  0               «^  */<J^0 

r'444 

sill  (J,,, 

^444                   "^444        1^    "^  444 

^414         \      J44pii      ~r   ^444^0 

(13) 


(14) 
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Let  the  residuals  in  a  and  <S,  {O  —  C),  be  denoted  by  d^a^-zz  cos  <5,^«,,  <^<S,,  ^,«,,,  = 
cos  <5,,,<^«,,,  ^<5,,,.  We  proceed  to  derive  linear  differential  relations  which  shall 
enable  us  to  determine  such  corrections  to  our  fundamental  data  (J?)  as  will 
reduce  these  residuals  to  zero.  Through  the  adoption  of  the  second  as  the  zero 
observation  the  number  of  these  fundamental  data  has  been  reduced  to  four. 
The  quantities  requiring  correction  in  Harzer's  method  are  Xq^  y^^  Zq^  x^ ^  y^  ^  Zq\ 
while  here  they  are  Po,  ^o'j  yo^  V- 

For  the  sake  of  convenience  in  deriving  our  formulae  we  shall  omit  for  the 
present  the  subscripts  referring  to  the  first  and  third  places.  We  commence  with 
the  well-known  relations: 

pdfOi  =--  —  sm  a  dx  -{•  cos  a  dy  ) 

p^S   —  —  sin  S  (cos  a  dx  -{-  sin  a  dy)  +  cos  6  d^  S 

By  differentiating  (13),  we  have  {x^y^  2  z=  00)^ 

df-^f^   -.+   ^  2r;         -rr^''       •-"  )    (16) 

^g-^\-p   + 

In  general,  it  will  be  sufficient  to  neglect  all  but  the  first  term  of  df  and  dg. 
With  ten-day  intervals  and  a  correction  c'^ro'zz.oi,  which  is  larger  than  we  must 
expect,  the  greatest  of  the  neglected  terms  will  average  less  than  .00005,  ^ 
quantity  which  ordinarily  may  be  neglected  in  determining  differential  corrections. 
Should  our  starting  values  of  Po,  ^o'»  y^^  V  be  so  far  from  the  truth  as  to  make 
appreciable  higher  terms  than  those  considered,  it  will  be  more  convenient  to 
make  a  second  approximation  to  the  differential  corrections.  Since  oLq^  Sq  are 
constants,  we  also  have 

dx^=  cos  (K^  cos  c^o  dp^^  ^^  dpQ ,  d  yo=  sin  or^  cos  6^  OPo^-  •^-  ^Po  ( 1 " ) 

P9  Po 


ds^=  sin  6^  dp^=^  ;°  dl\  , 


and 


^'^""  '     r'  ~  i  r/p.  '^  n  P.  '^~  r„  p.  \  ^^^      '  (^®) 


It  is  not  advisable  to  introduce  -^^^"^  in  place  of  ^^  into  these  formulae,  as  the  neg- 
lected terms  of  the  development  of  d  log  p^  in  terms  of  c'^poare  apt  to  be  appreciable. 
The  coefficient  of  c^o  is  the  cosine  of  the  angle  at  the  comet  or  planet  included 
between  p^  and  r^.     If  we  denote  this  angle  by  /^,  we  have 

cos  a  -  f^rA^^  _^^^  '/'  ;      ,v,  -.  cos  /i  cV^  .  ( 19) 
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Introducing  (17)  and  (19)  into  (16),  we  obtain  (^01  7o?  'oi  =  <*>») 

?oo=-.f?fj,+^?uj,'  (20) 


in  which 


or  separately  for  the  three  coordinates 


/.  ----  77  Vo  +  w^J  (3^/„  f  ^V„'),  cV  -AcV,  ^-  A'^iV  ^  ^  (22) 


Generally,  the  last  of  the  three  terms  in  the/" expressions  may  be  neglected. 
From  (15)  and  (22)  we  readily  deduce  for  the  first  and  third  places: 

A,  — -       [cos  oef  —  sin  a,/  1, 

B,  ^--  —       [sill  S^  (sill  a^f    f  cos  (t^f^  )  —  cos  rf,/J,  C,       ^'  , 

.  -  '  (23) 

^,..=  — ,;    [si«^...(siiwr,Y     +cosa,,,/     )— cosf>\,,/   ],  C,,, --^"-';     ! 


dS. 
dS^ 


,;    [siu(y,,,(siiwr,  Y     +cosa,,,/     )— cosf>\,,/   ],  C,,, --^"-';     I 

^    =  A,    dPo  —  C,    sin  a,    P;r„'  +  C,    cos  rr,  c'^jV  ,  > 

t'.  '^/«  =  ^//.  cVo  —  C./  sin  n'^,,  c'>;r„'  +  C/  cos  r^,,cV«'  ;  ^    (*^^) 

\    =B,    dp,,— C,    sin  (J,    cos  or,    dx^' —  C,    sin  (J,    sin /r,    c^^'o' +  C,    cos  rt\    ^cj  ^ 

:./  =  ^///  ^Po  -   ^/./  sill  (y,,,  cos  a,,,  c"^^;  —  C  sill  (J,,,  sin  ^r,,^  ,1  r,/  -f-  C,,,  cos  rf,,,  p^;  ^ 

Eliminating  c^V  from  equations  (25),  dx^^  dyj  from  equations  (24)  we  have: 

C,,,cos(J,,,a<^,  — C,cos(y,:)(J,,,=  (5,Ccos(J,,,  — i5,,,6;costf,)  dPo 

—  C/C*//(sin  (^^  cos  S^^^  cos  a,  —  sin  S^^^  cos  (J,  cos  ^r,,,)  t^  xj       ( 2G) 

—  CC(j^hi  d\  cos  d,,,  sin  ^i',  —  sin  d\^^  cos  (J,  sin  a^J  d}'^ , 

C«sin  (t,,,d,oi^--'C,^\\\a,d/^,,,  -^  (^,C,,,sin^r,„  -.-l^.^C^sin^irJ  ,l/>^  f  C,C,,,sin  (<^--rrJ  Or,,',        ^ 
C,,, cos nr,,,tV'/-C, cos nr, :),«,,, --=(/4,C,,, cos  rr^,,  -/i,,,6>osdrJ  cV^  +  r,6;,,sin  (rj'.^.  —  ri'J  cXr;.       S 

From  (26)  CC/^"^V,  and  CCc^j^'o' iiiay  be  eliminated  by  means  of  (27).     In  the 
eliminant  the  coefficients  of-  3-^^^'!''^;) and  sin  k?-<0  ^"  ^^^^  ^^^^'  '^"^  ^^ sFn^'.^-ajand 

—  sliiTr^O^"  ^'^^  ^'^^^  ^^^^'  ^^^ 

sin  ^,  cos  ^\,^  cos  (^jt^,,  —  a^)  —  sin  (^,,,  cos  '>\ 

and 

sin  (J,  cos  (^\,,  —  sin  f^,,,  cos  ^^  cos  (^i^,,,  —  ^rj, 
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respectively.  As  (a,,,  —  a,)  is  known,  we  can,  of  course,  decide  in  a  given  case 
whether  or  not  the  accuracy  which  is  being  observed  in  determining  the 
differential  corrections  warrants  the  assumption  cos  (a,,, — a)z=l.  For  the 
present  we  shall  introduce  in  all  four  coeflBicients 

cos  (a,,,  —  a,)  =  1  —  2  siu"i(a,,,  —  nrj. 

Solving  the  eliminant  for  c'^  Po  we  finally  obtain 


C./  cos  ^j,.dS,—  C,  cos  ^, a^, J  ~ sin  ( 6^^^  —  tf  J  [Cj,,  ?,«',  —  C, Z,a,,y—AN 
C,,,  cos  (f,,,5,  —  C.  cos  6^  B,J  —  sin  ((J,,,  —  */)  [C,,,  A,    —  C/A,J   —AD 


in  which 

j^N=  2  sin*i(a',,,  —  a^)  [C,,,  cos  <J,,,  sin  S^  d,ot^  +  C,  cos  S^  sin  (J,,,  a,  «^,,J  (  (^^) 

and 

^Z>  =  2  sin*  ^(a,^,  —  a,)  [C,,,  cos  S^^^  sin  (^^  yl^  +  dT,  cos  S^  sin  (J^,,  ^,,J 

in  which  the  last  term  in  the  numerator  and  in  the  denominator  may  be  omitted 
whenever  2  sin"  i(^>//  —  ^/)  ^^  ^^^^  than  one  unit  of  the  last  place  carried  in 
computing  aPo  from  this  formula. 

With  the  value  of  dp^  resulting  from  (28),  dx^  and  dy^  may  be  computed  by 
means  of  (27).  As  a  check  on  the  computation  of  the  differential  corrections,  dz^ 
should  be  obtained  from  each  of  the  formulae  (25). 

From  aPo7  ^-^o')  tlj'o'?  tW?  we  next  compute 


dS,  =  dx, ,    dv4  =  dy, .    d:,  =  ds,  dS,,,  =  dx,,, ,    dtu  =  ^y^* »    cK,,,  =  nz 


m  > 


in  which  the  corrections  to  the  heliocentric  coordinates  are  given  by  (22)*  The 
corrected  geocentric  coordinates  give  the  values  of  p^,  a,  5,  p^^^,  a^^^,  (5^^^,  which 
correspond  to  the  corrected  values  of  Po,  ^o'»  ^'o'?  V- 

If  the  computed  right  ascensions  and  declinations  agree  with  their  observed 
values,  we  may  proceed  to  the  computation  of  the  heliocentric  coordinates  at  the 
zero  date.  From  the  corrected  heliocentric  coordinates  and  velocities  we  then 
derive  the  elements  by  Encke's  formulae  in  the  form  in  which  Oppolzer  gives 
them,  Bahnbestim7nun^y  Vol.  II,  pp.  93  and  99. 

If  the  agreement  of  the  observed  and  computed  right  ascensions  and  declina- 
tions is  not  satisfactory,  the  corrections  to  the  fundamental  data  {b)  should,  be 
redetermined  by  substituting  the  new  residuals  in  place  of  the  old  ones  in  (28), 
(27),  (25);  but,  as  a  rule,  it  will  not  be  necessary  to  recompute  any  of  the  auxiliary 
quantities  (23). 

It  will  rarely  happen  that  the  value  of  ^Po,  determined  from  (28),  is  so  large 
as  to  make  necessary  a  recomputation  of  the  parallax  and  aberration.  Should 
such  a  case  arise,  however,  it  will  usually  be  sufficient  to  apply  the  new  parallax 
to  Oq  and  Sq  and  to  recompute  ^oj J'o^ -^o-  The  epoch  t^^-zzt^  should  be  recorrected 
for  aberration. 

In  the  majority  of  cases  the  first  approximation  of  the  geocentric  distances 
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will  be  a  little  nearer  to  the  truth,  if,  at  the  beginning  of  the  calculation,  the 
second  observation  be  corrected  for  the  parallax  at  distance  unity. 

As  the  resulting  elements  are  referred  to  the  equator,  they  must  be  trans- 
formed to  the  ecliptic,  in  order  that  they  may  be  compared  readily  with  those  of 
previously  known  planets  or  comets. 

The  whole  computation  has  been  referred  to  the  equator  so  as  to  avoid 
transformations.  In  some  rare  cases,  however,  it  maj'  become  advisable  to  refer 
the  observations  to  some  arbitrary  fundamental  plane. 

An  ephemeris  may  be  computed  in  the  usual  way  or  by  (14),  which  formulae 
sometimes  will  be  more  convenient. 

Chief  among  the  advantages  of  the  method  here  outlined  are  the  ease  with 
which  such  corrections  to  P05  -Vj  y^^  -stq',  may  be  cfetermined  as  will  cause  the 
residuals  due  to  the  original  values  of  these  quantities  to  disappear,  and  the 
possibility  of  determining  these  corrections  directlj''  from  the  residuals.  On  that 
account,  it  is  of  no  great  consequence  if  the  originally  adopted  velocities  and 
accelerations  in  a  and  5  are  only  approximate.  By  means  of  the  diflFerential 
formulae  here  introduced,  it  is  generally  possible  to  determine  the  final  values  of 
the  fundamental  data  with  greater  numerical  accuracy  than  would  be  possible  by 
applying  the  original  integral  formulae. 

For  the  sake  of  convenience  in  following  the  foregoing  directions  for  the 
computation  of  an  orbit  from  three  observations,  /,,  a^,  <5/,  /^^,  a^^,  <S^^;  /^^^,  a^^^,  5^^, 
the  necessary  formulae  are  collected  below.  It  is  assumed  that  the  observations 
are  referred  to  the  beginning  of  the  year. 


I. 

From  one  of  the  Astronomical  Ephemerides  interpolate  the  solar  coordinates 
for  the  dates  /, ,  /,,  =  /oi  ^//z- 

X     V     7  '        y      V     7    '        y       V      7 

-^  #  >     "■  <  »    ^^  /   »  ^  *  //  »     '^  it  ■*    ^^  it   ^  ^^  tit  i     ■'  tit  y    ^^  tit  • 

At  the  same  time  obtain  Xo=X^^\  ^V=  JV»  ^o^=^,!j  hy  either  of  the  following 
formulae  of  numerical  differentiation: 

Jk2/Ap=.f  {a  +  ku)  +  ///"  {a  +  ku)  +  iV,*  (;/)/'"  {a  +  hv)  -V  ....  ; 

kw'^^^P^f  {a  +  [/  +  4]  w)  +  ;;//"  {a  +  [/  +  i]  w)  +  M,'  {m) T^  {a  +  [/  +  i]  rt/)  +  ....  ; 

according  as  to  whether  4  lies  nearer  to  a  tabulated  argument  or  to  the  mean  of 
two  such  arguments,  m  and  ;/  are  <Cdbo.25.  A^i"'  («)  or  Afi^  {m)  may  be  taken 
from  table  I  or  II,  Oppolzer,  liahnbestimynung^  etc.,  Vol.  II,  page  515  or  523,  but. 
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in  general,  the  terms  in  which  they  occur  may  be  neglected.     When  the  solar 
coordinates  are  tabulated  for  every  12  hours,  w=]4\  log  l/ha=  2.0654486. 

R  cos  D  cos  A  =  -V,,  ;     R  cos  D  sin  A  =^  V^^  ;     R  sin  D  =  Z^^ . 

It  will  do  no  harm  to  correct  the  second  observation  for  the  parallax  corresponding 
to  distance  unity. 


11.^ 


,_lbsinV'a^,—  a,^         , _  15 sin  1"  a,,,  —  «,, 
"'''  V         /   t    '        '  k  t    /     ' 


.    ,_  sin  r  6^^  —  6^  _  sin  1"  6^,,  —  6^^ 


### 


^/..  —  ^.. 


a, 


ff 


30  sin  1"  /...  —  / 


444  '  44 


a,,  — 3 

^44    —     t4     . 


k' 


^^  444  *^4 


^„  _  2sin  r  t.^-'t^ 


6 
t 


44 


444  *  4 


«.'  =  ^  (««/  +  «/)  +  T  \{t,-t.)-{t..-t..)\a^' ;     S,'=\(6„:  +  <J/)  +  f  [  (/„-/,)-(/«,-/„)]«." 


(tan  tf  )o'  =  sec'  *„  tf«'  ; 


(tan  tf)„"  =  sec'  S„  [2  tan  tf,,  (tf,')'  +  tf,"]. 


log  ^i.^  y  =  7.626  084  7  —  10  ;      log  — ^'  =  6.449  993  4  —  10  ;      log  |  =  7.633  521  4  — 10  ; 


log  ?1?2^-1!!  =  9.691  533  3  -  10  ; 


log  ?-^J  -  =  8.515  442  0  —  10. 


III. 

N  =  «)'  tan  6„  —  a„"  (tan  *)„'  4-  «.'  (tan  tf )„"  ; 

X  =  —  ^-^-^  j  [tan  <y,,cos  (/4  --«„)—  tan  Z?]  «,'  +  sin  (^  —  a  J  (tan  tf),'! 


cos  ifr  =  sin  <S„  sin  Z?  +  cos  rf„  cos  Z)  cos  {A  —  «„)  ; 


n*  cos  <y 


w 


X 


IV. 

With  -  and  ^  take  2  =  z^  from    table     Xllla,    Oppolzer,    Bahnbestimmung ^ 
Vol.  I. 


/ii  =  Z\  —  2^1  cos  ^'  +  1  ; 


,  —  A«  ;  ^^vi'  —  m^  =  J/,  ; 


2t=    Sy^    + 


-M, 


2  /^iV,  [/i,  +  3  K,  (^1  —  cos  '/?)  ] 


Continue  these  approximations  until  M  =Q\  z^  without  subscript,  being  the  final 
value. 


♦When  the  geocentric  motion  is  such  that  the  higher  differences  in  a  and  d  are  very  appreciable,  these 
formulae  must  receive  proper  modification,  depending  upon  the  special  conditions  prevailing  in  individual  cases. 
See  page  7. 
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V. 

f}„=  Re  ;        <T„  =  p,,  cos  rf„  ; 

A  =  --^^   j[tan  d„  cos  {A  -  a„)  -  tan  D]  a,"  +  sin  {A  -  »,.)  [(«.')'  tan  rf„  +  (tan  tf)."]  j 
ffe'  =^  ;i<^o\      o"  =  -^  [^  COS  Z?  COS  (y4  —  «„)  —  ff.]  —  <r„  [^,  —  («„')•]  ; 

^' = cos-tf,  C*^" - '"'  '^ + '''"'  f  ] '   ^'"  ==  cos'rf,:,  ['^■'  + "'  <  ^ "''  ^5"]  • 

With  Po  correct  the  second  observation  for  parallax  and  with  p,,  Po,  p,^^  correct  the 
three  dates  of  observation  for  aberration,  also  0^  and  ©/,,  . 


VL 

jTo  =  ^0  COS  or^,  —  .V,,  ;         /o  =  (To  sin  rir^,  —  K,^  ;  j„  =  (T,,  tan  d,,  —  Z ^^  ;  r,,*  =  ^,;'  +  J'o*  +  -o* 

;ro'=  cos  a^^ai  —  sin  a^/s^a^ —  AV;  Jo'  =  sin  (x^^a^  +  cos  ot,fl,,a^  —  K„'; 

^o'  =  tan  (y,,(To'  4-  ^^  (tan  (y)o' ;  r^i  =  XoxJ  +  /yjV  +  ^o^J; 


///'  '     2ro'^    '     2ro*^ '  *.*.  *  /     6/-,,'^ 

p,  cos  (J,  cos  a^  =  X,  +/,Xo  +g,Xo  =  S,  ;  P,,,  cos  (J,,,  cos  ^y,,,  =  A',,,  -[/,,, ^o  +  A^.*-«'»'  =-  ^... 

p,  cos  (J,  sin  flr^  =  Y,  +/,  J'o  +  ^,  jV  =-  V,  ;  P,,,  cos  d\,,  sin  a^,,  =-  F,,,  -f  /,,j'„  +  ^r^,^ ,',/  -_  v^^^ 

p,  sin  (J,            =  -Z',  +  /.  -0  +  g,  -«'  =  >,  ;  P.,,  sin  rf,,,               =  Z,,,  -f-  /,,  r«  +  ^,,,  -c-o'  :^  :,,, 


With  these  last  values  of  p^ ,  p,,,  correct  the  second  and  third  observations  for 
parallax.  Form  the  residuals,  (0—  C),  c\a  =  c^a  cos  5  ,  c^<5/ ,  c\ar,,,  =  da^^,  cos  ^,,, ,  d6^^^ , 
If  these  residuals  are  sufficiently  small  for  the  purpose  in  hand,  the  elements  and 
an  ephemeris  may  be  computed  at  once  by  VIII.  If  it  is  intended,  however,  to 
represent  the  observations  more  accurately  within  the  limits  of  the  tables,  the 
necessary  corrections  to  Po,  x^^y^^  z^  may  be  determined  by  means  of  [VII]. 
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[VII.] 


y, 


/=/l  +  w(3<'«>o-Oo'): 


/"     i)    _|_  COS  ft 


Co  ,   cosy^ 


4,=/J:+T^n3^x+<'X). 


^'  =  p,  [cos  «,  /,  -  sin  «,  /.    ]  , 


B 


1  £r 

,    =  —  -  [sin  tf,   (  sin  or,  /^  +  cos  a,  /^  )  —  cos  tf,/    ],  ^'  =  ^/ 


A...= 


44* 


-   [cos«,„/ 

"444 


Sin  a 


i// 


4^4 


// 


1  <r 

^...  =  —  ^  [sin  d,,,  (sin  a,,,  /    +  cos  a^,J    )  —  cos  d,,,  /   ] ,     C,,,  =  ^^ . 


/>,,,  ^  "•    ^  "•  -^  2//// 

^     _    N—AN 

in  which 

TV  =  sin  (^,,,  —  a,)  [^  cos  (y,,,^^^,  —  C,  cos  <^,cl<y,,J  —  sin  (cJ,,,  —  tf,)  [C;),^,  —  C,a,ar,J 
Z>  =  sin  («,,,—  01^)  [C,,,  cos  (J,,,  5,  —  C,  cos  (J,  5,,J  —  sin  (d\,,  —  d,)  [C,,,  A,  —  C,  A, J 

AN  =  2  sin'  \{a^^^  —  ^r^)  [C,,,  cos  c^,,,  sin  S.l^.oi^  +  (7,  cos  d^  sin  (y,,,c\^..J 
JZ>  =^  2  sin''  iCo',^^  —  nrj  {C,,,  cos  <y,,,  sin  (J,  ^,  +  C^  cos  <^,  sin  (J,,,  ^,,J 

or  also 


cVo 


_  sin  ^i^_.4,~(^4mi-N,J^-sxn  {6,,-6,)lN!^  A^J]  -  2sin' j(a,,- a,)[iV/ +  TV,,'] 


sin  («',,,  — tr  J 


[/>/  -  /^.;]  -  sin  ( (J,,,  -  S^ )  [/)/  -  /J,,/] 


—  2  sin' 4  (a',,,  — a  J 


[A'  +  />./] 


(C',,,cos.r,,^,-C,cos«<,^,,,)cV.=  (l)-(2)-[(3)-(4)]aPo 

C,  C,,,  sin  (^r,,,  —  ^,)  a jV  =  C sin  «',,A^«'.  —  C  sin  tr^c^rt',,,  — 

(C,sin«',,,^,-C,sin^,^,,,)cVo=(l)-(2)-[(3)-(4)]M 

C,   cos  (J,    cW  =  c'>^,   — B,    dPo  +  C,    sin  (J,    cos  rr,    dx^ — C,    sin  (J,    sin /r,    dyo)    . 
C,,,  cos  (J,,,  d3^'  =-  cl(^,,,  —  i5,,,  dp.  +  C  sin  c^,,,  cos  a,,,  dx^  +  C  sin  (J,,,  sin  o',,,  ^^o')  ^^^^ 


Multiply  ;)Po)  t^^o')  t">JKo',  dz^  by  sin  1  to  reduce  them  to  circular  measure.  As  a 
test  on  the  accuracy  of  the  corrections  derived  from  these  linear  diflferential 
relations,  compute 


p,  cos  ^,  cos  a^ 
p,  cos  6^  sin  cc^ 
p,  sin  6^ 


^^+/c,  ^Po  +  J^4  OxJ; 


p,,,  cos  <y,,,  COS  a 
P444  cos  (J,,,  sin  a 
P444  sin  (y,,. 


/4« 


444 


^S44  +   f,,„  dp,  +  g,,,  dxi 

V444  +L..  dp,  +  gs44  dy,' 


^  » 


'^444+f,,JPi^+g444dZ^ 


i8 
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If  the  computed  values  of  «,,  <5^,  «^^,  S^^^  represent  the  observed  values  within  the 
desired  limits  of  accuracy,  the  elements  and  an  ephemeris  may  be  computed 
by  VIII.  Otherwise,  the  diflferential  corrections  must  be  recomputed  by  [VII]. 
It  will  not,  however,  be  necessary  to  change  any  of  the  auxiliary  quantities. 

Whenever  new  values  of  P, ,  P,,  =  Po?  P,,,  have  been  derived,  the  corrections 
for  parallax  and  aberration  should  be  recomputed,  if  necessary.  If  the  obser- 
vations as  previously  corrected  are  properly  represented,  and  if  the  final  values  of 
p^,  Po,  p,,^  indicate  the  possibility  of  further  improving  the  corrections  for  parallax 
and  aberration,  the  second  observation  alone  needs  to  be  thus  improved.  In  this 
case  compute  the  final  values : 

^0  =  A  cos  d^^  cos  a^^  —  X^^ ;        j'„  =  M»  cos  S^^  sin  a^^  —  \\^ ;         ^„  =  A  sin  rJ,,  —  Z,, , 

using  the  final  values  for  Po,  <*,,,  ^,,. 

Otherwise  correct  the  original  values  of  :t:o)^0)  ^o  by 


"9 


H9 


respectively,  and    in    either   case    correct    the    original    values    of  .r/,    y^,   Sq    by 
^^o\  ^yoi    ^Vj  respectively. 


VIII. 

In  the   following  formulae  all   coordinates    refer   to  the    zero   (second)   date. 
The  subscripts  are  omitted  throughout: 


y^p  cos  /  =  xy  — yx' 

|// sin  /  sin  JJ  =  j^'  —  sy 
yp  sin  i  cos  Q,  =  xc'  —  sx' 

r*  =  -  {xx'  -\-yy'  +  ^«') 

e  sin  V  =  r'\/ f 

P       1 
e  cos  7'  =  -^ 1 

r 


r  sni  //  — - 
r  cos  14 

.A 


Sin  / 
X  cos  Jl  -|-  y  sin  JJ 

-r'  +  y  +  ^\  check 


00^=^  H 


Ellipse, 


tan  \  E  =  \i-fe  ^^^  ^  ^' 


M=  E ;  — iff  sin  E 

sm  1 

log  k"  =  8.550  006  6 
Epoch  =  t^^ 


Parabola, 

with  V  as  argument,  take 
J/,,  from  Oppolzer, 
vol.  I,  table  IV. 


Hyperbola, 
tan  \F  =  -v/v-f  i  tan  ^  v 
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An  ephemeris  may  be  computed  in  the  usual  way,  or,  when  the  intervals  are 
not  too  long,  by  means  of  the  proper  formulae  of  VI.  The  number  of  terms  to  be 
taken  into  account  in  f  and  g  depends,  of  course,  on  the  intervals  between 
ephemeris  date  and  epoch.  Additional  terms  may  be  written  out  easily  on  the 
basis  of  Harzer's  formulae,  A.  N.  3371,  pages  183-184. 


When  the  orbit  computed  by  the  foregoing  formulae  does  not  represent  later 
observations  with  sufficient  accuracy,  the  elements  may  be  corrected  easily  so  as 
to  satisfy  a  single  additional  observation  (or  normal  place)  falling  within  the 
limits  within  which  an  ephemeris  may  be  computed  from  formulae  VI.  Since 
G  =  k  (Ja — /q)  and  <fe  =  0.017  .  .'.  ,  0  will  be  very  nearly  equal  to  unity  for  an 
interval  of  a  little  over  50  mean  solar  days.  In  general,  for  this  interval,  the 
f  2lvA  g  formulae  will  no  longer  be  applicable  for  determining  an  ephemeris.  Just 
what  the  limiting  value  is  in  a  given  case  depends  also  on  r^  and  rb',  but  as  these 
quantities  are  already  known,  the  applicability  of  the/" and ;f  expressions,  and  the 
number  of  terms  to  be  considered  in  them,  is  easily  decided  in  each  indi- 
vidual case. 

To  correct  the  elements  so  as  to  represent  a  later  observation,  we  compute  for 
this  observation  the  residuals  due  to  the  final  elements,  as  in  VI.  If,  then,  these 
residuals  be  introduced  in  [VII]  in  place  of  ^,ar,,,  and  Z^,,,  we  shall  obtain  such 
corrections  apo?  ^^o'>  ^2/o'j  ^^o'  to  the  final  values  of  Po?  ^0')  V^\  ^o',  of  the  original 
calculation,  as  will  cause  the  residuals  of  the  new  observation  to  vanish.  The 
auxiliary  quantities  contained  in  VI  and  [VII]  should  be  computed  with  those 
values  of  ^o  jVo?  -2^0,  ro,  x^^  y^',  V?  ^oS  etc.,  which  correspond  to  the  elements  to 
which  corrections  are  sought.  If  these  elements  exactly  satisfied  the  original 
observations,  then  we  put  d,oi^==d^,  =  Q  in  the  formulae  which  give  the  diflferential 
corrections  aPo>  <J^o'>  ^2/o'>  ^^u'.  If  the  first  observation  was  not  accurately 
represented  by  the  finally  adopted  orbit,  the  proper  residuals  d'oi'  and  d^'  must  be 
introduced  in  [VII].  With  the  newly  corrected  heliocentric  coordinates  and 
velocities  the  elements  are  computed  as  in  the  ordinary  case. 


The  method  here  outlined  for  computing  an  orbit  is  principally  intended  to 
aid  in  the  rapid  determination  of  the  best  orbit  that  can  be  passed  through  three 
observations  made  at  short  intervals.  Such  observations  are  now  almost  always 
available  within  a  few  days  after  the  discovery  of  a  jiew  planet  or  comet.  In  the 
case  of  an  object,  however,  remaining  above  the  horizon  the  greater  part  of  the 
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night,  it  is  quite  practicable  to  apply  our  formulae  to  observations  made  in  a  single 
night,  provided  that  the  object  be  not  too  difficult  to  measure  and  that  the 
geocentric  motion  be  suflSciently  rapid  to  enable  the  observer  to  determine 
observationally  the  velocity  and  acceleration  in  a  and  S  by  making  settings  three 
times  during  the  night  as  many  hours  apart  as  may  be  possible.  In  cases  where 
the  necessary  observations  can  not  be  obtained  in  a  single  night,  two  nights  may 
be  sufficient,  etc.  The  point  images  of  asteroids  secured  by  photography  seem  to 
be  particularly  promising  in  this  direction. 


ELEMENTS  OF  ASTEROID  1900  GA. 


By  a.  O.  LEUSCHNER  and  ADELAIDE  M.  HOBE, 
Berkeley  Astronomical  Department. 
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ELEMENTS  OF  ASTEROID  1900  GA 


By  a.  O.  LEUSCHNER  and  ADEI.AIDE  M.  HOBE. 


Asteroid  1900  GA  was  discovered  June  28th,  1900,  by  the  late  Director 
James  E.  Keeler,  of  the  Lick  Observatory,  while  photographing  the  region  of 
the  sky  near  Saturn  with  the^CROSSLEY  Reflector.  The  astei'oid  was  again 
photographed  on  June  29th,  June  30th,  and  July  2d.  On  all  four  dates  trails 
were  secured,  the  exposure  time  being  two  hours  on  June  28th,  and  one  hour  on 
each  of  the  other  dates.  In  addition,  point  images  of  the  asteroid  were  secured 
on  June  30th  and  July  2d.  The  plates  were  measured  by  Mr.  H.  K.  Palmer, 
and  he  considers  the  object  the  most  difficult  ever  measured  by  him.  The 
observations  were  published  by  Director  W.  W.  Campbell  in  Astronomische 
Nachrichten^  No.  3708. 

About  a  month  after  discovery.  Director  Keeler  sent  us  the  positions  of  the 
middle  of  the  trail  of  June  28th,  and  of  the  point  images,  and  expressed  the 
opinion  that  an  indeterminate  case  seemed  to  be  involved  in  the  solution  for 
the  orbit  from  these  observations.  Unfortunately,  no  more  observations  could 
then  be  obtained,  as  the  asteroid  had  moved  out  of  the  range  of  the  reflector,  and 
as  it  was  too  faint  for  visual  observations,  besides  being  in  the  thick  of  the 
Milky  Way. 

It  should  be  stated  here  that,  although  the  asteroid  was  photographed  on  four 
nights,  the  available  data  for  a  determination  of  the  orbit  consist  only  of  three 
positions,  which  lie  very  nearly  in  the  same  great  circle.  Very  little,  if  any, 
weight  can  be  attached  to  the  position  derived  from  the  trail  of  June  29th,  as  this 
trail  fell  near  the  edge  of  the  plate  and  was  exceedingly  diflScult  to  measure. 
On  June  28th,  the  time  which  corresponds  to  the  middle  of  the  trail  is  in  doubt 
by  over  a  minute.  Owing  to  the  slow  motion  of  the  planet,  this  uncertainty  of 
the  time  is  of  no  great  consequence. 
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ELEMENTS  OF  ASTEROID  1900  GA 


By  a.  O.  I.EUSCHNER  and  ADEI.AIDE  M.  HOBE. 


Asteroid  1900  GA  was  discovered  June  28th,  1900,  by  the  late  Director 
James  E.  Keeler,  of  the  Lick  Observatory,  while  photographing  the  region  of 
the  sky  near  Saturn  with  the .  CrosslEY  Reflector.  The  asteroid  was  again 
photographed  on  June  29th,  June  30th,  and  July  2d.  On  all  four  dates  trails 
were  secured,  the  exposure  time  being  two  hours  on  June  28th,  and  one  hour  on 
each  of  the  other  dates.  In  addition,  point  images  of  the  asteroid  were  secured 
on  June  30th  and  July  2d.  The  plates  were  measured  by  Mr.  H.  K.  Palmer, 
and  he  considers  the  object  the  most  difficult  ever  measured  by  him.  The 
observations  were  published  by  Director  W.  W.  Campbell  in  AslronomiscAe 
Nachrichten^  No.  3708. 

About  a  month  after  discovery,  Director  Keeler  sent  us  the  positions  of  the 
middle  of  the  trail  of  June    28th,  and  of  the  point  ima|!cs,  and  expressed  the 
opinion  that  an  indeterminate  case   seemed  to  be  inrolred  in  the  solution  iar 
the  orbit  from  these  observations.     Unfortunately,  no  more   observations  €0^^ 
then  be  obtained,  as  the  asteroid  had  moved  out  of  tfcc  range  of  the  reflecWf 
as  it  was  too  faint  for  visual  observations,  besides  being  in  the  thick  ^* 
Milky  Way.  ^gr 

It  should  be  stated  here  that,  although  tbe  JBteroid  was  ph(.:fi|rng*^^S««* 
nicrhts,  the  available  data  for  a  detenBioiftioB  rf  tbc  orbit  consist  ^/^^' 
positions,  which  lie  very  nearly  in  Ac  suae  gi^eat  drcle     ^^^  JT^m 
weight  can  be  attached  to  the  positiea  Jei'J^^  from  the  rrL:-  ^[J^^^lS^ 
trail  fell   near  the  edge  of  the  plite  mai  W9S  ttxctrti:ii^ly  ^I^!!^Lm»^    - 
On  June  28th,  the  time  whic*  iMnnprnUr  to  tbt  Tr:^:\d\c9fp 
by  over  a  minute.     Owing  te  t3he  <Io»  sation  of  ::k  |*>^ 
the  time  is  of  no  great 
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The  available  data  are  as  follows : 


Mt.  Hamilton  M.  T. 


1900,  June  28 


I 


54        25 


^10    13 
June  29    \ 

(II     13 


June  30 


10    30.0 


II    30-0 


June  30      1 1    52 


July     2 


,10    15       30 

In    15       30 


July     2      II    22       50 


Exposure 
Time. 

Asteroid's 
App.  .r. 

IS^ 

3" 

ly'.so 

2  hours 

18 

3 

15  .6n 

IS 

2 

36.^ 

I  hour 

IS 

2 

35  .43 

is 

I 

54  -4^ 

I  hour 

18 

I 

53   12 

5  minutes 

IS 

I 

52  .16 

18 

0 

34  -4^ 

I  hour 

18 

0 

33  .3 « 

10  minutes 

18 

0 

32  .28 

Asteroid's 
App.  ^. 

22'^  2S'  59".4 

—  22    29    50  .4 

—  22    40    49  .5 

—  22     41     II   .3 

—  22     52    42  .6 

—  22     53      7  .6 

—  22     53    22  .1 

—  23     15    5^  -9 

—  23     16    32  .8 

—  23     16    37  .1 


No.  of 
Com  p.  Stars. 


5 


5 


The  problem  of  determining  the  orbit  of  the  asteroid  presents  many  points  of 
interest,  and  has  led  to  the  derivation  of  ''A  Short  Method  i)f  Determining  Orbits 
from  Three  Observations/'  published  in  Part  I  of  this  volume. 

A  few  preliminarj'  tests,  in  which  the  calculations  were  made  by  Miss  A.  M. 
HOBE  and  Mr.  S.  C.  Phipps,  made  it  evident  that  the  existing  methods  for 
determining  orbits  from  three  observations,  without  hypothesis  as  to  the  eccen- 
tricity, could  not  be  used  to  advantage  in  this  case. 

In  Gauss's  and  Oppolzer's  methods,  for  instance,  we  find  log  A' (the  logarithm 
of  the  coefficient  of  the  geocentric  distances) zi 4.62,,,  so  that  with  six-place 
logarithms  this  coefficient  is  comparable  with  the  uncertainty  of  the  calculation. 
The  geocentric  distance  is,  therefore,  practically  indeterminate  by  these  methods. 
In  a  seven-place  calculation  it  is  nearly  so,  and  the  results  of  the  first  hypothesis 
do  not  furnish  data  sufficiently  accurate  for  a  second  hypothesis,  etc. 

In  problems  of  this  sort  the  greatest  disadvantage  arises  from  the  fact  that 
the  numerical  operations  of  the  successive  hypotheses  are  so  complicated  that  it  is 
difficult  to  form  an  estimate  of  the  degree  of  their  convergency.  This  is  true  also 
of  GiBBS's  Vector  Method.  In  none  of  the  existing  methods  are  the  quantities 
upon  which  a  new  hypothesis  is  to  be  based  given  directly  as  functions  of  the 
residuals  of  the  preceding  hypothesis. 

In  the  present  problem  we  encounter  the  additional  difficulties  that  the 
observations  extend  over  only  four  days,  that  the  total  motion  in  right  ascension 
and  declination  is  only  2"*  45*  and  47',  respectively,  and  that  owing  to  the 
faintness  of  the  object  the  available  positions  are  less  reliable  than  is  ordinarily 
the  case. 
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The  uncertainty  of  the  orbit,  due  to  the  insufficiency  of  the  available  material, 
can  not  be  overcome  by  any  method  of  solution,  no  matter  on  what  theoretical 
considerations  it  may  be  based.  The  best  that  can  be  done  is  to  accurately 
represent  the  given  material.  The  theoretical  difficulties  involved  in  this  task 
can  be  overcome  by  a  proper  choice  of  method.  The  consideration  that  an 
indeterminate  function  may  be  evaluated  by  the  use  of  derivatives,  suggests 
the  introduction  of  the  geocentric  velocities  and  accelerations.  The  methods 
of  Laplace  and  Harzer  furnish  convenient  expressions  which  contain  the 
geocentric  distance,  its  velocity  and  acceleration  as  a  function  of  the  corresponding 
right  ascension  and  declination,  their  velocities  and  accelerations ;  but  for  reasons 
which  are  apparent  from  the  preceding  article,  these  methods  are  otherwise  not 
suited  for  the  solution  of  the  present  problem.  The  method  outlined  in  the 
preceding  pages  has  proved  very  efficient  in  this  case,  as  well  as  in  the  cases  of 
comet  1900  III  and  comet  1901  I,  to  which  it  has  been  applied. 

It  was  at  first  hoped  that  it  might  be  possible  to  derive  the  necessary 
velocities  and  accelerations  in  the  two  observed  geocentric  coordinates  directly 
from  the  trails,  and  for  this  purpose  all  the  necessary  data  were  kindly  furnished 
by  Director  Campbell,  but  it  was  found  to  be  impracticable. 

The  numerical  operations  involved  in  determining  the  orbit  are  given  here  in 
full,  as  they  are  intended  to  serve  as  an  illustration  of  the  method  derived 
in  Part  1.  The  arguments  are  in  strict  accordance  with  the  notation  adopted  in 
the  formulae  collected  under  the  headings  I-VIII. 

Ordinarily  the  calculation  will  be  much  briefer  than  the  present  case  would 
seem  to  indicate.  Thus,  systems  II-V  have  been  computed  three  times  in  order 
to  demonstrate  that  nothing  is  gained  by  making  three  direct  approximations  for 
the  geocentric  distance.  One  approximation  would  have  been  entirely  sufficient. 
It  should  be  noted,  also,  that  almost  the  entire  calculation  [VII]  is  based  on 
logarithms  already  known.  The  only  new  logarithms  which  need  to  be  taken 
from  the  tables  are  the  addition  and  subtraction  logarithms  involved. 

Of  the  three  places  on  which  the  calculation  is  based,  the  first  represents  the 
position  of  the  middle  of  the  trail  of  June  28th.  It  was  derived  by  taking  the 
mean  of  the  coordinates  of  the  termini  and  of  the  corresponding  times.  The 
places  for  June  30th  and  July  2d  were  derived  by  combining  the  coordinates  of 
the  middle  of  the  trail  with  the  coordinates  of  the  point-image  observed  on  the 
same  date,  the  latter  coordinates  being  given  twice  the  weight  of  the  former. 
Whether  this  manner  of  combining  the  observations  possesses  the  greatest 
advantages  can  only  be  decided  by  future  observations,  if  the  asteroid  should  be 
observed  again.     The  adopted  positions  are : 


Date,  Gr.  M.T. 

a  app. 

<5  app. 

1900,  June  28.792359 

iS*"  3"  1 7'.  700 

—  22°  29'  24". 90 

June  30.820341 

I     52.707 

53    13  .10 

July     2.803450 

0    32.815 

—  23    16   30  .02 
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For  the  position  of  the  middle  of  the  trail  of  June  29th  we  have 

June  29.784431  18"  2"  36'.045         —  22"  41'    o".4o 

This  observation  was  given  zero  weight.  The  other  three  places  were  reduced 
to  the  beginning  of  the  year  by  the  ordinary  formulae  on  the  basis  of  the 
data  given  in  the  American  Ephemeris^  f  being  neglected.  The  resulting  mean 
places,  which  are  not  corrected  for  the  aberration  term,  depending  on  the  product 
of  the  aberration  into  the  eccentricit}^  of  the  earth's  orbit,  are  given  in  II. 


I. 

From  the  American  Ephemeris  and  Nautical  Almanac  for  1900  we  obtain  by 
interpolation  the  solar  coordinates  referred  to  the  beginning  of  the  year,  as  follows : 


,  Gr.  M.  T.,  1900,  June 

28.7923594 

30.82034 13 

32.803450i 

A' 

-0.1246766 

-0.1586609^ 

-0.1917110 

y 

+0.9257300 

+0.9213667^ 

+  0.9160654., 

z 

+0.4015994 

+0.39970585 

+  0.3974057 

For  the  determination  of  the  velocities  AV,  JV?  ^^  we  have 


;//  =  o. 

1406830 

log  ///:^  9.  148242 

A' 

)' 

X 

log    /»(«  +  [/  +  ,'4]a') 

5-0540 

.S.8i34Mn 

5.45o634„ 

log  //i/"(a  +  [/+  %\tv) 

4.2022 

4.9616565 

4.5988760 

log    /'(a[/  +  >^]a/) 

7.922I465n 

7.07872860 

6.71608690 

B 

3.7199 

A  2. 1 1 707 

2.11721 

A 

0.0000828 

B  0.003304 I 5 

0.0033031 

log  (T/,  Ko',  z:) 

9.9875I27„ 

9.i4748i7on 

8.78483900 

log  cos  A                  9. 229692U 

log  cos 

D 

9.963549 

log  A,                                     9.20O470n 

log  A'  cos  . 

!)              9-970778 

log  K.                        9.964432 

log/f. 

9.601740 

log  sin  A                   9.993654 

log  sin 

I) 

9.5945 n 

log  tan  A                  0.7639620 

log  tan  1) 

9.630962 

A                 99'*  46'  14*21 

1) 

23"  8'  52\59 

tt                270    27      3  .44 

logA» 

0.007229 

A  -a      -  170    40   49  .23 

The  second  observation  was  not  corrected  for  the  parallax  corresponding  to  the 
unit  of  distance. 
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II. 


Date,  Gr.  M.  T. 

a  (1900.0). 

5  (1900.0). 

June  28.7923595 
June  30.8203415 
July     2.8034506 

2.027982 

0.044873 
1. 983109 

4.01 1091  (sum) 

l3h    ^m 

I 
0 

i3'-254 

-  85«.o245 
48.2295 

-  79  9215 
28.308 

-22'*    29'    28''.955 

53    17.00 
-23    16   33   765 

-  i428*.o43 

-1396.763 

log(<r^-a,) 

1.9295440 

S/-SJ 

-  0.0000446 

- 

log(/.-0 

0.307064 

log  (a/  -  ixj) 

7.836830 

log  (5,-5,) 

3.i54742„ 

log  (/..-/.) 

0.603262 

log  (««;  -  ir„) 

1.902663^0 

log  (5/ -5,,/) 

5-649335n 

log  (/,,,- /J 

0.297347 

log  a," 

9.2990165 

log  C5,,,  -  5J 

3-i45i23n 

log[(/.-A)~(C-/ 

«)] 

8.652 

log  o^J 

9.248565n 

log  5«* 

7.11152150 

log  5,,/ 

9.29767i;.„ 

log  •  [(^.-0-(L. 

-/*)]< 

5-585 

■ 

log  tr/ 

9.23140150 

log>^  (cij  +  it/) 

9.24006750 

log  5/ 

9- 29776950 

B 

3655 

<^// 

-0.1772412 

C 

9.999904 

*''/ 

-0.1703732 

log  <r,' 

9-23997i5n 

^a 

-0.1984593 

log  J  [(/.-/,)-(/..  ■ 

-  0]^.'' 

3.40n 

^: 

-0.1985039 

logM(5./  +  «/) 

9.297721  „ 

it  J + it; 

-0.3476144 

^ 

4.10 

^J+^/ 

-0.3969632 

^ 

O.OOOOOI 

it '  —-it    ' 

+  0.0068680 

log  5/ 

9.297722  0 

<5o"}  being  less  than  a  tenth  of  a  second  of  arc  per  day,  might  have  been  put  equal 
to  zero  without  diminishing  the  accuracy  of  the  first  approximation  of  ^oi  ^o'j  ^o"? 
but  it  was  retained  in  the  calculation  in  order  to  render  the  example  more 
complete.  It  should  be  stated,  however,  that  the  values  of  «o')  ^o"?  and  S^\  used 
below,  diflfer  slightly  from  those  derived  above.  The  diflferences  are  due  to  the 
fact  that  in  the  original  calculation  right  ascensions  and  declinations,  diflfering 
from  those  printed  above  by  a  few  one  thousands  of  a  second  of  arc,  were  used. 
These  diflferences  serve  to  show  that  the  accelerations  are  subject,  generally,  to 
more  or  less  uncertainty,  depending  on  their  magnitude  as  compared  with  the 
errors  of  observation.  This  uncertainty  is  of  no  consequence  in  our  method,  as 
later  we  may  readily  correct  the  fundamental  data  {b)  so  as  tq  accurately  represent 
the  foregoing  observations. 


log  5e' 
log  sec*^  5^ 
log  (tan  5)o' 
log  tan  S„ 
log  (5/)^ 


9.2977221, 
0.071228 
9- 36895011 
9.62548811 

8.595444 


log  2  tan  5^ 

WY 

8.52l962n 

log  5/ 

7.II204011 

A 

8.590078 

B 

0.016579 

sum 

8.53854111 

(tan  5),* 

8.6097691, 
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III. 


log(a,')3 

log  tan  6^ 

log  a." 

log  (tan  8); 

log  a,' 

log  (tan  8)." 

log  cr/  (tan  ($)/ 

log[-a,''(tan«VJ 

A 

B 
sum 
log  (cr,')^  tan  6. 

A 

B 

N 
log  cos  (/I  -<0 
log  tan  8^ 

log  tan  5^  cos  (/J  -  tr^) 
log  tan  D 

B 


7.71990711 
9.62548811 

9298855 
9.36895011 

9. 2399691* 
8.60976911 

7.849738 

8.667805 

9.181933 
0.061464 

8.729269 

7-345395 
8.616126 

0.017583 

8.746852 

9.994230,, 

9.6254881, 

9.619718 

9.630962 

0.011244 


A  8.418769 

log  [tan  8^  cos  {A  -  rr J  -  tan  Z>]    8.038487,, 


log  sin  {A-  <r^) 

log  sin  {A  -  a^)  (tan  8)^ 

A 

B 
log  R  cos  1) 
colog  A'^ 
logx 
log  COS  8^ 
log  cos  D 
log  .sin  8^ 
log  sin  D 
log  sin  5.  sin  D 
log  cos  8^  cos  8  cos  (y|  -  a^ 

A 

B 
log  cos  i> 

log/?* 
colog  ?r 

log 

1 
rn 

Zx  (Oppoi^zkr,  table  Xllla) 


9.20936in 

8.57831 I 
8.700145 

0.021245 
9.970778 
1. 253148 
9.823482,, 
9.964386 

9.963549 

9.58987411 

9-5945" 
9.184385,, 

9.922165,, 

9.262220 

0.072949 

9.995"4n 
171*  25'.  3 
0.028916 
o.i765i8n 
0.169820 

1.4785 
0.4551 


loga/r         ] 


7.278456 


IV. 


log  COS  0 

logr^i 

log  2^1  COS  ^ 

log  ri^ 

A 

B 

log(//i-l) 

B 

log//i 

log  m 

B 

A 

log  Ki 

log  Ki« 

log  /i,» 

9.9951140 

9.658107 

9.658345 

9.95425 In 

9.95448911 

9.316214 

9.316690 

9.361963 

9.362201 

0.089949 

0.089993 

0.044200 

0.044482 

0.279492 

0.2793585 

0.323692 

0.323840^ 

9.S3OI80 

9.830180 

0.172073 

0.1 7 1835 

9.686803 

9.686075 

9.3449iOn 

9.34442o„ 

8.689820 

8.688840 

0.971076 

0.97152 1., 

log  Vx^^i" 

9.660896 

9.66036I5 

log  //I* 

9.660360 

9.660360 

B 

0.000536 

0.00000I5 

A 

7.091667 

4.55 

log  J/i 

6.7520 

4.21 

A 

9.6630 

B 

0.1644 

log  (r,  -cos  ^) 

0.1595 

log  3  *^* 

9-4983 

log  3  ^i  (r,  -  cos 

i^) 

9-6578n 

iog[i^*';(r,- 

cos 

0)] 

0.7366 

log  2  ;i,^K, 

O.6l70n 

log  Jrx 

6.3984 

3.86 

Az, 

0.000250 

0.0000007 
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log/? 

0.007229 

l^r,  ^  COS    D 

log  —2  j^ 

0.922896 

logZ 

9.658346 

log /I 

8.734717 

log/?. 

9.665575 

colog  X 

0.1 765 180 

log  COS  8^ 

9.964386 

log  (S.' 

8.5411960 

log  tf. 

9.629961 

colog  ^ 

9.9783 

logCa.O^ 

8.479938 

log  {a.y 

8.4799 

log  tan  8^ 

9.625488„ 

B 

1.4984 

log  «)'  tan  b. 

8.1054260 

C 

9.9860 

(tan  (5)/ 

8.6097690 

logd.lR-^- 

C^.')''] 

9.5943 

^ 

9495657 

log  A!  cos  Z?  ( 

cos  {A  -  tr^) 

9. 96500 

B 

0.1 18292 

^ 

9.6650 

log  sin  (-^  -  cc„) 

9.2093610 

B 

0. 1650 

log  sin  (-^  -  a^  [{ct^'Y  tan  5^ 

+  (tan<5V] 

7.937422 

log~[/?cos 

Z>  cos  {^A  - 

'0-<^.] 

9.9365 

log  (r/  [tan  5.  cos 

{A  -  a  J  - 

tan/?] 

7.3373420 

B 

0.3422 

^ 

0.600080 

A 

0.0788 

C 

I. 

III. 

9874399 

log  tf/ 

I. 

III. 

9.6731 

logo 

8.54265 

8.5329 

log(±0^/  +  O'"|^) 

7- 1759 

6.9600II 

log  02 

7-0853 

7.0658 

>4 

7.5459 

B  2.6700 

logd=OV 

7.0838 

7.0741 

n 

^ 

0.00152 

c  9.99907 

log  G-'  "1 

6.4574 

6.4379 

log  6 

9.63148 

9.62903 

( 

^ 

93736 

B  0.6362 

log  cos  S 

9.96564 

9.96313 

^ 

0.0921 

C  9.8859 

logp 

9.66584 

9.66590 

Owing  to  the  uncertainty  of  some  of  the  fundamental  data  {a)  in  this 
example,  particularly  of  the  accelerations,  we  are  justified  in  assuming  that  the 
fir^t  approximation  does  not  result  in  sufficiently  accurate  geocentric  distances  to 
enp.ble  us  to  determine  the  final  corrections  for  parallax  and  aberration.  It  would, 
therefore,  be  best  to  proceed  at  once  to  the  computation  of  the  heliocentric 
rectangular  coordinates  and  their  velocities,  after  applying  a  preliminary  parallax 
correction  to  the  second  observation.  Nevertheless,  we  shall  correct  all  three 
places  for  parallax  and  aberration,  and  shall  redetermine  the  geocentric  velocities 
and  accelerations,  and,  from  these,  the  values  of  ^oj  ^o'j  etc.,  in  order  that  we  may 
be  able  to  show  that  little  or  nothing  can  be  gained  by  a  second  approximation  of 
this  kind.  With  the  values  of  p,  derived  above,  the  original  data  (coordinates  of 
termini  of  trails  and  point-images)  were  separately  corrected  for  parallax  and 
aberration,  and  then  recombined  into  three  places  as  before,  with  the  following 
result : 


Date,  Gr.  M.  T. 

a  (1900.0). 

5  (1900.0). 

June    28.789686 

igh    2«     i3".o655 

-  22*      29'      I2''.87 

June    30.817670 

I      48  .2695 

53       0  .61 

July       2.800777 

0      28  .277 

-23      16      17.30 
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From  these  we  derive 


log  (V 

9.23957511 

log  (tan  fi\; 

9.368864,, 

log  H 

9.8564270 

log  do" 

9  257362 

log  (tan  »^)/ 

8.6213541, 

log  A 

8.790774 

and  further 

log  p. 

9.723653 

log  6: 

8.62240011 

log  9, 

9.72396 

log«^« 

9.688053 

log(^/ 

9.7057 

log  li... 

9.72389 

These  values  of  p  differ  from  the  former  to  such  an  extent  that  it  is  necessary  to 
recompute  the  corrections  for  parallax  and  aberration.  It  might,  therefore,  seem 
that  the  approximations  should  be  continued  until  the  parallax  and  aberration 
cease  to  varJ^  But,  in  the  present  case,  n  and  Po  must  remain  uncertain,  even  if  the 
observations  were  fully  corrected.  This  may  easily  be  seen  from  the  computation 
of  the  first  approximation  of  n.  It  is,  then,  evident  that,  after  the  parallax  and 
aberration  cease  to  vary,  everything  depends  on  whether  the  accelerations  are 
constant  or  not  within  the  interval  between  our  first  and  last  dates  of  observation. 
If  they  fail  to  be  constant,  even  by  a  small  amount,  the  value  of  ^p^y  to  be 
computed  later  from  the  residuals  of  the  first  and  third  places,  will  be  considerable, 
and  may  affect  the  parallax  and  aberration.  The  approximations  for  the 
geocentric  velocities  and  accelerations  and  for  the  corresponding  value  of  Po 
should,  therefore,  now  be  discontinued;  but  in  order  that  the  reader  may  not  be 
led  to  conclude  that  the  large  numerical  value  of  c^p^,  which  will  be  found  later,  is 
due  to  the  fact  that  the  approximations  have  not  been  carried  sufficiently  far,  we 
shall  continue  the  same  until  the  corrections  practically  cease  to  vary.  Thus, 
from  the  last  values  of  p^,  />o»  and  p^^^,  printed  above,  we  first  obtain  the  following 
corrected  positions: 

Date,  Or.  M.  T.  a  (1900.0).  (5  (1900.0). 

June    28.789303  iS"     3"     i3'.o89  -22*     29'     I4*.89 

June    30.817287  I       48 .265  53       2  .66 

July       2.800394:,  o       28.28o;»  -23      16      19.36 

These  positions  give 

log  (V  9.239625,,  log  K  9.852281,,  log  (J./  8.6l2542n 

log  o.^  9.262634  log  A  8.783846  log  6^  9.7019 

log  (tan  5)„'    9.368874,,  log  /Jo  9.716579  log  ii,  9.71689 

log  (tan  (5),"   8.6i9945„  log  6^  9680977  log  ^j,,,  9.71683 

With  the  foregoing  values  of  p  we  obtain  the  following  corrected  positions: 

Date,  Gr.  M.  T.  a  (1900.0).  5  (1900.0). 

June     28.789352  i8»»    3«     i3'.o863  -22"    29'     I4*.655 

June     30.817336  I       48.2650  53        2.425 

July       2.800443  o      28.280  -23      16      19.125 

Further  approximations  would  not  produce  any  sensible  change  in  the  parallax  or 
aberration.  VVe,  therefore,  proceed  to  the  computation  of  the  heliocentric 
coordinates  and  velocities,  and  of  the  residuals  of  the  first  and  third  places,  etc. 
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VI. 


log  COS  a^ 
log  sin  ix^ 
log  tan  8„ 
log?« 

log7« 
logCi 


7.8961509 

9.99998650 
9.6254026.-, 
7.5771279 
9.68o9635n 
9. 306379650 


log  cos  ix^6^' 
log  tfo  tr,' 

A 

B 
log  sin  tT^  6^ 
log  lo  ^^o' 


6.50869290 

8.9205890 

2.4118961 

0.0016790 

8.6125285 

6.8i67534„ 


B 

A 
log  tan  8„  6^ 
log  6^  (tan  5)/ 

B 

A 


I-795775I 
0.0070066 

8.2379446 

9.04985150 

0.81 19068 

0.0727339 


V      K    Z 

logU«,>'«,  z^) 

log  (V.  ^/.^  C) 
log  (A',',  Ke',  Z«') 


A 


log  (jr,',  >',',  V) 


+  0.0037768 
-  o.  15866095 
+  0.16243775 
9.21068695 
8.92226800 
9.98751270 
1.0652447 
0.0390780 
9.9484347 


-0.4796931 
+  0.92136675 

-  1. 40105985 

0.146456650 

.      8.6055219 

9.147481750 
A    0.54195985 
B    0.1096 1 385 

9.2570956 


-0.2024788 
+  0.39970585 
-0.60218465 
9.77972965., 
8.97711760 
8.78483900 
0.1922786 
0.4464514 
8.53066620 


log  x^' 

A 
B 

log(jr,^+^.0 
log  2^' 

A 

B 

log  V 


8.4213739 
0.2929133 

1.8715394 
0.0057989 

0.2987122 
9.5594593 

0.7392529 

0.07272155 
o.37H337o 


log  .r«  x^ 

logjo/e' 
A 

B 


9.15912165 
9.40355225 
0.2444306 
0.3661270 


log  (re  .re' +/,>',')  9.0374252,1 
log  r«  z^  8.31039585 


B 
A 


0.7270294 
0.0901696 


log  ro  r,' 
log  re 
log  r/ 
log  r^ 
log  V 

log    ^ 


2ro^ 


log. 


'°««^„* 


8.9472556511 
0.1857169 

8.7615387511 

0.55715 
0.74 

9.14182 
8.66470 


log  J/ 

logo 

logO'* 

log  0»  V^ 

(53  /o' 
2ro* 

/ 


6» 


6ro' 


g 
log/ 

log/r, 
log/y« 
log/r, 
log  ^Jr,' 
log  gy% 

log  ^e' 
A. 


I, 
2.0279840 
0.3070645 

8.5426455 
7.08529 

6.22711 

3.3511 
+  0.0001687 

2 

0.9998315 
4.293 

0.0000020 

0.03488555 
-0.03488355 
9.99992685 
8.54262065U 
9.2106138 
0.146383511 
9.779656511 
8.491055311 
7.799716  n 
7.073287 
-0.1246766 
+  O.1624104 


III. 

1. 983 1070 

0.2973461 

8.5329271 
7.06585 

6.20767 

3.3211 
+  O.OOO1613 

2 

0.9998385 
4.263 

0.0000018 

0.0341 136 
+  0.0341 1 18 
9.99992985 

8.5329047 
9.2106168 

o.  1463865,1 

9.779659511 

8.4813394 
7.790000 

7.0635710 
-O.I9I7IIO 
+  O.1624II5 


I. 


III. 


^-'■.' 

-  0.0309781 

+  0.0302928 

Y 

+  0.9257300 

+  0.91606545 

/yo 

-  1.4008239 

- 1.40083355 

gy: 

-  0.00630545 

+  0.00616595 

/. 

+  0.4015994 

+  0.3974057 

A 

-  0.6020832 

-0.6020874 

;?■-.' 

+  0.0011838 

-0.0011576 

+  0.0067557 

+  0.0009933 

'/ 

-0.48139935 

-0.4786021., 

r 

'9 

-  0. 1993000 

-0.2058393 

log  cos  <r 

8.147122I5 

7.3171049 

log$ 

7.8296704 

6.9970804 

log  V 

9.68250550 

9.6799746511 

log  sin  a 

9.9999572511 

9.999999111 

log  cot  a 

8.1471649,1 

7.3I7I0575U 

a 

270"  48'  14". 420 

270'*  i  8^085 

log  cos  <5 

9. 965654 15 

9.9631460 

log  p  cos  <5 

9.68254825 

9.6799755 

log: 

9.299507311 

9.313528311 

log  sin  (S 

9.5826132,, 

9.5966988,1 

log  tan  (5 

9.61695905,, 

9.6335528,1 

6 

-  22**  29'  I5''.467 

-23^  16' 18".  2765 

log/) 

9.7168941 

9.7168296 
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I. 

III. 

I. 

III. 

log  /x   dP% 

6.335335 

6.335585 

corrected  C 

-  0.2106565-, 

-0.21753834 

log  /y  ^p. 

8.4364051, 

8.^63951, 

log  cos  <r 

8.1473846 

7.3133893* 

log/z   ?P* 

8.0618251, 

8.0618151, 

log?^ 

7.85400525 

70173673 

log  g  l^x^ 

6.23794 

6.2282251, 

log  V 

9.706577851, 

9-70397700 

log  ^  t'»/a' 

6.08470511 

6.07499 

log  sin  a 

9-9999572II 

9.999999in 

log  g  t^V 

6,23874 

6.2290251, 

log  cot  iX 

8. 147427411 

7.3U3903n 

/x  c'JPt 

+  0.0002164 

+0.0002166 

a                  270" 

48'  i6*.i69 

270'  7'  4^438^ 

g  dx.' 

+  0.00017293 

-0.0001691 

log  cos  8 

9-96565485 

9.9631452 

1 

+  0.0067557 

+  0.0009933 

log  fj  cos  S 

9.70662065 

9-7039779 

corrected  | 

+  0.00714505 

+  0.0010408 

log: 

9-323575011 

9.337535811 

/>  c^Po 

-  0.0273152 

-0.0273146 

log  sin  8 

9.5826092,, 

9-596703111 

^djV 

-0.0001215 

+  0.0001 1885 

log  tan  S 

9.61695435,, 

9.6335579i» 

V 

-0.481399s, 

-  0.478602 15 

6                -22'' 

29'  I4^673 

-23*  16'  19*.  155 

corrected  7/ 

-  0.50883605 

-  0.5057979 

logA> 

9.7409658 

9.7408327 

/*  t>P« 

-o.oi  152985 

-0.0115296 

+  o*.i3 

-0^.24 

J?-  d^; 

+  0.0001733 

-  0.00016945 

+  0  .02 

+  0  .03 

c 

-0.1993000 

-0.2058393 

In  view  of  the  comparative  uncertainty  of  the  observations,  these  residuals 
are  more  than  satisfactory.  It  should  be  noted,  however,  that  the  residuals  in 
declination  are  actually  larger  than  those  derived  above  by  about  o".8,  on  account 
of  change  in  the  parallax,  due  to  the  considerable  change  which  has  taken  place  in 
the  geocentric  distances.  We  shall  allow  for  the  changes  in  parallax  in  com- 
puting the  final  heliocentric  rectangular  coordinates.  With  the  values  of  log  p^ 
and  log  p^^^j  found  above,  and  with  log  P,,  =  log  (Po  +  ^Vo)  =  9-74062,  we  first  obtain 
the  following  newly-corrected  positions : 


Date,  Gr.  M.  T. 

June  28.789181 
June  30.817165 
July       2.800272 


a  (1900.0). 
igh     ^m     i3«.o96 
I       48 .264 
o      28  .281 


S  (1900.0). 

-  22*"     29'     I5^43 

53       3  -21 
-23      16      19.91 


With  the  second  of  these  positions  and  with  log  P,,  =  log  (Po  + tVo)  =  9-7406228 
the  heliocentric  rectangular  coordinates  are  now  re-computed  as  in  VI;  .Y,,,  i^^^,  and 
Z,,  remaining  the  same  as  in  the  original  computation.  The  velocities  x\  y\  z  are 
obtained  by  applying  to  x^^ y^^  z^  the  corrections  ^x^^^  ^y^^  ds^^  determined  above. 
We  then  complete  the  recomputation  of  VI,  and  thus  obtain  the  new  residuals. 
It  will  be  noted  that  by  following  the  process  just  outlined,  the  change  in  parallax 
is  fully  taken  into  account  in  the  rectangular  coordinates  and  in  the  residuals. 
The  velocities,  however,  are  not  changed,  this  being  considered  unnecessary,  as 
all  three  declinations  were  changed  by  the  new  parallax  by  about  the  same 
amount,  and  as  the  change  in  the  right  ascensions  was  very  small.  The  various 
corrected  quantities  follow  below : 


logr 

9.2112614 

log  x' 

9.9460031 

^ogy 

o.i548393n 

log/ 

9.2653868 

logr 

9.7879651,, 

logs' 

8.5899909,, 

logr 

0.1939908 

logr' 

8.7867019,, 

0-C 


I. 

a  270"  48'  16".  13 
6  -  22  29  15  .49 
cos  8  Ja  +  o*.28 
A8  +  o  .06 


III. 
270**     f    4'.4o 
23    16    19  .98 

-  o^I6 

+   o  .07 


A  further  reduction  of  the  residuals  is  unwarranted,  and  would  not  lead  to 
more  accurate  elements. 
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VIII. 


A 

1. 6241942 

log  \/p 

0.1486498 

^ 

16'* 

22'  55*-02 

log  xy' 

8.4766482 

log/ 

0.2972996 

Vz^P 

8 

II    27  .51 

\ogyx' 

0.100842411 

B 

0.4416705 

log  cot  (45**  + 

%<P) 

9.8740997 

B 

0.0101972 

log  X  cos  Dj 

9.1907378 

log  tan  }4,  V 

9.1945212,, 

A 

0.3085217 

log  y  sin  D, 

9.6324083U 

log  tan  yi  E 

9.06862101, 

\o%yz' 

8.7448302 

A 

0. 1949644 

%E 

6** 

40'  47*-625 

log  zy' 

9-053351911 

log  cos  u 

9.243453111 

E 

-13 

21    35.25 

B 

0.1736083 

log  r  cos  u 

9.437443911 

log  cos  (p 

9.9820010 

B 

1-9327159 

log  r  sin  u 

0.1872236,, 

log  sin  E 

9.363734511 

log  xz' 

7.8012523,, 

log  sin  » 

9.9932328U 

log^ 

4.7647346 

log  zx' 

9-7339682,, 

log  tan  u 

0.7497797 

log  AM 

4.1284691,, 

A 

0.0051005 

u 

259'  54'  4i''.78 

AM 

-   3^ 

\\*    2*.  16 

log  sin  D, 

9.4775690 

log^  . 

0.1939908  check 

M 

-   9 

37   33.09 

log  y p  sin  /  sin 

a 

9.2269603 

log-^ 

0.1033088 

00 

277 

42      4  .19 

log  \/ p  sin  i  cos 

a 

9.7288677 

B 

0.6742779 

n 

295 

10   38  .48 

log  cos  CI 

9-9794764 

log  sin  z/ 

9.4850422,, 

log  cos'-*  (p 

9.9640020 

log  tan  CI 

9.4980926 

log  sin  (ps\n  V 

8.935351711 

logii 

0.3332976 

a 

If 

28'  34\29 

log  sin  <^  cos  V 

9.4290308 

a 

2.1542574 

log  sin  / 

9.6007415 

log  cos  1/ 

9.9787213 

\o%a\ 

0.4999464 

log  x^p  sin  / 

9.7493913 

log  tan  V 

9.50632080 

log/< 

3.0500602 

log  ]/^  cos  / 

0.1 I 10396 

V 

- 17"  47'  22^.415 

logP 

3.0625448 

log  cos  /' 

9.9623898 

%v 

-   8    53   41  .21 

/' 

1 1 22*.  1 74 

log  tan  / 

9.6383516 

log  sin  (p 

9.4503095 

P 

1 154*.  901 

• 

23" 

30'    8*.64 

e 

0.2820392 

The  elements  which  determine  the  position  of  the  orbit  iff  space  are  referred  to 
the  equator.  After  transforming  them  to  the  ecliptic  in  the  usual  way  and 
determining  the  reductions  to  the  equinox  of  1902.0,  we  obtain  the  following 
collected  results,  where  the  reductions  of  the  constants  to  the  equator  for  1901.0 
are  one  half  of  those  for  1902.0.  The  quantities  referring  to  1900.0  are  given 
more  accurately  than  the  others,  as  it  is  intended  to  use  them  in  an  accurate 
redetermination,  by  means  of  an  ephemeris,  of  the  residuals  of  the  places  on  which 
the  calculation  was  based. 


Epoth  1900,  June  30.817165,  Gr.  M.  T. 
M         350'*    22'    i6*.9i 

(p  16      22     55  .01 


1900.0. 

^^        97"    36'    55''.57 
/  6      56     23  .06 


Reduction  to  1902.0. 

+  1'    32".8 
0.2 


a 
P 

2.154257 
1 1 22*.  1 74 

6J       196        8       5 

.52 

+          7 

P 

1 154'*. 

901 

1900.0. 

Reduction  to  1901 

.0. 

Reduction  to  1902.0. 

A' 

23° 

48'    2 1  ".04 

+  50^.6 

• 

+  1'     4l''.2 

B' 

296 

38     58 .86 

+  49.4 

+  1      38  .8 

C 

277 

42       4  .19 

+  48.4 

+  1      36  .9 

log  sin  a 

9.9968631 

+  0.000000 

+  0.000000 

log  sin  b 

9.9660620 

+              5 

+             10 

log  sin  c 

9.6007415 

29 

58 

36 
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According  to  these  elements,  opposition  and  perihelion  occurred  in  1900  on 
June  23.09  and  July  31.70,  Gr.  M.  T.,  respectively. 

As  a  check  on  the  calculation,  the  residuals  of  all  three  places  were  computed 
directly  from  the  constants  to  the  equator  by  the  usual  ephemeris  method.  The 
residuals  of  the  middle  of  the  trail,  photographed  on  June  29th,  are  also  here 
given.  For  the  sake  of  comparison,  the  final  residuals  derived  by  VI  are  also 
printed  below.  To  make  the  latter  strictly  comparable  with  the  former,  the 
aberration  terms  depending  on  the  product  of  the  aberration  into  the  eccentricity 
of  the  earth's  orbit  were  computed  according  to  OppolzKR,  Bahnbestimmung^ 
Vol.  I,  page  115.  In  this  final  comparison  of  computed  and  observed  apparent 
geocentric  places  f  was  also  taken  account  of. 


June  28 

[June  29 

June  30 

July     2 


cos  (5  Aa  (0-C). 
From  Kphemeris.  From  VI. 

+  o*'.42  +o*.4o 

+  1,74  

+  0.1 1  +0,16 

+  0.19  +0.15 


J6  (0-C). 
From  Hphemeris. 
+  o*.o6 
+  2  .78 
-o  .02 
+  0  .06 


From  VI. 
+  o*.o6 

—  ] 


:1::0  .GO 
+  0  .07 


The  agreement  of  the  two  sets  of  residuals  is  all  that  can  be  desired.  As  the 
residuals  of  the  adopted  positions  are  far  smaller  than  the  unavoidable  errors  of 
observation,  a  further  correction  of  the  elements  would  have  no  practical  value. 
In  this  connection  it  may  be  stated  that  Mr.  Palmer  writes  in  a  report,  kindly 
furnished  by  Director  Campbkll  to  aid  me  in  determining  the  orbit,  that  *'the 
point-image  of  June  30th  is  so  faint  that  the  measures  are  less  accurate  than  on 
many  very  faint  nebulae  with  no  nucleus."  Under  these  circumstances,  no 
practical  gain  will  result  from  a  further  reduction  of  the  residuals. 

With  reference  to  the  manner  in  which  the  trails  were  measured,  Mr.  Palmer 
states  that  "the  intersection  of  the  cross-wires  was  set  on  what  seemed  to  be  the 
points  which  would  be  occupied  by  the  centers  of  two  short  exposures  taken  such 
that  the  first  should  begin  at  the  same  time  as  the  long  (trail)  exposure  and  the 
last  end  at  the  same  time  as  the  long  exposure."  "The  trail  of  July  2d  had  two 
good  termini,  but  the  others  each  had  one  very  poor  terminus."  Let  us,  then, 
assume  for  a  moment  that  the  instants  of  the  beginning  and  end  of  the  trail- 
exposures  were  accurately  known,  that  the  trails  were  so  distinct  as  to  enable 
the  observer  to  estimate  accurately  the  positions  on  the  trails  of  the  centers  of  two 
short  exposures  as  defined  above,  and  that,  in  addition,  all  other  conditions  which 
might  aflfect  the  accuracy  of  the  measured  coordinates  were  the  same  for  the  four 
trails.  Then,  by  forming  the  mean  of  the  beginning  and  end  of  the  exposure  time 
and  of  the  coordinates  of  the  termini  for  each  trail,  we  should  obtain  positions  of 
the  middle  of  the  trail  which  are  free  from  error,  provided  the  motion  of  the 
asteroid  during  the  time  of  exposure  is  proportional  to  the  time.  An  ephemeris 
which  has  been  computed  for  the  dates  under  consideration,  shows  this  propor- 
tionalit}'  to  be  true  within  o".oi.  Under  these  ideal  conditions  the  residuals 
relative  to  the  middle  of  the  trail  of  the  coordinates  of  the  short  exposure  point 
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estimated  at  the  beginning  of  the  trail  should  be  the  same  for  the  four  trails, 
and,  furthermore,  the  corresponding  relative  residuals  for  the  ends  should  be 
numerically  the  same  as  the  former,  but  of  opposite  sign.  The  algebraic  sign  of 
these  relative  residuals  should  be  negative  for  the  beginning  of  the  trails,  for 
both  right  ascension  and  declination. 

In  order  to  determine  how  nearly  these  ideal  conditions  are  fulfilled  in  the 
present  case,  the  positions  of  the  asteroid  were  computed  by  VI  for  June  28.75, 
June  29.75,  June  30.75,  and  July  2.75,  Gr.  M.  T.,  the  necessary  solar  coordinates 
for  the  same  dates  being  interpolated  from  the  American  Ephemeris.  From  these 
positions  and  from  the  positions  already  computed  by  means  of  the  constants  to 
the  equator  for  the  four  adopted  observation-times,  the  coordinates  of  the  asteroid 
were  determined  by  proportional  parts  for  the  epochs  of  the  beginning,  middle, 
and  end  of  the  trails,  and  of  the  point-images,  the  results  being  as  follows: 


Date. 

Point  Measured. 

Epoch. 

app.  <r« 

app.cTc 

COS  (5 

app. 

<5o 

app.<5o'5o  -6e 

1900 
June  28 

(i)  Beginning  of  trail . 

Gr.  M.  T. 

June  28.747514 

h      ni       s 
18     3      19.408 

8 
19.282 

+  1^75 

0       / 
-22    28 

46.10 

m 
42.22 

-3*88 

( 2)  Middle  of  trail 

=  adopted  position. 

28.789181 

17.542 

17.512 

+  0.42 

29 

11.37 

11.43 

+  0.06 

(3)  End  of  trail 

28.830848 

15.676 

15.742 

-0.91 

36.64 

40.64 

+  4.00 

June  29 

(4)  Beginning  of  trail . 

June  29.760421 

2      36.356 

36.604 

-3-43 

40 

35.97 

34.86 

- 1. II 

(5)  Middle  of  trail ... . 

29.781255 

35.857 

35.731 

+  1.74 

46.74 

49.52 

+  2.78 

(6)  End  of  trail 

29.802088 

35.358 

34.858 

+  6.92 

57.51 

4.18 

+  6,67 

June  30 

(7)  Beginning  of  trail . 

June  30.772228 

I      54.255 

54.583 

-4-53 

52 

28.91 

27.66 

-..25 

(8)  Middle  of  trail ... . 

30.793061 

53.695 

53.725 

-0.41 

41.34 

42.33 

+  0.99 

(9)  End  of  trail 

30,813895 

53.135 

52.867 

+  3.70 

53.76 

5700 

+  3.24 

( 10)  Point  image 

30.829219 

52.264 

52.237 

+0.37 

53 

8.29 

I'll 

-0.52 

(11)  Adopted  position. 

30.817165 

52.741 

52.733 

+  0.1 1 

52 

59.31 

59.29 

-0.02 

July    2 

( 12)  Beginning  of  trail . 

July     2.762156 

0      34.214 

34.280 

-0.91 

-23     15 

45.20 

49.38 

+  4.18 

(13)  Middle  of  trail ... . 

2.782990 

33.759 

33.457 

+  4.16 

16 

2.06 

4.05 

+  1.99 

( 14)  End  of  trail  ..... 

2.803823 

33.304 

32.634 

+  923 

18.92 

18.72 

-0.20 

(15)  Point  image 

2.808916 

32.303 

32.432 

-  1.76 

23.22 

22.31 

-0.91 

(16)  Adopted  position. 

2.800272 

32.788 

32.774 

+  0.19 

16.16 

16.22 

+  0.06 

By  subtracting  the  residuals  for  the  middle  of  each  trail  from  those  for  the 
termini,  we  obtain  the  following  residuals  of  the  termini  relatively  to  the  middle 
of  the  trails : 

Trail.  cos  5  Aa  J8 

Beginning.  End.  Beginning.  End. 


June  28 

+  i*.3 

-I-.3 

-3''.9 

+  3''.9 

June  29 

-5.2 

+  5  .2 

-3.9 

+  3.9 

June  30 

-4.1 

+  4.1 

-2  .2 

+  2  .2 

July     2 

-5.1 

+  5  .1 

+  2  .2 

-2  .2 

y 
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Thfee  of  the  four  residuals  in  each  coordinate  correspond  to  the  ideal 
conditions  remarkably  well,  but  one  in  each  coordinate  has  the  wrong  sign.  The 
inconsistency,  in  this  respect,  of  the  declinations  of  the  temiini  of  the  trail  on 
July  2d  can  not  afifect  the  resulting  orbit  to  any  great  extent,  as  a  point-image  is 
available  for  the  same  date,  to  which  twice  the  weight  of  the  middle  of  the  trail 
has  been  assigned.  But  the  inconsistency  of  the  right  ascensions  of  June  28th, 
for  which  date  we  have  no  point-image  at  our  disposal,  will  affect  the  accuracy  of 
the  orbit  which  has  been  derived,  unless,  accidentally,  both  termini  are  given  too 
long  in  right  ascension  by  approximately  the  same  amount. 

The  magnitude  of  the  asteroid  was  estimated  by  Mr.  Palmkr  to  be  between 
15  and  16^.  Adopting  15.75,  we  find  ^=16.1  and  Wo=i8.i.  The  asteroid  is, 
therefore,  the  faintest  so  far  observed. 

According  to  our  elements,  the  next  opposition  will  take  place  1902, 
January  4^.3,  Gr.  M.  T.  The  magnitude  of  the  asteroid  at  opposition  will  be 
19.5 ±0.75.  It  is,  therefore,  extremely  unlikely  that  the  asteroid  will  be  observed 
at  this  opposition.  An  ephemeris  computed  by  Miss  Hobh,  to  aid  astronomers 
who  have  the  necessary  equipment  in  searching  for  this  interesting  object,  has 
been  published  in  Astronomische  Nachrichten^  No.  3752. 
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PRELIMINARY  ELEMENTS  OE  COMET  1900  IIL 


By  R.  H.  CURTISS  and  C.  G.  DALL. 


>. 


Ill  order  to  furnish  an  example  for  the  application  to  comets  of  the  short  method 
of  determining  orbits  from  three  observations,  contained  in  Part  1,  we  have,  at  the 
suggestion  and  under  the  direction  of  Professor  Lkuschner,  derived  preliminary 
elements  of  comet  1900  III  from  the  first  three  observations  secured  by  Assistant 
Astronomer  Aitken  at  the  Lick  Observator3\ 

The  observations  are  published  in  the  Astronomical  Journal  No.  489,  and 
were  reduced  to  the  beginning  of^the  3^ear  in  the  usual  manner. 

As  the  numerical  operations  in  the  case  of  comet  and  asteroid  orbits  are 
practically  identical,  and  as  the  details  of  the  computation  are  given  in  full  in 
connection  with  the  asteroid  example  in  Part  2,  it  has  been  deemed  sufficient,  in 
the  present  case,  to  reproduce  only  the  principal  features  of  the  numerical  work. 

The  arrangement  of  the  calculations  is  the  same  as  in  Part  2. 


I. 
From  the  American  Ephemeris  and  N^autical  Almanac  for  1900: 


xr.  M.  T.,  i< 

501, 

Dec. 

24.602199 

26.627974 

28.619826 

A' 

+  0.049167 

--  0.084519 

-f  0.119168 

Y 

—  0.901044 

0.898757 

—  0.895386 

Z 

—  0.390889 

/;/  -  —  0.244052 

—  0.389896 

0.388435 

-*  0 

7 ' 

-f  1. 01 3059 

+  0.082182 

+  0.035647 

275'' 

22' 

20 

.20 

D 

23   21   36  .32 

347 

50 

2 

.40 

log  R 

9.992697 

A 
a 
{A  —  a)         —  72     27    42  .20 

.  The  second  observation  was  not  corrected  for  the  parallax  corresponding  to 
the  unit  distance. 
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II. 


Date,  Or.  M.  T. 

(K  (1900.0). 

rf(  1900.0). 

1900  Dec.  24.602199 

22"  59"     6\63 

22    44    59  .4 

26  627974 

23     II     20.16 

—  22    58    20  .2 

28.619826 

23    23     14.97 

23      7    44.9 

log  <         0.182958 

log  (tan  6): 

9.05i878„ 

log  <'        9.595«24m 

log  (tan 

*).." 

0.027986 

III. 

log  «         0.805 1 16,  log  A         o.044684„ 

//'      65^.83  log  ,1,  9129785  ^,     0.916  (Oppolzer,  Table  Xllla) 


IV. 

0.919233 


V. 

log  Po     9.956122  log  <     9.1958  log  p,     9  9531 

log  (^0     9.9202  log  <'    0.0532  log  p,,,    9-9595 

With  the  foregoing  values  of  p  we  obtain  the  following  positions,  corrected  for 
parallax  and  aberration : 

Date,  Gr.  M.  T.  ^jf(i90oo).  (^(1900.0). 

1900  Dec.  24.597018  22**  59™     6V853  — 22"  44'   51". 14 

26.622757  23    II     20.456  — 22    58    12.16 

28.614568  23    23     15.231  —23      7    36.82 

It  will  be  seen  later  that  another  correction  of  the  observations  will  not  be 
necessary,  the  values  of  p,  derived  above,  being  sufficiently  accurate  for  the 
determination  of  the  final  corrections  for  parallax  and  aberration. 

log  ^V     0.182972  log  (tan  <^)(,'     9.o5i928„  log  n      o.798948„ 

log  ^V'     9.6o4040n  log  (tan  ^')/'    0.028506  log  A       00461990 


•^  t 


0,920807  log  ^^0  9.920986  log  (^o'     9^68237 


As  indicated  in  Part  1,  page  9.  the  second  approximation  of  ^0,  on  the  basis  of 
these  correct  positions,  might  have  been  avoided  by  applying  the  parallax  correc- 
tion to  the  middle  place  only  and  then   proceeding  at  once,  by  VI,  to  the  computa- 
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tion  of  the  heliocentric  coordinates  and  velocities  of  the  middle  place,  and  to  the 
determination  of  the  residuals  of  the  first  and  third  places.  In  determining  these 
residuals  the  observations  should  be  corrected  by  means  of  the  values  of  p,  and  p,,, 
obtained  by  VI. 


VI. 


^0 

Vo 

+  0.814936 

0.17567 1 

0.353352 

^0 

n- 

"0 

+  0-730414 

-h  0.723086 

4  0.036544 

"^0 

v: 

»0 

+  0.4 1 1 7  1 2 

—  1. 210885 

0.156393 

V 

y: 

—  0.601340 

+  I.I  28703 

—  O.I  92040 

logA-o 

0.0 1 2 1 8 1                      log  r* 

9.555908 

log<^,,,     8.542164. 

log  /     9-999755 

log  g,     8.542o8„ 

log  ^,       8.534829 

log  A,   9-999768 

log  g,:.  8.53475 

B^     +  0.800124 

//,      — 0.217690 

".      ~  0.347675 

^,,,        0.828596 

^Uu    —0.134022 

>...         0.358489 

(^.  )c     344"  46'  47"-77 
{^a*\     350    48    43-97 


(6\  ),    —22'*  44'  51^27 
(^..Jc    —23      7    37.59 


(log  P.  )c     9-9538 
(log  P.,.)c     99603 


A  comparison  of  these  values  with  those  derived  in  V  shows  that  in  the 
present  case  further  correction  of  the  observations  for  parallax  and  aberration  is 
unnecessary. 


0     c 

I. 

III. 

Alt 

4  -97 

+  4". 50 

J6 

-f  0  .13 

+  0  .77 

VII. 
log  COS  fi  =^  9.6893 


• 

I. 

III. 

I. 

III. 

log/. 

9-9542 

9-9543 

log^ 

8.7428 

8.7133 

log/. 

9.2862„ 

9.2863„ 

log^ 

8.5516 

8.5667 

log/. 

9-59  io„ 

9-591  In 

log  C 

8.5883^ 

8.5744 

«„/     «. 

6° 

I    56  .20 

log  d/^ 

0.66 1 6„ 

0.6168 

«5«,  -  *. 



0 

22    46  .32 

log  d^ 

9-1 139 

9.8865 

44 
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log  cV„'  sin  1 
7.8388 


tf 


log  i^/^sin  1    -     7.9198 

log  ^y»  ^^^^  1" 

8.042 1 


log  :^.z^^  sin  1 
9.4286., 


ft 


Correct  I'd  Geocentric  Co-ordinates, 
log  <^,       9-907071  log  V,       9-341794..  log:,       9.54509<^.. 


log  ^«,     9.92237 1 

(^^  )o    344"  46'  42  .65 
('^..)o    350    4»    48  .42 


log  '/,,,     9-131 145.. 

('^^  ).      -  22^  44'  51.36 
k^uX         23      7    36.86 


O  -C 
cos  f^  Aix 


log  :,,,     9-55849'^u 

(log  />,   )c    9-95^ 
(log /J,, J.     9.964 


I. 


-:   o".i 
-}   o  .2 


III. 


o".o 
o  .0 


VIII. 


log-r 
9.867999 

log  y 

9.858220 

log^ 
8.522433 

log^' 
9-774io7n 

log  y 
0.056801 

Elements, 

log-sr 
9.28941 

9« 

log 

J/ 
a 

I    22'  34' 
0.60780 
50     12    51 
434  "-8 1 

« 

Equator  i< 

9000. 

Equator  i 

901.0. 

K 

Ecliptic  1 901.0. 

sx 

0       / 
9    42 

235     13 
131     12 

27 
38 

37 

'J       1 
.    9    42 

235     15 
131     II 

43' 

31 

29 

30    0'    11" 

196    5    39 

172     I    58 

Constants  to  the  Equator. 
1900.0.  1 901.0. 

x=r.r  [9.99579]  ^^i"  (   96      2'   58'  f- 7')  ,1-       r  [9-99579]  sin  (9^      3'   42"    i    «•) 

J/ z^  r  [9.99798]  sill  (     6    49    25    -r  7')  r     - /'  [9.99798]  sin  (   66    50    11    ^   t') 

z --.  r  [9.22690]  sin  (131     12    37    +7')  ,::       /-  [9.22710]  sin  ( 131     11    29     --7') 

The  positions  computed  for  the  three  dates  of  observation  by  means  of  the 
constants  to  the  equator  agree  with  those  computed  in  V^II,  so  that  the  calcuhition 
of  the  elements  is  fuUv  checked. 

The  method  as  applied  to  this  case  seems  to  have  accomplished  all  that  can 
be  desired — an  exact  representation  of  the  given  observations  with  less  expcndi- 
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ture  of  time  than  would  have  been  required  by  using  the  ordinary  methods  of 
computing  preliminary  parabolic  elements.  As  judged  from  published  results 
based  on  longer  arcs,  the  foregoing  elements  bring  out  the  characteristic  features 
of  the  orbit  better  than  would  a  parabolic  orbit  computed  from  the  same  observa- 
tions. 

By  comparison  with  an  observation  taken  at  the  Lick  Observatory,  1901,  Feb- 
ruary 15th,  about  seven  weeks  after  the  mean  epoch  of  the  given  observations,  we 
find  the  following  corrections  to  the  ephemeris: 

O  —  C  cos  6  Ja  =  +  7'.3  J6  ^  —  55" 

As  the  motion  in  the  interval  was  about  four  hours  in  right  ascension  and 
eight  degrees  in  declination,  the  method  appears  to  be  very  satisfactory  for 
ephemeris  purposes. 
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tables  for  the  reduction  of  photographic 

measures; 


By  BURT  L.  NEWKIRK. 


The  main  obstacle  to  a  wider  application  of  the  photographic  method  in  the 
determination  of  celestial  positions  is  the  labor  involved  in  the  measurement  and 
reduction  of  the  star  plates.  Especially  is  this  true  in  the  case  of  plates  made 
with  the  modern  photographic  telescopes  which  cover  a  field  five  degrees  or  more 
in  radius.  Special  tables*  have  been  prepared  to  facilitate  the  reduction  of  the 
measures  made  for  the  astrographic  catalogue,  and  the  Paris  Observatory  has 
recently  issued  a  set  of  general  tables^  for  use  in  the  reduction  of  the  Eros  plates. 
These  are  applicable  in  the  reduction  of  plates  covering  a  field  of  two  degrees  ^ 
square  within  55°  20'  of  the  equator.  Professor  Harold  Jacoby^  has  just  pub- 
lished tables  for  the  reduction  of  plates  covering  the  same  area  of  the  sky  up  to 
75°  of  declination. 

Before  the  appearance  of  Professor  Jacoby's  tables,  work  had  been  begun  at 
this  Observatory  upon  a  set  of  tables  designed  for  the  same  purpose,  but  of  wider 
application  and  based  on  dififerent  formulas.  They  apply  to  the  reduction  of 
measures  of  stars  whose  right  ascensions  diflfer  from  that  of  the  center  of  the  plate 
by  ten  degrees  or  less,  and  whose  declinations  diflfer  from  that  of  the  center  of  the  • 
plate  by  five  degrees  or  less,  and  hold  good  for  any  declination.  These  tables  are 
intended  primarily  for  use  in  the  reduction  of  measures  of  plates  made  with  the 
two  portrait  lenses  which  form  part  of  the  equipment  of  the  Students'  Observa- 
tory, but   astrophotographic  lenses  covering  a  field  from  five  to  ten  degrees  in 


♦These  tables,  with  text,  were  completed  and  prepared  for  publication  in  May,  1905.  The  section  on  refrac- 
tion was  rewritten  in  June,  1906. — BuRT  L.  Newkirk,  Lick  Observatory,  March  23,  1907. 

iBull  du  Com,  Int.  Perm,  pour  f  execution  photographique  de  la  Carte  du  CieL  Tome  II,  p.  303,  Gauthier- 
Villars. 

XConfirence  Astrographique  International  de  J uillety  1900.     Circ.  No.  10. 

§  Contributions  from  the  Observatory  of  Columbia  College  ^  No.  23. 
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diameter  are  rapidly  becoming  popular  and  it  is  hoped  that  the  tables  will  find  a 
wider  sphere  of  usefulness  than  is  afforded  by  the  needs  of  this  Observatory.  (See 
general  notes,  p.  63.) 

The  process  of  reducing  measured  rectangular  coordinates  to  intervals  of 
right  ascension  and  declination  involves  a  preliminary  determination  of  the  con- 
stants of  the  plate  by  a  comparison  of  the  measured  coordinates  of  catalogue 
stars  found  on  the  plate,  with  computed  coordinates  found  with  the  help  of  the 
catalogue  positions.  The  plate  constants  are  used  to  correct  the  measured  coordi- 
nates of  stars  whose  positions  are  unknown,  giving  the  so-called  "  standard 
coordinates"*  which  are  to  be  reduced  to  intervals  of  right  ascension  and  declina- 
tion. Corrections  for  refraction  must  be  applied  either  to  the  rectangular  coordi- 
nates or  to  the  intervals  of  right  ascension  and  declination.  Aside  from  the  solution 
of  equations  of  condition  for  the  determination  of  plate  constants  and  the  correction 
of  measured  coordinates,  the  whole  work  of  derivation  of  celestial  positions  from 
measured  rectangular  coordinates  and  known  star  places  consists  in  the  transforma- 
tion of  intervals  of  right  ascension  and  declination  into  rectangular  coordinates,  and 
its  converse,  and  the  introduction  of  corrections  for  refraction.  It  is  these  trans- 
formations and  the  introduction  of  the  correction  for  refraction  that  the  present 
tables  as  well  as  those  prepared  by  Professor  Jacoby  and  by  the  Paris  Observatory 
are  designed  to  facilitate. 

Of  the  various  plans  for  the  reduction  of  photographic  measures,  three  have 
acquired  especial  prominence,  namely:  those  of  Professor  Turner,  the  late  Prosper 
Henry,  and  Professor  Jacoby.  Professor  Jacoby  uses  expressions  for  the  rec- 
tangular coordinates  in  the  form  of  series  of  ascending  powers  of  the  intervals 
of  right  ascension  and  declination,  involving  coefficients  which  depend  only  upon 
the  coordinates  of  the  center  of  the  plate,  and  are,  therefore,  constant  for  any 
one  plate.  Analogous  series  express  the  intervals  of  right  ascension  and 
declination  in  terms  of  the  measured  coordinates.  It  is,  therefore,  necessary  to 
compute  four  sets  of  coefficients  for  each  plate,  with  the  help  of  which  the  trans- 
formations are  to  be  accomplished.  A  good  deal  can  be  said  in  favor  of  this 
method  in  the  case  of  a  plate  covering  only  four  square  degrees  of  the  sky  within 
seventy-five  degrees  of  the  equator,  especially  if  many  stars  are  to  be  measured  on 
a  single  plate.  It  was  developed  with  a  view  to  the  reduction  of  the  measures 
made  for  the  astrographic  catalogue,  and  to  these  cases  it  is  entirely  applicable, 
provided  the  region  photographed  is  not  too  near  the  pole.  The  method  is 
inadequate,  however,  in  the  case  of  plates  made  with  the  modern  wide  angle 
photographic  lenses  covering  one  hundred  or  more  square  degrees  of  the  sky* 
unless  the  region  photographed  is  near  the  celestial  equator,  and  even  in  the  case 
of  plates  covering  a  smaller  area,  the  method  fails  if  the  region  photographed  is 

*  Monthly  Notices  ^  Vol.  LIV,  p.  13,  par.  7. 
tSee  Monthly  Notices,  Vol.  LXIV,  p.  608. 
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near  the  pole.  The  method  loses  its  especial  advantage  and  is  cumbersome  in 
cases  where  the  positions  of  only  one  or  two  of  the  objects  on  a  plate  are  required. 
A  further  objection  to  a  wider  application  of  Professor  Jacoby's  method  is  the  lack 
of  provision  for  any  but  the  linear  terms  of  the  correction  for  refraction.  It  is 
necessary  to  take  account  of  the  terms  of  a  higher  order  in  the  ^'r^j  work,  even  on 
plates  covering  a  field  of  four  square  degrees,  and  they  become  appreciable  where 
the  standard  of  accuracy  is  less  severe  if  the  field  is  larger. 

The  formulas  of  M.  Henry  have  been  thrown  into  a  form  convenient  for  the 
construction  of  general  tables  by  M.  LoEWY,  and  made  the  basis  of  his  tables  for 
the  facilitation  of  the  reduction  of  the  Eros  observations.  Certain  approximations 
have  been  introduced  which  would  not  be  permissible  if  the  tables  were  to  be 
extended  so  as  to  suffice  for  the  reduction  of  plates  covering  a  field  five  degrees  in 
radius.* 


*M.  Hbnry*s  rigorous  formulas  are:  {PubL  Institut  de  France^  Academic  des  Sciences^  Bulletin  du  Comitc 
international  permanent  pour  Vexicuiion  photographigue  de  la  carte^du  cicl^  l^ome  II,  pp.  315,  318), 

tanjr  =  %zo%y\  XAny  =  //; 

sin  X  sec  ^  =  sin  (a  -  a^\  sin  6  =  sin  (6,  +  y^  cos  jr. 

X  andjK  are  two  auxiliary  quantities  defined  by  M.  Henry  on  page  306  of  the  publication  above  cited.  Otherwise, 
the  notation  conforms  to  that  adopted  in  this  paper.  (Cf.  page  52.)  I  have  left  out  of  these  equations  the  scale 
value  factors,  and  the  quantities  are  all  expressed  in  units  of  radius. 

The  formulas  used  by  M.  Lobwy  in  the  construction  of  his  tables  are  (Conference  astrographique  inter- 
national de  Juillet^  No.  10,  Gauthier-Villars) : 

X  =  ^-  (tan  5  -  5  +  2  «  sin-*  \)  =  ^  -  dk 
y  =V  -  (tan  Tf  -  tj)  =  tf  -  dif 
sin  X  =  sin  (a  -  a^)  cos  5 
sin  8  =  sin  (5^  +  y)  cos  x 
(a  -  a^)  cos  <5  =  jT  +  /a 
5^  +  ^  =  5  +  /rf , 
where 

ta  =  {ex  ~  a^-  X  sec  8)  cos  8 

.         jr  tan  jr  sin  {8^  +  y  -  td) 

2  cos  (<5^  +  y  -  ^) 

y  z:z  7f  -  (tan  J'  -  y)  being  the  rigorous  form,  the  neglected  terms  in  the  second  equation  are  immediately  seen  to  be: 

A  dt)  -  tan  tj  -  rj  -  (tan  y  -  y)  =  ~ =^  +  2 ^-  +  etc. 

3  3*5 

The  neglected  terms  of  the  first  equation  are  also  found  by  subtracting  the  given  value  oi  d^  from  the  rigorous  one. 

The  rigorous  relation  being 

X  =  %  -  [(tan  X  -  x)  secj  +  x  {stcy  -  i)], 

we  have 

J  d^  =  (tan  X  -  x)  secy  +  x  (secy  -  i)  -  [tan  I  -  I  +  $  (i  -  cos  7)]. 

Substituting 

y^        5  y* 
sec  y  =  I  +  ^^  +  -;^—  +  etc., 

•^  2         2^.3 

x^        2  jr* 
tan  X  -  X  =  —  + +  etc., 

3         3.5 
and  corresponding  values  of  cos  7  and  tan  ^  -  ^,  and  neglecting  terms  higher  than  the  5th  order, 

j^l  =  ^''^'  4.  ^^'.^^^  +  .£^1  +  Sxr-^^v*  +  2£^^i  +etc 
3  2  2.3  24  3.5 

When  I  =  77  is  equivalent  to  +  5*  the  values  of  these  terms  are 

J  df/  =  o".^ 

^  di  =  r.o 
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The  introduction  of  a  suflScient  number  of  the  neglected  terms  to  permit  of 
the  use  of  these  equations  in  the  construction  of  more  extended  tables  would  con- 
siderably increase  the  numerical  work  involved  in  their  application.  Another 
disadvantage  of  these  formulas  as  compared  with  those  of  Professor  Turner  is 
that  one  of  the  two  auxiliary  quantities,  requiring  the  construction  of  a  table  of 
double  entry,  can  be  dispensed  with  without  increasing  the  extent  or  materially 
augmenting  the  diflSculty  of  manipulation  of  the  other  three  tables. 

Professor  Turner's  plan,  making  use  of  simple  rigorous  relations,  is  free  from 
the  objection  to  which  Professor  Jacoby's  are  open  when  applied  to  the  reduction 
of  plates  of  large  area  near  the  pole  (for  which,  I  repeat,  they  were  not  intended), 
and  possess  an  advantage  over  M.  Loewy's  adaptation  of  Henry's  plan,  in  the 
simplicity  of  the  formulas  involved  and  in  the  saving  of  one  auxiliary  quantity  as 
stated  above.  I  have,  therefore,  adopted  Professor  Turner's  formulas  as  the  basis 
of  these  tables. 

One  of  the  essential  points*  of  diflference  between  the  plan  for  the  reduction  of 
photographic  measures  proposed  by  Professor  Turner  and  those  proposed  by 
Henry,  Jacoby,  and  others  is  in  the  number  of  the  plate  constants.  Turner 
recommends  the  use  of  six  constants,  whereas  the  others  use  only  four.  If  only 
four  constants  are  employed,  it  is  necessary  to  compute  a  part  of  the  linear  terms 
of  the  refraction  correction,  which  is  unnecessary  if  the  six-constant  method  be 
employed.  In  the  tables  designed  to  facilitate  the  computation  of  the  refraction, 
I  have  included  terms  of  higher  orders  and  those  terms  of  the  first  order  which 
must  be  included  if  the  four-constant  solution  is  used.  Any  one  computing  the 
refraction  corrections  with  the  help  of  these  tables,  is,  therefore,  not  committed  to 
the  use  of  the  six-constant  method. 

Professor  Turner's  fundamental  relations  are*: 

(i)  rf  =  t^ri{d—d,) 

(2)  tan  rf=  tan  (^  sec  (flf  —  a^) 

(3)  S  s^Q  d  =  tan  (a  —  a^)  sec  {d —  d^) 

where 

a,  (^  =  coordinates  of  a  star, 

5,  //  =  rectangular  coordinates  of  image  of  above,  the  unit 

of  measurement  being  the  focal  length  of  the 

telescope, 
«'o,  ^o  =  coordinates  of  center  of  plate,  /.  ^.,  of  the  origin  of 

rectangular  coordinates, 
d  =  the  declination  of  the  point  of  intersection  of  the 

hour  circle  passing  through  the  center  of  the 

plate  with  a  great   circle   perpendicular  to  it 

passing  through  the  star. 

The  quantity  d —  6^  is  M.  Henry's  auxiliary  quantity  y.  The  introduction  of 
M.  Henry's  second  auxiliary  quantity,  x^  is  avoided  by  the  choice  of  diflFerent 
trigonometric  relations  between  the  parts  of  the  spherical  triangle  involved. 

*  Monthly  Notices ^  Vol.  trIV,  p.  13. 
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To  facilitate  the  application  of  these  formulas,  I  have  prepared  three  tables. 
If  the  tabulated  quantities  be  represented  by  A^  B^  and  C,  the  following  relations 
hold  (a^,  8^  are  supposed  given  in  both  cases): 

Given  a  and  <5,  Given  ^  and  7, 

a  —  a^=  k  S  seed — C,  arg.    \/j_^\ 


k7j=  d  —  6,-\-  A,  arg.     {d  —  6,) 


d  —  6  =  By  arg. 


(a  —  a^) 


in  which  all  angles  are  expressed  in  degrees,  ^  and  rf  are  expressed  in  units  of  the 
scale  of  the  measuring  apparatus,  and  >fe  is  a  factor  equal  to  the  number  of  degrees 
in  a  radian  divided  by  the  focal  length  of  the  lens  with  which  the  plate  was  made, 
expressed  in  units  of  the  scale  of  the  measuring  apparatus,  k  ^  and  k  7  are, 
therefore,  the  measured  coordinates,  expressed  in  units  of  length  equivalent  to  one 
degree  of  arc  at  the  center  of  the  plate.  In  the  case  of  our  5-inch  lens,  the  focal 
length  is  such  that  one  unit  of  the  scale  of  the  measuring  apparatus  is  equivalent 
to  o°.i.     The  factor  k  is,  therefore,  o.i. 

The  three  tables  are  based  on  Turner's  fundamental  formulas,  numbers  (i), 
(2),  and  (3),  respectively.  I  insert  here  some  special  notes  concerning  each  table 
with  the  modified  forms  of  the  fundamental  relations  which  seemed  best  adapted 
to  the  computation  of  the  tabulated  quantities. 
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CONSTRUCTION  OF  TABLES.    ARGUMENTS. 


A  = 


TABLE  I. 

If  rf  be  expressed  in  units  of  the  scale  of  the  measuring  apparatus  and  k  be 
taken  as  defined  in  the  preceding  paragraph,  then: 

kv=R  tan  (</—  tf.)  =  {.d—  S,)°  +  A, 
where 

R  =  57°  29578. 

.(._.,j(£=i..U|[<---)-]'.«c.| 

The  quantity  A  is  tabulated  for  each  o°.i  of  the  argument  d  —  <5o  up  to  3°  and  for 
every  o°.oi  from  3°  to  5°  of  the  argument.  The  table  may  also  be  entered  with 
the  argument  k  tj  =  d  -  S^  -^  A.  For  values  of  the  argument  up  to  one  degree, 
the  quantity  A  is  given  in  units  of  o°.oooooi  =  o".CK)36,  but  for  larger  values  of 
the  argument,  the  unit  is  ten  times  as  large. 

TABLE  II. 

Equation  (2)  yields  the  relation: 

tan  S 
tan  {d-d)=.  ^  ^  ta^dTsec  "(a -a.)  t^^  («  "  ^«)  ^  ']' 

Table  II  gives  (d  —  Sy  =  B  with  the  arguments  (a  —  a^y  and  <5,  when  o  <S  <45® 
and  o  <  (a  —  ««)  <  10°.  It  is  evidently  unnecessary  to  tabulate  for  negative  values 
of  <5  or  (a  —  ct^).  B  is  independent  of  the  sign  of  {a  —  a^)  and  changes  sign  with  S. 
It  is  convenient  to  remember  that  d  is  always  numerically  greater  than  S.  The 
table  may  also  be  entered  with  the  arguments  {a  —  a^y  and  dy  it  being  remembered 
that  the  value  d^  corresponding  to  any  tabulated  value  B^  is  S^  +  B^^  where  <5,  is  the 
argument  corresponding  to  the  tabulated  quantity  B^.  See  example*  p.  67. 
This  table  suffices  also  for  the  cases  in  which 

^  >45° 
d  >45°. 

In  equation  (2),  let 

rf=9o°  — ^ 

<y  =  9o°— A 
whence 

fi  —  g  =  d  —  S, 

Formula  (2)  then  becomes: 

tan  /  =  tan  ^  sec  {a  —  or,), 

which  is  of  the  same  form  as  (2). 

(a —  a^)  and  rf>45°  being  given,  enter  Table  II  with  the  arguments  {a — a^ 
and  ^  =  (90°  —  ^)  and  obtain/  —  ^  =  d—  S.  It  is  to  be  noted  that  ^  would  have 
to  be  found  in  the  column  of  arguments  at  the  left  of  the  page.     The  addition  of 

*Por  example  the  quantity  B  =  0.01608  corresponds  to  the  arguments  or  -  or,  =  2*'.8  and  d  =  14.  +  .01608. 
See  table. 
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a  column  of  arguments  at  the  right  of  each  page  permits  the  use  of  d  directly  as 
an  argument. 

When  8  and  {a — a^  are  given,  S  >  45°,  the  arguments  on  the  right  are  to  be 
employed,  it  being  remembered  that  the  value  6^  corresponding  to  any  tabulated 
value  B^  is  d^ — B^^  where  d^  is  the  argument  corresponding  to  the  tabulated 
quantity  B^.     See  example  p.  67. 

Tabulated  quantities  are  expressed  in  units  of  o°.oooooi  =  o".oo36  for 
o  <  {oL  —  oL^  <  2°.     For  larger  values  of  (a  —  aj,  the  unit  is  ten  times  as  large. 

The  following  working  directions  for  the  use  of  Table  II  summarize  the  above: 

Given  (or  —  a^),  6  : 

Argument  S  at  left  of  page. 

Argument  (d  ^  B)  =  6,  at  right  of  page. 

Given  (a —  of^),  d: 

Argument  {d  -\-  B)  =^  d,  2X  left  of  page. 
.    Argument  d  at  right  of  page. 

See  examples  pp.  67-71. 

TABLE  III. 

If  in  equation  (3)  we  develop  tan  {a — a^  and  sec  {d — d^  into  power  series 
in  (a — a^  and  (^— 5^)  respectively,  and  perform  the  multiplication,  neglecting 
terms  higher  than  the  seventh  order  in  (a  —  a^  and  those  higher  than  the  fifth 
order  in  {d —  S^  we  have: 

>t^sec^=(a— a,)°  +  C, 

where 
C=(a  —  a^Y  {L  -f  J/  +  iV] 


I. 

tf  <45° 

2. 

rf  >  45° 

3- 

</<45° 

4- 

^>45° 

i4'5L3j  3  5L3J  2  3  '  ^    [        ^        \' 

N  amounts  to  less  than  o".i  for  {a  —  a^)  =  10°,  {d  —  S^)  =  5°. 
C  is  tabulated  with  the  arguments  {a  —  a^)  and  {d  —  6^)  for 

o<  {a  —  ot^)  <  10° 

o<(rf-(yo)<5°   ' 
C  changes  sign  with  {a  —  a^)  and  is  independent  of  the  sign  of  {d  —  d^). 
k  Ss^Q.  d  is  always  numerically  greater  than  {a  —  a,). 

This  table  may  be  entered  with  the  argument  k  H  sec  rf,  it  being  remem- 
bered that  the  argument  {k  P,  sec  d)^  corresponding  to  any  tabulated  value  C,  is 
{a — ^o).  +  C  where  {a — a^^  is  the  argument  corresponding  to  the  tabulated 
quantity  C,.*     The  quantity  C  is  expressed  in  units  of  o°.oooooi  =  o".oo36  for 

o<  (^^  — ^^'o)  <  2° 
o<{d—6:i<  1°. 

For  larger  values  of  the  arguments,  the  unit  is  ten  times  as  large. 

♦The  quantity  C  =  0.05928  corresponds  to  the  arguments  Jt  ^  sec  5  =  7.9  +  0.05928  and  d  -  S^  =  i.y.  See 
example  p.  68. 

2b 
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REFRACTION. 


The  correction  of  the  measured  coordinates  for  diflferential  refraction  has  been 
the  subject  of  considerable  discussion.  The  larger  part  of  the  correction  is  a  linear 
function  of  the  measured  coordinates,  and  is,  therefore,  provided  for  in  Professor 
Turner's  six-constant  method  of  solution.  Some  authorities  prefer  the  four- 
constant  solution,  with  the  necessity  for  computing  some  of  the  linear  terms  of  the 
refraction  correction.  That  part  of  the  refraction  which  depends  on  higher  powers 
of  the  measured  coordinates*  becomes  quite  appreciable  in  the  case  of  plates  made 
with  the  modern  wide  angle  telescopes,  where  the  field  of  good  definition  contains 
a  hundred  square  degrees  or  more. 

I  have  taken  the  formulas  produced  by  Professor  Turner*  as  the  basis  of 
Tables  IV-XI.     They  are : 

A  x=-  (.V  — ^)  / 
(i)  ^y=^Y-y)t 

I  +  ^+y 


^~  ^  I  -\-xX-\-y  F' 


where 


I  =^  Coordinates  of  zenith  and  star  projected  on  "standard"  plate. 


X  Y  \  _. 

^»  y 

Ax)' 
A     \  =  Projection  on  plate  of  total  displacement  of  star  due  to  refraction. 

^  =  Constant  of  refraction. 


It  is  necessary  to  insert  some  remarks  regarding  the  details  of  the  application 
of  these  relations  before  the  construction  of  the  tables  is  taken  up.  This  is  all  the 
more  desirable  since  certain  difference  of  opinion^  seems  to  prevail  regarding  this 
matter.  The  situation  can  perhaps  be  most  easily  made  clear  by  outlining  the 
following  rigorously  correct  process. 

Suppose  the  center  of  the  plate  (that  is,  the  point  on  the  plate  where  a  radius 
of  the  projected  sphere  meets  it  perpendicularly)  has  been  ascertained,  plotted  on 
a  star  chart  by  means  of  the  neighboring  stars  on  the  plate,  and  its  right  ascension 
and  declination  (or^,  S^)  read  off"  accurately  from  the  chart.  Let  ^  a^^  J  6^  represent 
the  components  of  the  displacement  of  the  point  ol^^  8^  due  to  refraction.  The 
spherical  coordinates  of  the  *' center  of  the  plate"  are  tlien:^ 

^o    +    ^    ^o 

and  these  values  must  be  used  in  computing  A' and  }^  according  to  the  formulas 
given  on  p.  6o. 

*See  Wilson.    Popular  Astronomy,  Vol.  XII,  p.  159.  \  Monthly  Notices,  Vol.  LVII,  p.  136. 

^Dissertation  of  Walter  Zurhkllen.    Bonn  1904,  p.  33-48. 

XCf.  OsTEN  Bbrgstrand.     Untersuchungen  fiber  das  Doppelstern  system  61  Cygni.    Upsala  1905. 
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The  refraction  corrections  must  first  be  computed  for  the  catalogue  stars  so 
as  to  introduce  the  effect  of  refraction  into  the  standard  coordinates.  For  this 
purpose  we  should  employ  for  x  and  y  in  the  above  formulas,  the  true  standard 
coordinates  on  a  plate  tangent  at  the  point  oc^+  ^ ot^^  ^0  +  ^  ^o?  and  the  appropriate 
refraction  constant:  m  =  a'  (3'^' 7^'.-  (Chauvenet,  SpA.  Astr.^  Vol  II,  Table  II, 
Col.  B.)  The  corrections  are  the  total  displacements  due  to  refraction.  Applying 
these  corrections  we  should  have  what  may  be  called  the  apparent  standard 
coordinates  on  a  plate  tangent  to  the  sphere  at  the  point  a^  +  ^  a^,  S^  +  ^  S^. 
The  constants  of  the  plate  can  then  be  determined  in  the  ordinary  manner  by 
comparison  of  these  computed  with  the  measured  coordinates. 

The  constants  of  the  plate  having  been  determined  in  this  way  and  the 
apparent  standard  coordinates  of  the  unknown  stars  having  been  derived  with  their 
help,  the  refraction  corrections  would  be  computed  for  these  stars.  This  would  be 
accomplished  by  means  of  Turner's  formulas  given  above,  using  the  values  of  X 
and  K  previously  employed,  the  "apparent  standard  coordinates"  ;«;  and ^  and  the 
appropriate  refraction  constant:  fjt  =  a^"^  y^  (Chauvenet,  Table  II,  Col.  A). 
The  true  standard  coordinates  on  a  plate  tangent  at  a„  +  ^^  ««,  S^  +  J  d^  would  be 
obtained  by  applying  these  corrections  to  the  apparent  standard  coordinates. 

It  is  to  be  noticed  that  the  quantities  x^  y^  defined  above  as  "  the  coordinates  of 
the  star  projected  on  the  'standard'  plate,"  may  designate  either  the  true  or 
the  apparent  coordinates,  depending  on  which  value  of  the  constant  >u  is  employed. 

It  is  to  be  noted  further  that  the  constant  of  refraction  >u  is  in  every  case  the 
one  corresponding  to  the  mean  or  true  zenith  distance  of  the  particular  star  for 
which  the  correction  is  being  computed. 

This  process  may  be  shortened  by  certain  modifications,  involving  the  omis- 
sion of  some  terms  of  the  refraction  correction,  and  the  use  of  tables.  These 
modifications  and  approximations  are  indicated  in  the  following  paragraphs. 

Since  an  important  simplification  is  obtained  by  omitting  certain  large  terms 
of  the  refraction  correction  which  may  be  included  in  the  plate  constants,  it  is 
necessary  to  consider  in  this  connection  the  process  of  determining  these  constants. 
The  tables  have  been  so  constructed  as  to  be  available  for  the  computation  of  the 
refraction  corrections  when  the  four-constant  method  is  employed,  and  consequently 
are  equally  available  for  the  six-constant  method,  and  for  cases  in  which  further 
unknowns  are  introduced  to  provide  for  other  corrections. 

Let 

x^y  ^=  True  rectangular  (standard)  coordinates  of  a  star  on  a  plate  tangent  to  the  celestial 
sphere  at  the  point  a^  -\-  A  a^^  6^'\-  A  d^. 

x\  y  =  Measured  coordinates. 

^1=  ^^  -\-  Afji  =z  a'  fi'     y    :=  The  constant  of  refraction  for  the  star  whose  measured 
coordinates  are  x\  y\ 


//^  =  a'  /?'^'  /'  for  point  a,,  S, 

=  a  /S"^  y^  for  point  a  +  Aa„,  6  +  J6^. 
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The  four-constant  formulas  for  the  determination  and  correction  of  errors  of 
orientation,  scale  value  and  assumed  center  are: 

(2)  ax'  +  by  +  c  =  x—x'  +  ^x 

—  hx'  +  ay  +d--^  y  —y  +  J7, 
where 

(3  J^=//(^    —X)  ,.r,\r 

I  +  Xx  +  Yy 
=  /i  {X  —  x  —  xX'—yXY  +  ^x), 

=  ^{Y—y--yY'-xXY  +  rf/). 
the  expressions  in  series  of  powers  of  x  and  y  being  obtained  by  developing  the 
fraction  \i^xx~t  ^Vy)  ^^  powers  of  {Xx  +  Vy)  and   multiplying  out.      Sx  and  6y 
represent  terms  involving  second  and  higher  powers  of  ;ir  and^. 

Adding  fx^x  to  both  sides  of  the  first  of  equations  (2)  and  /i^y  to  both  sides  of 
the  second,  substituting  values  of  ^x  and  ^y  from  (3),  putting  ja  =  ja^  +  Jfx^  and 
substituting  for  x  —  x  and  y — y'  in  the  coefficients  of  //^  the  values 

(4)  x  —  x'  =  ax'  +  by  +  c—^x 

y  — y  =  —  bx'  +  ay  +  d  —  Jy, 

we  have 

(5)  ^'^  +  b'y  +  c'  ={x-\-  r,.)  —X' 

-b'x'  +  a'y  +cr={y  +  r^)  -/, 

where  the  primed  letters  indicate  new  constants*  and 

(6)  r^  =  M  i-xX'  -yXY  +  Sx)  +  A^  {X^x)  +  //.  {Jx  -  ^i.X) 

r.  =  ^  {-yY'-xXY  +  6y)  +  J^(Y-y)  +  //^  {Jy  -  //J'). 

The  values  of  the  expressions: 

(7)  —xX'—yXY-[-  6x 

^  yY^^jcXY  +  Sy 

are  obtained  with  the  help  of  the  tables.  The  last  term  of  each  of  equations  (6)  is 
negligible,  even  in  extreme  cases. 

Having  computed  the  right-hand  meijibers  of  equations  (5)  and  solved  for  the 
plate  constants,  we  determine  x  +  rx  and  y  +  Vy  for  each  of  the  unknown  stars  by 
means  of  the  equations  (5): 

;ir  +  r^  =  y  +  ^'  r'  -f  b'  y  +  C 
y  +  ry  r^y  Jr  b'x'^a'y  +d', 

and  it  remains  to  determine  x  and  y  by  computing  and  applying  the  corrections 
rx  and  ry.  This  can  be  done  most  simply  by  means  of  the  relations  (6),  using 
the  quantities  {x -\-  rx)  and  {y  +  ^y)  as  approximate  values  of  the  quantities 
X  and  >',   and   making  a  second    approximation   if  necessary.      If  rx  and  ry  are 

*a'  =  a  -{■  /i^a;    b'  =  b  \  ^i^b ;    c'  =  c  +  //^  (A'  +  c)  -  //„'^  ^x  ;    d'  =  ^  -h  ^/^  ( )'  +  ^)   -  //^^  Ay. 
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computed  in  this  way  the  values  of  >u  corresponding  to  true  zenith  distance  are  to 
be  employed. 

When  it  becomes  necessary  to  compute  a  number  of  values  of  yu  for  the  same 
plate  the  approximate  true  zenith  distances  of  points  whose  standard  coordinates 
(referred  to  the  center  a^  -\-  J  a^^  6^  +  d  d^  are  x  and  y  may  be  obtained  with  the 
help  of  the  following  relation:* 

Xx  +  Yy 


z  ^=  z^  — 


tan  z^ 

which  gives  a  good  approximation,  provided  the  zenith  distance  is  large,     z^  is  the 
true  zenith  distance  of  the  point  a^  +  J  a^^  S^  +  J  S^. 

The  process  just  outlined  diflfers  from  the  rigorous  one  in  the  transfer  of  the 
large  terms  Mo  (^  —  ^)i  Mo  {^  —  jv)  from  the  refraction  correction  to  the  plate 
constants,  which  reduces  the  size  of  the  computed  corrections,  and  renders  possible 
the  further  modification  involving  the  use  of  the  constant  yu  (eqs.  6)  obtained 
with  the  argument  true  zenith  distance  in  computing  the  corrections  for  the 
unknown,  as  well  as  for  the  fiducial  stars.  This  principle  may  be  carried  further 
if  a  six-constant  plate  solution  is  employed,  all  of  the  linear  terms  of  the  refraction 
being  omitted.     The  non-linear  terms  are  given  by  the  expressions 

r^  +  MoX  {Xx  +  Vy) 
r^  +  MoY  {Xx  +  Yy). 

If  the  refractions  are  taken  in  this  form,  a  second  approximation  will  seldom  if 

ever  be  necessary  in  computing  the  refractions  for  the  unknown  stars. 

To  put  the  relations  (i)  in  a  form  suitable  to  the  construction  of  tables  I  have 

developed    the   right    hand    members   in    a   series  of  powers  of  the    expression 

{Xx  +  Vy). 

^x=^[{X^x)  +  {X-x)  \D  +  {x'  +  y')  (i  +D)\] 

^y  =  M[{Y-y)  +  {Y-y)   \D  +  {x^  +  y^)  (i  +  D)[], 

where 

n  =  —{Xx  +  Yy)  +  {Xx  +  Yy)'  -  {Xx  +  Yy)'  +  etc. 

I 


I. 


I  +  Xx-\-  Yy 

Subtracting  the  terms  Mo{^  —  ^)  and  Moi^ — >')>  which,  save  for  the  negligible 
terms  Mo{^  ^  —  Mo^)  and  Moi^y  -  Mo  ^)jare  included  in  the  four  plate  constants, 
we  have: 

r^=..^{X-x)  [D+  {x'+y')  (i  +  D)]  +  ^  ^  {X  -  x) 

ry=M{Y-y)  [D  +  {x' +  y')  (i  +  D)]  +A^{Y-y). 

I.OI54  A,  f^t  1. 0154  A  X  /▼•  "I        •  1  -W 

^  ^  Ife^  ""'^    y      ''''^'"16^  ^fi  y  .    (Expressed  in  degrees) 

1.0154 

log  —7 =  6.4503. 

3000 

1.0154  is  the  ratio  of  the  photographic  to  the  visual  constant.*     The  focal  length  of 

*See  note  p.  6i. 

\BulL  du  Com.  Int.  Perm.    T.  I.,  p.  465. 
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the  telescope  is  the  unit  for  X^  K,  x^y.  The  quantities  rx  and  ry  as  obtained  from 
the  above  formulas  are  expressed  in  decimals  of  a  degree  and  are  to  be  added 
algebraically  to  the  computed  standard  coordinates  in  order  to  introdtue  the  eflfect 
of  refraction.  The  eflfect  of  refraction  is  eliminated  from  the  measured  coordinates 
by  applying  the  above  corrections  with  the  opposite  sign.  . 

Tables  IV  and  V  give  values  of  X  and  \\  respectively,  as  functions  of  the 
hour  angle  and  declination  of  the  center  of  the  plate  for 

-45°  <  (j  -  a)  <  +45° 
—40   <  (J  <  +90°. 

They  are  constructed  for  the  latitude  of  Berkeley  (37°  52'.4)  by  means  of  the 
formulas* 

tan  A  =  tan  (p  sec  (j  —  a) 

F=tan(A-<J) 


.,       tan  ( J  —  a)  . 

A  ^= ;-        "«.  cos  / 


cos(A  — <y) 


I  t» 


where 


^  =  Latitude  of  the  Students'  Observatory  =  37°  52'.4, 
s   =  Sidereal  time  of  exposure, 
a^  6  =z  Coordinates  of  center  of  plate. 

It  is  stated  above  that  a^  +  J  a^  and  <S„  +  ^6^  are  to  be  used  as  arguments  in 
taking  out  values  of  X  and  Y.  >u^  is  to  be  computed  with  the  argument  true 
zenith  distance  of  the  point  ««,  6^,  X^  Y  and  yu^  may  be  conveniently  computed  as 
follows :  Enter  tables  for  X  and  Y  with  arguments  a^,  S^.  Obtain  Z  from  Table  XI. 
Compute  yu^. 

J  «'o  =  A'o  X  sec  6 

^  ^.  =  //«  Y 
Enter  tables  again  for  final  values  of  X  and  J' with  arguments  a^  +  ^  a^^  S^  +  J 6^. 
In  very  extreme  cases  (see  example  p.  72)  the  zenith  distance  of  the  center  of  the 
plate  and  the  coordinates  X  and  Y  must  be  computed  by  means  of  the  rigorous 
formulas. 

Tables  VI  and  VII  are  to  facilitate  the  computation  of  X  and  Y  when  the 
center  of  the  plate  is  more  than  three  hours  from  the  meridian.  A  is  independent 
of  the  sign  of  {s  —  «),  always  ^  ^,  and  >  90°  when  {s  —  a)  is  numerically  greater 
than  90°.  Y  will  therefore  always  be  positive  when  8  <  (p  or  {s  —  a)  numerically 
>  90°.  ^cos  (a  —  5)  has  the  same  sign  as  {s  —  a),  and  since  (A  —  <5)  is  always 
numerically  less  than  90°  (K  would  be  00  and  the  center  of  the  plate  on  the  horizon 
for  A  —  <5  =  90°)  ^has  the  same  sign  as  the  hour  angle  of  the  center  of  the  plate, 
being  positive  when  the  center  of  the  plate  is  west  of  the  meridian. 


*Tdrnbr.     Monthly  Notices,  Vol.  LIV,  p.  19. 
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ABERRATION. 


Turner's  formulas*  for  the  introduction  of  the  correction  for  diflferential 
aberration  give  only  terms  of  the  first  power  in  the  measured  coordinates.  The 
complete  expressions  may  be  obtained  in  a  manner  analogous  to  the  one  employed 
by  him,  Monthly  Notices^  Vol.  LVII,  p.  134,  flF.,  in  developing  expressions  for  the 
refraction  corrections.  If  W  represent  the  apex  of  the  Earth's  way,  5  a  star,  and 
Cthe  center  of  the  sphere  which  is  projected  on  the  plate,  the  direction  cosines, 
with  respect  to  a  rectangular  coordinate  system  having  its  origin  in  C,  of  lines 
connecting  C  with  5  and  W  are  proportional  to  x^y^  i,  and  Xj  K,  i,  respectively, 
x^y^  Xy  K  being  coordinates  of  the  projections  of  the  points  S  and  If^ on  the  plate. 

We  have  then 

C/-M7  I  +xX  -\-yY 

V{i  +x'+y')  (I  +A-+  n 


sin  SCW=   l^i^j^-^"^  . 

The  coordinates  of  5"  which  represents  the  position  of  the  star  S  as  displaced  by 

aberration  are 

x+  Jx  =  x  +  i  {X  —  x) 

y  +  ^y=^y  +  t  {Y  —  y). 
Similarly, 


sin  SCS 


■-Vtt 


{X  —  xY  +  {Y—yY  +  {,xY—yXY 


(I  +  jr'  +7')  [i  +  (jr  +  AxY  +  (y  +  ^yY]  ' 

But, 

sin  5C5' = /J  sin  SCiV, 

where  ^  is  the  constant  of  aberration. 


Therefore    ^  =  +  ^  ^ JL±J^^±A^+Jf±A2L 


+  /s 


\/  I  +  X'  +  Y* 


[i+i(;r'+y)+ ]. 


and  Jx=  ;^Y^^+  f"'  ['^-'^+  kiX-x)  (x'+f)  + ] 

The  first  term  within  the  bracket  in  each  case  yields  the  displacement  of  the 
center  of  the  plate  due  to  aberration  and  should  be  omitted  in  computing  diflferen- 

tial  aberration.     The  quantities  —> -^^=^7;  and   -y zz-^==^.jz  can    never   exceed 

unity.     The  factor 

4/?(;^'+/)  =  2o"(Ar  =  o".i5 

when  ;i:=jv  is  equivalent  to  5°.     The  terms  of  the  first  degree  in  x  and  y  are 

provided  for  in  either  method  of  determination  of  the  plate  constants. 

*  Monthly  Notices^  Vol.  LIV,  p.  20. 
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Abbreviated  tables  for  these  transformations  are  given  here.  (See  last  page.)  The 
multiplication  of  the  measured  coordinates  by  the  factor  k  can  be  accomplished 
with  the  help  of  a  Rechentafel,  three  places  being  sufficientl}'  accurate  for  the  pre- 
liminary scale  value.  A  six-place  number  can  be  accuratelj'  multiplied  by  a  three- 
place  factor  by  entering  the  table  twice  with  three  digits  of  the  multiplicand  each 
time. 

The  number  of  decimals  to  which  the  tabulated  quantities  are  given  in  Tables 
I-III  makes  it  possible  to  reduce  measures  of  stars  within  one  degree  of  the  center 
of  the  plate  in  declination  and  two  degrees  in  right  ascension,  with  an  accuracy  of 
about  o".oi.  (One  unit  of  the  last  decimal  place  of  the  tabulated  quantities  is 
equivalent  to  o".oo36.)  Throughout  the  remainder  of  the  tables,  one  decimal  place 
less  is  given.  The  error  of  interpolation  due  to  second  differences  amounts  to  less 
than  two  units  of  the  last  place,  except  in  parts  of  Table  II.  In  a  portion  of  this 
table,  horizontal  second  differences  are  appreciable,  and  in  another  portion  vertical 
second  differences  should  be  taken  into  account.*  In  each  case,  the  second  differ- 
ences are  nearly  constant  along  a  horizontal  line  across  the  page  so  that  it  is  pos- 
sible to  use  one  approximate  value  for  the  whole  row.  One  half  this  value  has 
been  tabulated  in  a  column  at  the  left  of  the  page,  headed  "y"  or,  **y".  The 
formula  to  be  used  in  the  interpolation  is: 

i{a±nw)==^i  {a)  ±  n  [f  {a)  ±  n  ^-^^\ 

Where  f  {a)  is  the  average  of  the  tabulated  first  differences  preceding  and  follow- 
ing the  number  from  which  the  interpolation  is  made,  and  -"-^"^  is  the  quantity 
given  in  the  column  at  the  left. 

The  tables  of  proportional  parts  for  the  interpolations  are  on  the  last  page. 

These  tables  have  been  computed  to  one  decimal  place  more  than  is  given, 
where  this  was  necessary  to  insure  the  accuracy  of  all  tabulated  values  within  one 
unit  of  the  last  place.  The  checking  has  been  done  in  part  by  duplicate  computa- 
tion, but  mainly  by  comparison  of  differences.  The  methods  of  computation  and 
checking  are  not  such  as  to  exclude  in  all  cases -errors  of  one  unit  in  the  last 
decimal  place.  This  is  evidently  immaterial  since,  in  Tables  I-III  one  unit  of  the 
last  place  is  equivalent  to  o".oo36,  or  o".036,  in  portions  of  the  tables  where  the 
accuracy  aimed  at  is  o".oi,  and  o".i,  respectively,  and  in  the  refraction  tables  a 
sufficient  number  of  decimal  places  is  given  so  that  the  last  place  of  the  computed 
refraction  correction  ma}'  be  dropped  without  committing  an  error  greater  than  the 
uncertainties  of  the  value  due  to  var3'ing  states  of  the  atmosphere. 

NOTE  ON  THE  ASSUMED  CENTER  OF  THE  PLATE.  In  developing 
formulas  for  the  reduction  of  measured  rectangular  coordinates  to  standard,  and 
their  transformation  into  intervals  of  right  ascension  and  declination,  it  is  generally 
assumed  that  the  right  ascension  and  declination  of  the  point  in  the  sky  corre- 
sponding to  the  point  at  which  the  optic  axis  of  the  lens   meets  the  plate  are 

•In  a  part  of  the  table  on  page  8i  both  horizontal  and  vertical  second  differences  are  appreciable. 
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known,  and  that  the  plane  of  the  plate  is  perpendicular  to  the  optic  axis.  It  is 
important  to  know  how  accurately  these  conditions  must  be  fulfilled  in  the  case  of 
plates  covering  fields  several  degrees  in  diameter. 

It  is  to  be  noted  that  errors  introduced  by  the  non-fulfillment  of  these  two 
conditions  can  not  be  treated  separately,  if  the  following  fundamental  condition  is 
fulfilled.  It  is  supposed,  namely,  that  the  angle  between  the  axis  of  two  cones  of 
light  due  to  two  stars,  upon  leaving  the  lens,  is  equal  to  the  angle  between  the  two 
bundles  of  parallel  rays  coming  to  the  lens  from  the  two  stars.  If  this  condition 
is  fulfilled  the  impression  on  the  plate  is  the  central  projection  of  a  spherical 
surface,  the  center  of  projection  being  the  optical  center  of  the  lens,  the  radius  of 
the  sphere  being  its  focal  length.  If  this,  is  the  case  the  optic  axis  is  of  no  more 
importance  than  any  other  radius  of  the  sphere  except  that  the  field  of  good 
definition  is  more  sj'^mmetrically  situated  about  it.  If  the  plate  is  not  perpendicular 
to  the  optic  axis  we  should  choose  as  the  ''center  of  the  plate"  the  point  where  a 
radius  of  the  sphere  which  is  perpendicular  to  the  plate  meets  it.  The  formulas 
for  the  transformation  from  rectangular  coordinates  to  intervals  of  right  ascension 
and  declination  are  applicable  to  coordinates  measured  with  this  point  as  origin. 
It  is  sufficient  to  know  the  coordinates,  or,  5,  corresponding  to  the  point  where  a 
radius  of  the  sphere  perpendicular  to  the  plate  meets  it,  this  single  condition 
replacing  the  two  previously  mentioned. 

In  the  reduction  of  a  set  of  measures  this  point  is  known  only  approximately 
and  the  coordinates,  a,  5,  of  the  "center  of  the  plate"  are  taken  somewhat 
arbitrarily.  Professor  Jacoby  has  developed  expressions  for  the  corrections  to  the 
measured  coordinates  due  to  error  in  the  assumed  value  of  the  coordinates  of  the 
center  of  the  plate.  The  terms  of  first  degree  in  the  measured  coordinates  are 
provided  for  along  with  the  other  linear  corrections  in  the  six-constant  method  of 
solution.     The  terms  of  second  degree  are: 

Corrections  to  the  x  coordinate:     {x*  cos  6)  J  a  ^  xy  A  6 
Corrections  to  the/  coordinate:     {xy  cos  6)  J  a  -\-  y^  J  6 

where  the  coordinates  of  the  assumed  and  true  center  of  the  plate  are  a,  5  and 
a  -\-  J  a^  S  +  J  d^  respectively. 

In  the  case  of  plates  made  with  portrait  lenses  an  error  of  one  centimeter  in 
locating  the  "center,"  as  defined  above,  might  easily  occur  unless  special  precau- 
tions were  taken  to  secure  a  more  accurate  value.  This  would  be  equivalent  to 
something  like  a  degree  of  arc.  To  gain  an  idea  of  the  error  thus  introduced  into 
the  computed  coordinate  of  a  catalogue  star  on  the  plate,  take,  as  a  special  case, 
a  star,  declination  zero,  five  degrees  from  the  center  of  the  plate  along  the  x  axis, 
and  suppose  cos  S  J  a  =  1°,  ^  5  =  0°. 

Then 


c  I 

x^  cos  6  J  a  -\-  xy  zi  6  =  t^  ,  ~    .      -  =  o°.oo76  =  27 

^  ^    57      57  ^  ^ 


#f 
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For  stars  at  a  given  distance  from  the  center  of  the  plate  the  eflfect  of  the 
second  order  terms  is  proportional  to  the  error  in  the  assumed  values  of  the 
coordinates  of  the  center. 

It  follows  from  the  above  that  in  reducing  measured  to  standard  coordinates 
over  a  field  some  degrees  in  diameter  the  right  ascension  and  declination  of  the 
'*  center  of  the  plate"  (defined  as  the  point  of  intersection  of  the  plate  with  a 
perpendicular  to  it  from  the  center  of  projection)  must  be  known  with  considerable 
accuracy,  or,  failing  in  this,  the  relations  between  the  measured  and  standard 
coordinates  must  be  written : 

S  =  ax  ~\-  by  -{•  c  '\-  mx^  +  nxy 

;;  =:^  dx  -\-  ey  -\-  f  -\-  ny^  +  mxy, 
where 

m  =  cos  6  J  a, 

n  =  J  6     .     , 
The  values  of  the  coordinates  of  the  true  center  of  the  plate  are  then : 

a~[-/la=ia-\-m  sec  6 

A  considerable  proportion  of  the  routine  work  involved  in  the  preparation  of 
these  tables  was  done  by  computers  at  the  expense  of  the  Students'  Observatory 
of  the  University  of  California.  For  this  assistance,  as  well  as  for  encouragement 
and  valuable  suggestions,  I  am  indebted  to  the  Director,  Professor  A.  O.  Leuschner. 
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SUMMARY  OF  DIRECTIONS  FOR  USE  OF  TABLES  I,  II,  AND  III. 


A.  Given  a^,  tf^,  a,  6.     Required  k^^  ktf. 

Express  <S^,  S  and  (a  —  ot^  in  decimals  of  a  degree. 
If  <S  <  45°,  with  arguments,  {a  —  a^)  and  5,  take  B  from  Table  II. 
If  <5  >  45°  enter  Table  II  with  argument  S  =  d  —  B^  d  being  found  in  the 
column  at  the  right  of  the  page.     Then 

d=S  +  B. 
With  argument  {d—-  S^)  take  A  from  Table  I.     Then 

kTf  =  (d—S;)+A. 
With  argument  {a  —  a^)  and  {d —  S^)  take  C  from  Table  III.     Then 

•     I' S  sec  d  ={a  —  a^)  +  C. 

B.  Given  a^,  5„,  ^^,  ^7.     Required  (a  —  «<,))  *• 
With  argument  krf  take  ^  from  Table  I.     Then 

d  —  6^  =  ktf  —  A. 
With  arguments  {d —  S^  and  kH  sec  ^f,  take  C  from  Table  III.     Then 

{a  —  a^  =  k^  sec  d  —  C. 
li  d<i  45°,  with  argument  {a  —  a^  and  rt^=  <S  +  B,  take  B  from  Table  II. 

Then  .  S  =  d—B. 

If  ^/>'  45°,  take  out  B  with  argument  (a  —  a^  and  ^^  in  column  at  right. 

I  insert  here  the  details  of  the  interpolation  in  the  case  under  A  when 
6  >  45°  and  in  the  case  under  B  when  d  <  45°.  Also  in  the  use  of  Table  III 
under  B. 

DETAILS  OF  INTERPOLATION. 

Table  II. 

{a — o'o)  +    7°.9i2io  {a  —  nrj  +    2°.8i400 

6  +78  .88250  </  +  14  .15090 

Arg.  r  i         Q    Q  \  0.10279  hx%.\  ^       .      \  ^  ^[   0.01608 

«*    I  <>=  78  .89721)  "^  **   (  tf  =  14  .01608) 

Ya  (—-01471) +13  |^( +.13482) +14 

j^J^(+.I2I0)       ....  +32  ^^-^(+.,40)      ....  +16 

B 0.10324  B +0.01638 
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Table  III. 

k  S  sec  d  7.97150 
(rf— (Jo)  2°.6857o 


.05928 

+  25 
—    9 


C       ........       0.05944 


EXAMPLES. 


The  following  are  the  data  of  observation  of 

PLATE  No.  46. 
Exposed  1904,  Nov.  11. 

h         m       s 

Sidereal  time  at  beginning  of  exposure     23     21     o 
Sidereal  time  at  end  of  exposure     _     _       0510 

3'    44"     50", 
30 
Approximate  scale  value  i  mm  =  o°.i. 

Latitude  of  Berkeley  =  37°  52'. 


Set  1**       /lA** 

o  +  10°    28 


star. 


M.  E.  1875. 


No. 

AG  No. 

Mag. 

a 

0 

s 

h 

m 

8 

^f 

I 

1062 

7.4 

3 

32 

19.94 

+  13 

29 

7.1 

2 

1 136 

7.6 

3 

47 

35.13 

+13 

24 

5.8 

3 

1183 

8-5 

3 

56 

5-36 

+14 

8 

4.6 

4 

1345 

8.6 

3 

33 

2.62 

+  6 

3 

25.7 

5 

1431 

8.1 

3 

46 

29-93 

+  7 

23 

57-0 

6 

1511 

8.3 

4 

0 

9.95 

+  7 

51 

9.5 
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k  =   ,1 


Computation  ot  kS  and  kr]  from  Catau)Guk  Positions. 


1  • 

!     Star. 

1 

I 

1 

2 

1 

3 

4 

5 

1 

6 

{a  — a)    \ 

— 12"  3o'.o6 

+  2"  45'.  1 3 

+  ii'"i5'.36 

-ii'"4r.38 

+  I"  39' 93 

+  15"  I9'.95 

^              ^    \ 

3°.  1 253 

+   °.688o 

+  2^.8140 

2°.9474 

+   °.4i64 

+   3°.833i  i 

6    .     ,    ,     , 

+  i3''.4853 

+  13^.4016 

+  I4°.i345 

+  6°.057i 

+   7°.3992 

+  7°.8526 

B  (Table  II) 
=  ^  -  (5  . 

+     193 

+       9 

+     164 

+      80 

+       2 

+     174  ' 

d    ,     ,     ,     , 

+  13  -5046 

+  13  .4025 

+  14  -1509 

+  6  .0571 

+   7  -3994 

+  7  .8700 

d       6,    .     . 

+  3  0296 

+   2  .9275 

+  3  .6759 

—  4  4099 

3  .0756 

—  2  .6050 

A   (Table  I)  . 

+      28 

+      25 

+      50 

-      85 

30 

—      18 

C  (Table  IK). 

74 

+      10 

+      81 

114 

+       6 

+      97 

log  kS  sec  d . 

0.49592 

9.83820 

0.45057 

0.47111 

9.62014 

0.58465 

,  log  cos  d  .  . 

9.98782 

9.98801 

9.98662 

9.99756 

9.99637 

9.99589 

log  kS    .     . 

0.48374 

9.82621 

0.43719 

0.46827 

9.61651 

0.58054 

kS      .    .     . 

—   30461 

+   0.6702 

+   2.7365 

—   2.9422 

+   0.4135 

+   3.8066 

ktf      .    .     . 

+   30324 

+   2.9300 

+   3-6809 

—   4.4184 

3.0786 

—   2.6068 

I  have  performed  this   transformation  also  by  means  of  Professor  Jacoby's 
formulas  and  obfain  the  same  values  to  within  two  units  of  the  last  decimal  place. 


Computation  of  the  Corrections  for  Refraction. 

Table  IV,  X  =  —  1.156 
Table    V,   V^-+    .943 

pi  =:  0.0164 


Star. 


x)                                        {  — 0.05 -52 
[  Table  VIII    .     .    .      i 

y)                                   i  +     528 

x*  +y  Table  IX    .     .     .  56 

/i(^  — jt) —      180 

^{V-y) +      146 

Xx +      615 

Yy [  +      493 

^ I  +   .1108 

^ I  —0.0999 

(;r'  +  'j)  (i+Z>).     .     .  '  +          5 

r^ +0.0017 

ry ,  —        14 


+  0.0117 

+       512 

28 

—  192 

+       146 

—  135 

+  478 
+  .0343 
—00331 
+  27 
+  0.0006 

—  4 


+  0.0478 

+       642 

64 

—      197 
144 


+ 


+ 


553 
599 


+  .0046 
— 0.0046 
+  64 
— 0.0000 
o 


—0.0513 

—  771 

86 

—  180 

—  167 

+   593 

—  720 

—  .0127 
+  0.0129 
+  84 
— 0.0004 

+      4 


+  0.0072 

—  537 

29. 

—  190 
+   164 

—  83 

—  501 

—  .0584 
+  0.0620 
+  28 
— 0.0012 
+    10 


+  0.0667 

—  455 

65 

—  200 

+   162 

—  771 

—  425 

—  .1196 

+  0.1358 

+  56 
— 0.0028 
+    23 
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To  illustrate  the  application  of  the  tables  in  the  converse  transformation 
I  have  taken  the  values  of  ^^  and  ^7  just  computed  and  reproduced  the  values  of 
{a  —  a^)  and  S. 


star. 


R  *^        ■       *       • 

3.0461 

+       0.6702 

+       2.7365 

—       2.9422 

,    kfj         ... 

+       30324 

+       2.9300 

+       3.6809 

—       4.4184 

A  (Table  I) 

—             28 

—              25 

50 

+              85 

d     <y.  .   . 

+     3°.0296 

+     2^.9275 

+     3°.6759 

—     4°.4099 

d    ,     ,    ,     . 

+   13  .5046 

+   13  -4025 

+   14  .1509 

+     6  .0651 

log  sec  d    . 

0.01218 

0.01 199 

0.01338 

0.00243 

1  log  k  £  sec  d 

0.49592 

9.83820 

0.45057 

0.471 1 1 

kS  sec  d    . 

—       31388 

+         .6890 

+       2.8221 

—       2.9588 

C  (Table  III) 

+              74 

—              10 

—              81 

+             114 

{a  —  a,)     . 

3''.i253 

+     o°.688o 

-f      2°.8i40 

2°.9474 

B  (Table  II) 

193 

9 

—            164 

—              80 

6  \     ,     .     . 

+   i3°.4853 

+    13^-4016 

+    1 4°.  1 345 

+     6^0571 

+ 


+ 


+ 


0.4135 
3.0786 

30 

3°0756 

7  -3994 
0.00363 

9.62014 

+       4.1700 

—  6 

0^.4164 

2 


+ 


+ 


7°.  3992 


+ 


+ 


+ 


3.8066 

2.6068 

18 

2^.6050 

7  .8700 


0.0041 1 
0.58465 


+ 


+ 


+ 


3.8428 

97 

3°.833i 

174 
7^.8526 


The  transformation  of  intervals  of  right  ascension  and  declination  to  rec- 
tangular coordinates,  and  its  converse,  for  stars  on  another  plate  are  inserted  here 
to  illustrate  the  use  of  the  tables  in  the  case  of  a  plate  taken  near  the  pole. 
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Data  ok  Observation. 

Exposed  1905,  April  11. 

Sidereal  time  at  beginning  of  exposure     10^  30 

Sidereal  time  at  end  of  exposure      .     .     10  50 

{,a  14"  38 

•     •     IS  76°  12 
Approximate  scale  value,  i  mm  =  o°.i 
Latitude  of  Berkeley  =  37*^  52'. 


lU 


m 


Coordinates  of  center  of  plate 


Star. 


{a  —  a^) 


6 


B  (Table  II) 
^    .     .     .     . 
d  —  6„    .     . 
A  (Table  I) 
C  (Table  III-) 
log  ^  £  sec  d 
log  cos  d 
k£      ... 
/tv      ... 


—33"  2i'.84 

—  8°.34io 
+  78°.683i 
+    1167 

+  7«  •799« 
+  2  .4998 

+      44 
673 

0.92471 

9.28834 

—  1.6332 
+   2.5042 


+  31™  38'.90 

+  7°-9i2i 
+  7«'^.8«25 
+     1032 

+  7«  .9857 
+  2  .6857 

+      20 

+     594 
0.90154 

9.281 15 

+  1-5230 
+   2.6877 


33"  3i'.55 

■  8^.3815 
75^.3151 
+     1 502 

+  75  -4653 

—  o  .8347 

■ —      I 

—  612 
0.92648 
9.39962 

—  2.1188 

—  0.8348 


+30"  4o'.97 

+  7^.6707 

+  75°.o568 

+  1278 

+  75  .1846 

—  I  .1154 

—  I 

+  476 

0.88752 

9.40774 
+       1-9736 

—  I-II55 


Star. 


kP. 


k  tf    .    .      . 

A  (Tablel)^/- 
^  .  .  .  . 
log  sec  d 
log  kB    \     . 
I'  £  sec  d 
C  (Table  III) 
{a  —  (y,,)     . 
B  (Table  II) 
S    .     .     .     . 


—  fJ. 


—  1-6332 
+   2.5042 

—  44 

+  78'^.7998 
0.71 166 
0.21305 

—  8.4083 


+   1-5230 

-f-   2.6877 

—      20 

+  78^-9857 
0.71885 

0.18269 


—  2.1188 

—  0.8348 

+       I 


+  75^.4653 
0.60038 

o  32610 

—   8.4427 

594  I  +     612 


+  7-9715 
+     673  I  — 

—  8°. 3410  I  +  7^.9121  I—  8^.3815 

.1167   —  .1032 


t-  78^.6831   +  78^.8825 


.1502 
I-  75''-3i5i 


+   1-9736 

—  1.1155 
+  I 
+  75"^.  1 846 

0.59226 
0.29526 
+   7.7183 

—  '476 

+  f.e-jo'] 
.1278 

+  75°.0568 


4b 


o      .      .      . 

.     .     +15° 

o' 

o  .o 

I     .     .     . 

.       .              20 

o 

o  .o 

2       .       .       . 

.       .             lO 

o 

o  .o 

3     •     •     • 

.       .              II 

o 

o  .o 

4     .     .     . 

.     .           19 

o 

o  .o 

(S 

-30° 

0' 

o".o 

35 

0 

0  .0 

25 

0 

0  .0 

34 

0 

0  .0 

—  29 

0 

0  .0 
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AS  A  TEST  OF  THE  APPLICATION  OF  THE  TABLES  FOR  REFRAC- 
TION to  a  very  extreme  case  the  following  computation  has  been  made.  Five 
points  on  the  celestial  sphere  were  chosen  arbitrarily,  having  the  following 
coordinates: 

Zenith  Distance 
at  Sid.  t.  4*' 

19''     50'.  3 
81        46.0 

78       26.4 

«5         3 .« 
77         5-4 

Imagining  stars  to  be  situated  at  these  points,  their  apparent  spherical 
coordinates  for  the  latitude  of  Berkeley  and  sidereal  time  four  hours  were  com- 
puted, and  from  these  were  derived  rectangular  coordinates  as  they  would  have 
been  measured  on  a  plate  taken  at  that  hour  angle.  The  so  obtained  fictitious 
plate  measures  were  reduced,  according  to  the  plan  outlined,  pages  57-61,  using 
the  zero  position  as  the  center  of  the  plate,  supposed  found  by  plotting  on  a  star 
chart  (see  p.  56),  and  stars  i  and  2  as  fiducial  stars.  The  positions  3  and  4  are 
accurately  reproduced. 

The  apparent  spherical  coordinates  with  the  corresponding  photographic 
refraction  constants  are : 

o 15°     3'     25".2  —29°  55'    4i".7  o°.oi56i3 


with 

the 
6 

corr 

-29° 

55' 

4i".7 

34 

54 

33  -o 

24 

56 

21   .8 

33 

52 

10  .1 

--28 

56 

29  .0 

I 20  3  58  .1  34  54  33  -o  o  .015306 

2 10  3  8  .8  24  56  21   .8  o  .015756 

3 II  7  2.2  33  52  10  . 1  0.014063 

4 19  2  13  .2  -  28  56  29  .0  o  .015856 

From  these  are  deduced  with  the  help  of  Tables  I,  II,  and  III  (see  example 

p.  69)  the  following  fictitious  measured  coordinates,  the  center  of  the  plate  being 

taken  at 

'^  =-      15""      3'    25". 2 
S  =  —29''    55     41  .7 

X  y 

I +4.12937  —5.09725 

2 —4.56308  +4.91709 

3 —3.28197  —4.01049 

4 +3.49146  +0.92819 

Taking  the  same  center  of  the  plate  and  the  true  coordinates  of  stars   i  and  2, 
the  standard  coordinates  are: 

I +4.07076  — 5.18620 

2 — 4.60838  +4.85411 
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The  corrections  introducing  part  of  the  eflFect  of  refraction  into  these  standard 
coordinates  are  computed  as  follows : 


a 

15        3 

6 

—29°     56' 

s 

60°      0 

m 

■  a 

44°     57' 

Table  VI 

47       42 

-6 

77      38 

Table  VII 

log  X  cos  (  /a  - 

-6) 

9.8272 

log  .V  cos  ( A  - 

-S) 

9-3308 

* 

« 

X 

+  3-136 

• 

Y 

+  4-560 

I 

2 

I 

2 

X 

+  3-1340 

/*  (.V-^)  [  ] 

+  O.OII74 

—  0.00537 

Y 

+  4.5571 

^  /'  iX-x) 

0.00094 

+  0.00046 

,.  ,,  i     ^ 

+  0.015306 

+  0.015756 

rx 

+  0.01080 

—  0.00491 

p-^M^^ 

—  o.cxx)307 

+  o.cxx)i43 

Table  VIII T 

+  0.07105 

—  0.08044 

/^(^'->')[] 

+  0.01782 

—  0.00748 

—  0.09053 

+  0.08472 

^  /'  ( y—y) 

0.00143 

+  0.00064 

Table  IX,;r*+/ 

+  0.0132 

+  0.00136 

*:> 

+  0.01639 

—  0.00684 

;^  (A^-^) 

+  0.04688 

+  0.05065 

i^{y-y) 

+  0.071 14 

+  0.07047 

X  +  y'r 

+  4.08156 

4.61329 

Xx 

-- 0.2227 

—  0.2521 

x-\-ry      x' 

-            4781 

5021 

Yy 

—  0.4124 

+  0.3861 

2 

—  0.1897 

+  0.1340 

y  +  fy 

—  5.I698I 

+  4.84727 

Table  X,  D 

+  0.2341 

—  0.1 181 

y  +  0-    y 

—            7256 

—         6982 

(x'+y){i+D) 

+  0.0163 

+  0.0120 

The  equations  of  condition  are: 

+  4.129^^'  —  5.097^'  +  r'  =  — 4781 

—  4.563     +4-917     +  c'  =  —  5021 

—  5.097  rt'  — 4.129^'  +^'=  —  7256 
+  4.917      +4.563     +^'=  —  6982 


From  which: 


a'  =  +  0.000275 
6'  =  — o.oooooi 
c'  =  —  0.04895 
{f  ==  — 0.071 16 


and  for  stars  3  and  4 : 


X  +  ri- 

7   +  ^y 


3 
3-33182 

4.08275 


+  3-44347 
+  0.85729 


♦These  values  are  not  sufficiently  accurate  for  this  extreme  case,  and  the  values  used  in  the  following  computa- 
tion were  derived  by  means  of  the  rigorous  relations.     See  p.  60. 
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The  quantities  i\.  and  ;-,.  are  computed  for  these  stars  as  follows: 


A' 

+  3- 1 340 

J  ^i(y-y) 

—  0.00717 

-f  O.OOIIO 

1' 

+  4.5571 

I  St  approx.  r, 

+  0.06087 

0.01339 

/< 

+  0.014063 

+  0.015856 

An 

-0.001550 

+  0.000243 

X  —  r . 

—  0.05889 

!  0.06026 

X 

-  0.05816 

+  0.06010 

y    ry 

-  0.07228 

-\   0.015 19 

y 

—  0.07122 

+  0.01495 

U'M/) 

«7 

3« 

x'+r 

«59 

3»3 

Xx 

—  0. 1 846 

+  0.1888 

/'  i-y-x) 

+  0.04490 

+  0.04874 

Yy 

—  0.3294 

!  0.0692 

f'{y-y) 

4-  0.06509 

+  0.07203 

^ 

-  0.5140 

+  0.2580 

Xx 

—  0.18227 

+  0.18835 

D 

+  I  0575 

-  -  0. 205 1 

Vv 

0-32455 

+  0.06814 

(a-+y)(i-i  D) 

^   179 

+    34 

^ 

—  0.50682 

+  0.25649 

D 

+  I-0275 

—  0.2042 

;i(.V-.r)[] 

+  0.04828 

—  0.00983 

(X' +/)(!+/'') 

+  0.01742 

+  0.00305 

J  ^i{X-x) 

~  0.00495 

+      75 

2d  approx.  r , 

-1  0.04333 

—  0.00908 

;/(A--x)[] 

+  0.04691 

—  0.00981 

A  ix  i^X—x) 

—  0.00495 

-  -  0.00075 

/'(j'-j')[] 

1  0.07000 

-  0.01453 

I  St  approx.  tx 

+  0.04196 

—  0.00906 

Afi{y-y) 

—  0.00717 

+    no 

2d  approx.  Vy 

-f  0.06283 

—  0.01343 

p^{y-y)  [] 

+  0.06801 

—  0.01449 

Another  approximation  gives: 


rx 

+  0.04340 

—  0.00908 

r»' 

+  0.06293 

—  0.01343 

X 

—  3-37522 

4  3-45255 

y 

4.14568 

+  0.87072 

Transforming  these  standard  coordinates  into  intervals  of  right  ascension  and 
declination,  the  center  of  the  plate  being  at 

i^    =15°         3'      25".2 

^  —29      55      41  -7. 

we  reproduce  the  coordinates  of  the  originally  assumed  points  within  a  tenth  of  a 
second  of  arc: 


3  . 

.  .  10^ 

59' 

59".9 

-34° 

0' 

o".i 

4  • 

.  19 

0 

0  .0 

—  2« 

59 

59  -9 

TABLE  I 


GIVINCt 


as  function  of  {d  —  <5^)°  or  k  if. 


TABLE  I. 


A  =  A;,-(,/  —  6..y 

k  tf  is  always  iiuinerically  larger  than  {d-6X 


o'-ocwoi  =  o*.o36=  unit. 


o!6 

.1 

.2 
.3 

.4 
.5 

.6 

.7 

.8 

•9 
J.0 

.1 

.2 

•3 

.4 

•5 
.6 

.7 
.8 

•9 
2.0 

.1 

.2 

.3 

.4 

•5 
.6 

.7 

.8 

•9 
3.0 


kJf  \d6^ 


kff 


d-fi. 


kv  \d-^. 


kff  \d-6, 


kff    Id -6. 


.0 
.0 
.1 

•3 

•7 

1-3 
2.2 

3-5 
5.2 

7.4 


10. 1 

13 

17 
22 

28 

35 
42 

50 

59 
70 

81 


.1 
.2 

.4 

.6 
.9 

1.3 

1.7 

2.2 

2.7 

3 

4 

5 


93 
107 

123 

140 

159 
179 

200 
223 
248 
274 


7 

7 

8 

9 
II 
II 
12 

M 
16 

17 

19 
20 

21 

23 
25 

26 


0.0 

.1 

.2 
.3 

•4 

.5 
.6 

•7 
.8 

•9 
J.0 

.1 

.2 

•3 

.4 

•5 
.6 

.7 
.8 

•9 
2.0 

.1 

.2 

•3 

.4 

•5 
.6 

.7 
.802 

.902 

3.003 


d-d. 


3.00 

I 

2 

3 

4 

5 
6 

7 
8 

9 
3.(0 

II 

12 

13 

15 
16 

17 
18 

19 

3«20 

21 

22 

23 

24 

25 
26 

27 
28 

29 
3.30 

31 
32 
33 

34 
35 
36 

37 
38 

39 
3.40 


kff  \d-6^ 


274 

277 
280 

283 

286 
289 
291 


294 

297 

300 

303 
306 

309 
312 


315 
318 
321 


324 
327 
330 
333 
337 
340 

343 

346 

349 
352 


355 

359 
362 

365 
369 
372 

375 


379 

383 
386 

3S9 
393 
396 

399 


3.003 

013 
023 

033 

043 

053 
063 

073 
083 

093 
3.J03 

113 
123 

133 

143 
153 
163 

173 
183 

193 

3.203 

213 

223 

233 

243 

253 
264 

274 
284 

294 
3.304 

314 
324 
334 

344 
354 
364 

374 

384 

394 

3.404 


3*40 

41 
42 

43 
44 


45 

417 

46 

421 

47 

425 

48 

429 

49 

432 

3.50 

436 

51 

440 

52 

443 

53 

447 

54 

451 

55 

455 

56 

459 

57 

463 

58 

467 

59 

470 

3.60 

474 

61 

478 

62 

482 

63 

486 

64 
65 


68 
69 


399 
403 
407 

411 


414 


490 
495 


66  499 

67  !  503 


507 

5" 


3.70  i  515 


71 

519 

72 

523 

73 

528 

74 

532 

75 

536 

76 

541 

77 

545 

78 

549 

79 

553 

.80 

558 

3.404 

414 
424 
434 

444 

454 
464 

474 

484 

494 

3.604 

514 
524 
534 

545 
555 
565 

575 

585 

595 
3.605 

615 
625 

635 

645 

655 
665 

675 
685 

695 
3.705 

715 
725 
735 

745 
755 
765 

775 

785 

796 

3.806 


k  ff   \d-fi^      A        k  ff 


3.80 

81 
82 

83 

84 

85 
86 

87 
88 

89 
3.90 

91 
92 
93 

94 
95 
96 

97 
98 

99' 
44)0 

I 

2 

3 

4 

5 
6 

7  . 

8  i 

9 : 

AM 

II 
12 

13 

14 

15 
16 

17 
18 

19 
4.20 

d-d" 


558 
563 
567 
571 

576 
581 
585 

589 
594 

599 
603 

608 

613 
617 

622 
627 
632 


637 

.       4 
641 

5 
646 

656 

661^ 

5 

666 


671 
676 
681 


686 


691 
696 


5 

5 
701 

706 

5 

717 


722 

727 
732 


737 
743 


748 
753 


5 


3.806 
816 
826 
836 

846 
H56 
866 

876 
886 
896 
3.906 
916 
926 
936 

946 
956 
966 

976 

986 

996 

4.007 

017 
027 
037 

047 

057 
067 

077 

087 

097 

4.J07 

"7 
127 

137 

147 
157 
167 

177 

187 

197 

4.208 


kff    \d-6^ 


4.20 

753, 

21 

759 

22 
23 

0 

765 

5 
770 

5 

24 

775  6 

25 

26 

0 
787 

5 

27 

28 

792 

803^ 

29 

4.30 

809 

31 

815'' 

32 
33 

820^ 

6 
826 

6 

34 

83» 

35 

837* 
6  ' 

36 

843 

6 

37 

849 

38 

0 

39 
4.40 

861 

6 
867 

41 

6 

42 

879^ 

43 

885 

6 

44 
45 

897^ 

46 

903 

6 

47 

909 

48 

0 

"^ 

49 
4.50 

921 

6 
927^ 

51 

^^^ 

52 

939^ 

53 

945 

7 

54 

952 

55 

958 

56 

965' 

« 

57 

'^'6 

58 

977 

«7 

59 

984^ 

4.60 

000 

4.208 

4.60 

218 

61 

228 

62 

I 

238 

63   « 

248 

64;. 

258 

65  I 

268 

66  I 

278 

67   I 

288 

68  I 

1 

298 

69  .  I 

4.308 

4.70  '  I 

318 

71   I 

328 

72   I 

338 

73   I 

348 

74 

358 

75 

368 

76 

378 

77 

389 

78 

399 

79 

4.409 

4.80 

419 

Si 

429 

82 

439 

83 

449 

84 

459 

85 

469 

86 

479 

87 

489 

88 

499 

89 

4.509 

4.90 

519 

91   I 

529 

92  I 

539 

93 

I 

550 

94   I 

560 

95 

I 

570 

96   I 

i 

580 

97   I 

590 

98   I 

600 

99  !  I 

4.6)0 

5.00 

I 

990 

997 
[003 


010 


017 
023 
029 


036 

043 
049 
056 
063 
070 

077 

[084 
[091 
[098 

105 
112 
119 
126 

133 
140 

147 

154 
161 

169 
176 

.8-3 

190 

197 
205 

212 

220 

227 

235 
242 

249 
257 


kff 

4.610 
620 

630  I 
640 

650 
660 
670 

680 
690 
700 

4.7n 

721 

731 

741 

! 

751 
761 

771 

781 

791  i 
801 

4.8n 

821 

831 
841 

852 
862 

872 

882 
892 
902 

4.9)2 
922 

932 
942 


952 
962 

972 

982 
993 


A 


kv   1^-^ 


265   5.003 
272  \  5.013 


kv 


''l'^ 


lABLE  II 


GIVING 


B  =-  {(/  —  Sf^  as  function  of  {a  —(x)  and  <5  or  (/. 


78 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


TABLE  II. 


B 


(,/-rf)°. 


d\s  always  nuinerically  larger  than  6. 


\«-«o 

k 

*  \ 

2 

o 

0 

0 

I 

2 

2 

3 

3 

5 

4 

5 
6 

6 
8 

9 

7 
8 

II 
12 

9 

14 

10 

15 

II 

16 

12 

18 

13 

19 

14 

20 

15 

22 

i6 

23 

17 
i8 

24 
26 

19 

27 

20 

28 

21 

29 

22 

30 

23 

31 

24 

32 

25 
26 

33 
34 

27 
28 

35 
36 

29 

37 

30 

38 

31 

39 

32 

39 

33 

40 

34 

40 

35 
36 

41 
42 

37 
3B 

42 
42 

39 

43 

40 

43 

41 

43 

42 

43 

43 

44 

44 

44 

45 

44 

r/ 

h 

a-««u 

2 

o'.o 


o 


o''.o 


hor, 

diff. 

o 

2 

3 
5 

6 
8 

9 

II 
12 

13 

15 
16 
18 

19 

20 
22 

23 

24 
26 

27 
28 

29 
30 
31 

32 

33 
34 

35 
36 
37 
38 

39 

39 
40 

40 
41 
42 

42 
42 
43 
43 

43 
44 

44 

44 
44 

hor. 
diff. 


\ 


o\i 


o 

2 

3 
5 

6 
8 

9 

II 
12 

13 

15 
16 
18 

19 

20 
22 

23 

24 
26 

28 

29 
30 
31 

32 

33 
34 

35 
36 

37 

3? 

39  o 

39 

40 

40 

41 
42 

o 

4», 

«o 
43 

-      O 

43  o 

43  X 
44 

o 
44 
44 


oM 


hor. 
diff, 

o 

4 

9 

13 

18 
22 

27 

31 
36 
41 

45 

49 
53 
58 

62 
65 
69 

74 

77 
80 

84 
88 

91 
95 

98 

lOI 

104 

106 
109 
III 

"3 

"5 
lib 

119 

122 

123 
124 

126 
127 
128 

129 

130 
'31 
130 

130 
131 

hor. 
diff. 


o\2 


o 


'06 

18 

6 

54, 


60 

77 

5 

6 

^5 
103. 
107 


r 


112 

4 
130. 
'34' 
138^ 

3 
141, 

148^ 
—  3 

'^'  3 

157^ 

159 

3 
162  2 

164. 
166' 

168  J 

169  2 

172 
-^—  I 

173, 

'74  o 

174 

O 
174, 
175 


0".2 


hor. 
diff, 

o 

8 

15 
23 

31 
38 
46 

53 
60 

67 

74 

82 

89 
95 

1*02 
109 
116 

122 
128 

135 
140 

146 
152 
157 

162 
167 
171 

177 
181 

185 

189 

193 
196 
200 

202 
205 
208 

210 
212 
213 

215 
216 

217 
218 

218 

218 

hor. 
diff. 


o'.3 


o 

14 
27 
41 

55 
68 

82 

95 
108 

121 
134 

147 
160 

172 

184 
196 
208 

220 
231 
242 

252 


263 

273 
283 

292 
301 
309 

318 
326 

333 
340 

347 
353 
359 

364 
369 

374 

378 
381 
384 

387 

389 
391 
392 

392 
393 


o'.3 


9 

8 

9 
8 

7 

7 

7 
6 
6 


5 
5 


3 
3 
3 

2 
2 
1 

o 


hor, 
diff. 

o 

I     10 

22 
32 

'      42 

I     53 
I     63 

I     74 

I     84 

95 

105 

115 
124 
134 

144 

153 
162 

170 

179 
188 

197 

204 
212 
219 

227 

234 
241 

247 
253 
259 
265 

269 

275 
279 

283 
287 
290 

293 
296 

:  299 

301 

302 

\  303 
304 

306 
305 

hor. 
diff 


o'. 00000 1  =  o''.oo36  =  unit. 

o°5 


o°.4 


o 

24 

49 
73 

97 
121 

145 

169 
192 
216 

239 
262 
284 
306 

328 

349 
370 

390 
410 

430 

449 


24 
25 

24 

24 

24 
24 

24 

23 
24 

23 

23 

32 
22 


22 


21 
21 


20 


20 
20 

»9 
18 


485; 
502 

17 

535,5 
550  ^ 

15 

592  ^ 
605 

616 
628 
638 


13 
II 
12 
10 


647 
656 

664 


9 

8 


698 
698 


o 


hor. 

diff 


o 

14 
27 
41 

55 
68 

82 

95 
109 

121 

'34 

147 
160 

172 

184 
196 
208 

220 
231 
242 

252 

263 

273 
283 

292 

301 
3«o 

318 
325 
333 
340 

347 
353 
359 

364 
369 
374 


f7i  6 

378 
381 
384 

688 
1 

386 

691 

694  ; 
696 

389 

39« 
39» 

o^4 


392 
393 

hor. 
diff. 


34 


O 

3838 

7638 
114 
38 

'«9S 
237 

37 

=^437 

301  y, 
«^6 

37336 
4°935 

444 
478 
34 

545  33 

578^ 

32 

641  3, 

672 

29 
701 
29 

730,8 
758  „ 

785^ 
36 

836  IJ 
860^ 

23 

8»3„ 

904,, 

-9^5^ 

963,8 
981,6 
997 

14 

^o"  14 
'^^5  ,3 
1038 

1049 
1058 
1067 

1074 
1080 
1085 
1088 

1090 
1091 


o°.f> 


II 

9 
9 
7 
6 
5 
3 


a-o^, 


90 

89 
88 

87 

86 

85 
84 

83 
82 

81 
80 

79 
78 

77 

76 
75 
74 

73 
72 

71 

70 

69 

68 

67 

66 

65 
64 

63 
62 

61 
60 

59 

58 

57 

56 
55 
54 

53 
52 
51 
50 

49 
48 

47 

46 
45 


o-«o 


/(a±nw)  =/  (a)±z  n\  /'(a)±:H  ^"^^'^] 


2 


// 

2 


See  note  on  interpolation,  p.  64. 
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TABLE  II. 


B  =  {d—S)°. 


a-i 


e 

0 

I 

2 

3 

4 

5 
6 

7 
8 

9 
10 

II 

12 

13 

U 

15 
i6 

17 
i8 

19 
20 

21 
22 

23 

24 

25 
26 

27 
28 

29 

30 

31 
32 

33 

34 
35 
36 

37 
38 
39 
40 

41 
42 
43 

44 
45 


«-«o 


d'ls  always  numerically  larger  than  8. 


o'^.oooooi  =  o*.oo36  =  unit. 


h_ 

a 


o 

2 

3 
5 

6 
8 

9 

II 
12 

14 

15 
16 
18 

19 

20 
22 

23 

24 
26 

27 
28 

29 
30 
31 

32 
33 
34 

35 
36 
37 

38 

39 

39 
40 

40 

41 
42 

42 
42 
43 

43 

43 
43 
44 

44 

44 


2 


o*.5 


hor. 
diff. 


227 

37 

^^37 

36 
35 
34 


373 


409 

444 
478 

512 

545 
578 

610 
641 
672 


34 

33 
33 

32 

31 
31 

29 

39 

758 
785 


701 


811 


27 
36 

860^ 

23 

904,, 

925 

ao 
18 


945 


9^3  18 

98»x6 
997 

14 
ion  ^^ 

13 


1025 
1038 


II 


1049  9 
i074  5 


1080  ^ 
1085  \ 
1088  ^ 
2 
1090  J 
1091 


0-.5 


17 
34 
50 

67 

84 

100 

116 

132 
148 

164 

179 

195 
211 

226 
240 
254 

268 

2S2 

295 
309 
321 
333 
345 

356 
367 
378 

388 

398 
407 

415 
424 

431 
438 

446 

451 
456 

461 
466 

470 

473 
476 
477 
479 

480 
480 


hor, 
diff. 


o\e 


00 


55 
55 

54 

55 

54 
54 

53 

53 

52 
52 

-^l?5i 


55 
no 

164 

219 

273 
327 

380 

433 
485 


50 


5885, 

639 

689 

49 

785'' 
832^^ 

46 

^7845 
923  il 

967^ 
43 


010 


051 
091 


41 
40 
39 


130 

203^ 
238^^ 

33 
271 


302 
332 


360 


31 
30 
28 

27 
25 
23 


387 
412 

435 

22 

457  ,„ 
476^9 


494 

510 
524 
537 


18 

16 

14 
13 
10 

556   6 

567 

3 

570    1 
571 


o".6 


hor, 
diff. 


00 

20 

39 
59 

79 

98 

118 

137 
156 
176 

194 

213 
231 
248 

266 
284 
301 

318 
334 
349 
364 
380 

394 
408 

422 

435 
447 

459 

471 
481 

492 

501 

510 
518 

525 

533 
540 

546 
551 
554 

558 

561 

564 
566 

567 
567 


hor, 
diff. 


0-.7 


00 

75 
^9873 

37^4 
445 

72 
5177, 

5897, 

66r 
70 

-731  7, 

801 L 
870^ 

937 

67 

^°^64 
1133 

63 

"965, 

"57  59 

'4^' 54 

1538^' 
51 

1589,. 
1638^^ 

1685^^ 

45 
1730 

^773^ 
1813^** 

"*39 
36 


1852 

1888 
1922 

1953 

1982 
2009 
2034 

2056 

2075 
2091 


34 
31 

29 

27 
25 


22 


2105 


2II7 
2126 

2133 

2137 
2138 


19 
16 

14 

la 

9 

7 


0-.7 


hor, 
diff. 


00 

22 

46 

69 

91 
114 

136 

159 
181 

202 
224 

245 
266 

287 

307 
327 
347 

366 

385 
403 

421 

438 
455 
471 

486 

501 
516 

529 
542 

555 
567 

578 
588 

598 

607 

615 
622 

629 

635 
641 

645 
648 

651 
653 

654 
654 


hor, 
diff. 


o\% 


GO 

'95,7 
292 

97 
485^ 

95 
676-, 

_?55 

1046^ 
1136J8 
1224 

87 

'^2^84 
1480 

82 

^56280 
1642 

^7^9; 


1795 


74 
71 
69 

66 


1869 
1940 
2009 

2°75  64 

"39^ 
2201 

58 


2259 

2315 
2368 


56 
53 

2419'^ 
2510 


44 
41 


2551 

38 
2589., 
2624^ 
2656  3* 

29 
2685 

2710 
2732 


^750 

2765 
2777 
2786 

2791 
2792 
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288 

497' 

'97 

5368   » 

60 

^^^H 

^^^^r 

41 

3 

3891    " 

364 

4 '55   J 

373 

44'7   „ 

383 

4709  ,0 

389 

4998  ^   1  '99 

5'97n 

31 

^^^H 

41 

3 

3908     ' 

^65 

4'73   ,, 

»73 

4446     » 

'83 

47'9   ,. 

391 

S03O           1    30a 

53'o  ,6 

43 

3 

39»9 

366 

4185            275 

446a 

'83 

4743 

393 

5035      1  301 

5336   '* 

47 

^^H 

44 

3 

39»6    ' 

367 

4193     ,   ,  '75 

4468     ^ 

284 

4753     , 

393 

5044   ,  ■  301 

5145     , 

46 

^^H 

45 

3 

39S9 

366 

4i95         \  '75 

4470 

384 

4754 

»93 

5047        301 

5348    ' 

45 

H 

1     / 

, 

her. 

kor. 

hor. 

hor. 

3".4         %_ 

v** 

^^ 

A-', 

~ 

3°.Q 

diff. 

3'          diff. 

3  -        ,  diff 

3°-3 

diff 

3°5 

■-■^\ 

^^1 

/(«  ±  »«.)  =  /(a)  ±  «  [  /■(«)  ±  n  ^^  ]  , 

^   =  -f- 

1 

K                          ~^=^ 

J 

m^     ^--A 
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TABLE  II. 


B  =  (dT  —  6)°. 


d  is  always  numerically  larger  than  6. 


o°.ooooi  =  o*.o36  =  unit. 


^•-•o 


6 

I 
2 

3 

4 

5 
6 


7 
8 

9 
10 

II 
12 

13 

14 

15 
16 

17 
18 

19 
20 

21 
22 

23 

24 

25 
26 

27 
28 

29 
80 

31 
32 
33 

35 

36 

37 

38 

39 

40 

41 
42 

43 

44 
45 


V 

* 


3 
3 
3 

3 
3 
3 

3 

3 
3 
3 

3 
3 
3 

3 
3 
3 

3 

3 

4 
4 

4 

4 


V 

2 


3'.  5 


000  ^ 

373  187 
560 

185 

745  ,85 
930,83 

1113 

182 

"95  x8i 
1476  ,78 
1654 

— —  174 
2005,72 

"77  ,70 

2347 

x66 

2676  ,6, 

2837 

156 
2993,53 

3146 ,% 

J??5,^ 
141 


3440 


S~  »4» 

3581  ,37 

X27 

3977 ,„ 

4«oo , 

4*17 

iia 

4329  ,07 
443J  102 

4725  84 
4888  ^' 


4961 
5028 
5088 

5143 
5x91 
5233 


5268 


5297 
5320 

5336 

5345 
5348 


73 

67 
60 

55 

48 
4a 

35 

29 
23 
16 


kor. 
diff. 


00 

II 
22 
32 

43 
54 
65 

75 
85 
96 

106 

117 
127 

136 

146 

156 
164 

174 

183 
192 

200 

208 
216 
223 

231 
238 
245 

252 

258 
263 

269 

274 

279 
284 

288 
291 

295 

298 
301 
303 
306 

307 
308 

309 

310 
.^11 


3.5 


hor, 
diff. 


y.6 


000 


198 

395 
592 

788 

984 
1178 

1370 
1561 
1750 


1937 


2122 

2304 
2483 

2659 
2832 

3001 

3167 
3329 
3487 


3640 


3789 
3934 
4073 

4208 

4338 
4462 

4581 
4694 
4801 


4903 


4999 
5088 

5172 

5249 
5319 
5383 

5441 
5492 
5536 


5574 


5604 
5628 

5645 

5655 
5659 


98 

97 
97 

96 

96 
94 

92 

91 
89 

87 

85 
82 

79 
76 

73 
69 

66 

6a 

58 

53 

49 
45 
39 

35 

30 
24 

19 

13 
07 
02 

96 

89 
84 

77 

70 
64 

58 

5t 
44 

38 

30 
24 

17 

10 


hor, 
diff. 


y.6 


00 

II 
22 

33 

45 

55 
66 

78 
88 

99 
no 

119 

130 
140 

150 
160 
170 

179 
188 

196 

205 

214 
222 
230 

237 
244 
251 

258 
265 
271 

277 
282 
287 
291 

296 

300 
304 

307 
310 
312 

314 

316 
318 

318 

319 
319 


hor, 
diff. 


3'.7 


000 


209 

209  ao8 

417  «,8 
625 

208 

833  ao6 
1039^ 
1244 

204 

«448  ^, 

1849 
—-^198 

2047 
194 


*»4 

'134.89 
2623 

186 

«8°9.8, 

3171 

17s 

3346  „. 
35'7,66 

4'S<^  M7 

4303 

4713 

126 

4839  ,^ 

4959  „3 

5072  J 
— ^-  108 
5180 

5281     ^ 

5375  88 

5463 

8a 
5545  7. 

5619  2 

5687  ** 

«i 

580a  ^J 
5848  ** 

1888  *° 

59»  ^ 
5946 

5963  ^ 

II 

5974     . 
5978    ' 


3^.7 


hor, 
diff. 


00 

II 

23 
35 

46 

57 
68 

79 

91 
102 

112 

123 

133 
144 

154 
164 

173 

183 

193 
202 

211 

220 
228 
236 

244 
252 

259 

265 
272 

278 

284 

289 

295 
300 

304 
308 
312 

315 
318 
321 

323 

325 
326 

327 

328 
327 


hor, 
diff. 


3'.8 


hor, 
diff. 


000 


220 

220 

4403,0 
660 

219 
»«>96„6 

13" 

>5a7  „3 
1740  ,„ 

-i?5!,„8 


•  300 

^'59^ 

7-  205 

2364^3 

2567,00 
2767 

196 

2963,93 
3156  ,88 

3344 
185 

3529,8, 
37^0 

3885  l\ 

4056 '!' 

167 

4539  ^ 

150 

4f9,^ 

4834, J; 

4972 

132 

51.^4  ,^ 
5231  „9 

5350 

— 7- 114 

5464  ! 
106 


100 

5570 ,00 

^^r  93 
5763 

86 

5849   78 
5927    7, 

5999 

64 

6063 

6120  ^^ 

6169  ^' 

42 


6211 
6«72n 

6290 

12 

6302 
6305       ' 


3".8 


00 
12 
24 
35 

47 
59 
71 

82 

93 
104 

"5 
127 

137 
148 

158 
168 
179 

189 
198 
208 

217 
225 
234 
243 

251 
258 
265 

273 

279 
286 

291 

298 

303 
307 

312 

317 
320 

324 
326 

329 

331 

333 
334 
336 

336 
337 

hor. 
diff. 


3".9 


hor, 
diff. 


000 
232 

232  ,32 

464 

695 

231 

926,^ 

"55aa8 

1383 
226 

1609 

1833  „, 

2055 

219 


224 


2274 


217 
«49i  „3 
2704 ,„ 

2915 

ao6 

3"I  „3 
33*4  100 
35>3  " 

I9S 
3718 .„ 
3908,85 

175 
170 


4273 


4448 

4782   ^ 
158 

4940 


5092 
5237 


152 
145 


140 

5377  ,33 

5510,^ 

5636 
119 


5755 


"3 
105 

97 

91 

83 
75 

68 

59 
52 

6542^ 
6^828 

6606  z. 
6626  "^ 


5868 

5973 
6070 

6161 
6244 
6319 

6387 
6446 

6498 


12 


6638 
6642  ^ 


3".9 


00 
12 

24 

36 

48 
60 

71 

83 

95 
107 

118 

129 
141 

151 

163 
173 
183 

193 
203 

213 
222 

231 

240 
248 

257 
265 

273 

280 
286 

293 
300 

305 
310 

316 

320 
324 
329 

332 
335 
338 

340 

342 
344 
345 

345 
345 


hor. 
diff. 


4^o 


000 


244 
244 


244 

488243 
731 
243 

974^, 

"'5  ,39 

1454 

238 

'^^36 

1928 


2162 


2392 


234 

230 

228 
225 


2620 

2845  a2i 
3066 

218 

3284  „3 

3497,09 
3706 

205 

3911,00 
4"^  195 

189 

184 

179 
172 


4306 


4495 
4679 
4858 

5030 

167 

5^97  ,60 


5357 
5510 


153 


147 


5657, 
5796 


5929 


39 
133 
126 

,         118 

6283 
6386 


6055 


6481 


103 
95 

6568^ 
6648 

71 

^7«9  6, 

46 
38 


6836 
6882 


6920 

6971 

12 

6983  , 
6987  ' 


4'.o 


*-«o. 


90 

89 
88 

87 

86 

85 
84 

83 
82 

81 
80 

79 
78 
77 

76 
75 
74 

73 

72 

71 

70 

69 
68 

67 

66 

65 
64 

63 
62 

61 
60 

59 
58 

57 

56 
55 
54 

53 
52 

51 

50 

49 
48 

47 

46 
45 


«-•• 


/{a±nw)=/(a):tn[/  '(a)  ±  n  -^^  ]  , 


/"(a) 
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PUBLICATIONS   OF   THE   I.ICK   OBSERVATORY. 


TABLE  11. 
B  =  (rf  —  i!)°. 


rf 

s  always  Q 

umericBlly  largei 

thui6. 

O-.DOOOI   = 

(/.oafi  »  iiBit. 

\"-«. 

„ 

Aor. 

hor. 

>(<»-. 

her. 

Asr. 

""V"! 

I  \ 

~ 

4".o 

diff. 

4°.i 

diff. 

4'- J 

rfiiK 

4*.3 

diff 

4*4 

diff. 

4'-5 

/d 

d 

000 

00 

000 

00 

000 

00 

000 

00 

00 

000 

90 

^^ 

1» 

'^t 

•3 

"^2 

13 

""'f'2 

14 

^S 

13 

¥%^ 

f2 

488  7^ 

»5 

5'3«, 

*S 

538  Is 

16 

564^, 

37 

59' »< 

37 

618  g^ 

88 

3 

731 

37 

768^^ 

38 

806 

39 

^'^ 

40 

885^ 

41 

936^ 

87 

4 

974  m, 

49 

">a3  «, 

s< 

•"74^ 

51 

"35^ 

1404  ': 

54 

"79  „, 

54 

"33™ 

86 

5 

li'S™ 

61 

"76   " 

63 

'339  yi 

65 

66 

'47"™ 

68 

'538^ 

8s 

6 

"■^■'^ 

74 

'5'^r 

" 

(604^ 

77 

1681^' 

8a 

■"■- 

81 

1843*^ 

84 

7 

"69=  „t, 

86 

'778:48 

88 

'866^. 

90 

1956  ^, 

93 

«*l9jSs 

94 

3143™ 

83 

H 

'9'8"« 

98 

».36^ 

»"^.s» 

103 

3339  „ 

105 

'334  ,,3 

»443^ 

8a 

9 

2161 

109 

3371^ 

"3 

1384 

MS 

3766^ 

3<"9S 

iiB 

2617 

3737^ 

8r 

10 

'39'  '^" 

133 

*753  ,2 

■37 

2638'^ 
3S90- 

'39 

130 
'43 

3896^:^ 
3 '73,1, 

134 
■46 

3030  j^ 
33'8^ 

BO 

79 

»&*5  „, 

144 

'989;^ 

148 

3'37     ' 

15' 

3»89n^ 

155 

3444^ 

'59 

3603  .t 

78 

'3 

3066"^ 

■56 

jiia 

'59 

3381^ 

164 

3545 

.67 

37" 

3883^ 

77 

14 

->»84  „, 

166 

3450^ 

17" 

36^'  m 

175 

3796^,' 

179 

3975  ,rf 

■8j 

4'5l*^. 

76 

15 

3497™ 

'78 

3675;^ 

;H; 

3856  '' 

1S7 

4043  „, 

190 

4333  ,^ 

196 

4439^ 

75 

l6 

3 

3706 
J05 

■88 

3894 

'93 

4087  '*■ 

19B 

418s 

'36 

4486 ''^ 
J48 

307 

4693  _^ 

74 

«7 

39<i„ 

198 

4'"9,m 

43>3  ,„ 

J08 

4531  „, 

313 

4734  „, 

318 

4953  ,„ 

73 

18 

108 

■»3'9™ 

314 

4533  „. 

2ig 

4753  „^ 

324 

4976^ 

33" 

5306^ 

73 

19 

4306 

Z18 

4524^ 

324 

4748^ 

139 

4977     " 

335 

5"»™ 

240 

5453 

7' 

20 

4495 

»9 

2i% 

"*3  ,^ 

234 

4957 

»39 

5196"' 

346 

5443 -^ 

35a 

5693;;° 

70 

If 

4679 

^ 

138 

49.7;^ 

»43 

5'^!!^ 

249 

5409^ 

*55 

s«4nft 

261 

5935^ 

69 

4S5S 

246 

S"^,a 

253 

5357  ," 

35S 

5^'5«, 

365 

SSS",^ 

271 

6'5'  Z 

68 

33 

5030 

_ 

355 

5^85  ^^' 

162 

5547 

363 

58 '5 

374 

6089]^ 

381 

637"  ^_' 

67 

n 

5 '97 

fil 

363 

5460,68 

270 

5730  ,„ 

277 

6193   ^ 

383 

6»9",„ 

290 

6580  L" 

66 

»5 

5357 

»7i 

5618  ^ 

279 

8^2* 

38s 

393 

398 

67^3  .95 

65 

s6 

5510 

379 

5789 

287 

393 

6369 '- 

300 

*^!-s 

30B 

^".S5 

64 

a? 

5657 

39 

aS6 

5943  ,,. 

195 

6238 

301 

^539 iC 

3"8 

^847  ,1, 

3'5 

7163 J„ 

63 

l8 

5796 

394 

^^9"," 

301 

^393  ,.6 

308 

6700  ,  ■ 

3"- 

7<"&  ,6, 

333 

7339  ,M 

61 

39 

S9'9 

* 

3<" 

6130 

308 

^"^ 

3'6 

6854   " 

333 

7177 

33" 

'5°7,„ 

61 

SO 

6055 

507 

6363  '^' 

3'4 

6676'^" 

313 

^^il! 

339 

7338  ']' 

338 

7666 '-^ 

60 

31 

6173 

J'3 

^^!!^ 

320 

68015'^" 

3»9 

7'3S  ^ 

336 

7471  ,u 
7^5  ,„ 

344 

78'5  'Z 

59 

33 

6183 

319 

6602 '■: 

3^ 

6938 ;; 

J35 

7^3     ' 

34a 

35" 

7955  ^ 

S« 

33 

6386   " 
6481   ,^ 

3'4 

6710  '"^ 

33' 

7042 

J40 

7381 
749'  ,0, 

348 

7730 

355 

8085  _^ 

57 

34 

3^ 

68 10 

337 

7'47  rf 

344 

354 

784s  ,,. 

36' 

83"6,,„ 

56 

35 

6568  Z 

333 

^» 

343 

7M3  f 

349 

7591  „ 

3S8 

7950  ^ 

366 

83'6,„ 

55 

36 

6648 

336 

346 

7330     ' 

354 

7684  ^' 

363 

8046  '^ 

37" 

8416' 

54 

37 

6719   'i 

34" 

7°S9  „ 

349 

7408   ' 
7477   6? 

358 

7766  ,, 

366 

8'33   ^ 

374 

85"6  ^ 

53 

38 

6781     ' 
6836  " 

344 

7"S   .a 
7'83    . 

352 

361 

7838 

37" 

B308  l! 

5" 

8585  g 

53 

39 

347 

355 

7538 

363 

7901   'J 

373 

8374 

380 

8654  ^ 

51 

40 

-688i  *" 

6920  z. 

349 

-7>I.    '* 

358 

_  7.589  ^' 

366 

7955   ' 

375 

8330 

383 

60 

41 

351 

7»7'   *° 

359 

7630  3^ 

368 

799a  " 

377 

8^^?^ 

386 

49 

693"  ,, 

3S» 

730J   „ 

36' 

7663  " 

369 

803.  ^ 

379 

3S7 

8798  % 

48 

43 

6971 

353 

73^4 

362 

7686   " 

37' 

8"57   "^ 

379 

8436  '' 

388 

8S24  * 

47 

44 

69S3  '! 

354 

7337     . 

363 

770"     . 

371 

807:    '] 

380 

845'    'J 

389 

8840    ^ 

46 

45 

6987  ' 

354 

734: 

363 

77tM 

37» 

8075    ' 

38< 

8456    ' 

389 

8845    * 

45 

hor. 

kor. 

~h„r. 

hor. 

. 

hor. 

\^ 

4  .0 

diff. 

4°-i 

diff. 

4°.  a 

diff. 

4''-3 

diff. 

4  -4 

diff. 

4°.  5 

■7^X1 
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TABLES  FOR  THE  REDUCTION  OF  PHOTOGRAPHIC  MEASURES. 


TABLE  II. 
B  =  (^  —  Sf. 


d  is  alwajB  ntunerically  larger  than  6. 

o'.ooooi  = 

0^.036 

-  unit. 

"Sj— . 

^ 

har. 

Aor. 

. 

;(Dr. 

4°.8 

Aor. 

hor. 

t-ttX 

l\ 

~ 

4^5 

diff. 

4'.6 

diff. 

4.7 

diff 

diff. 

4°-9 

diff 

5*.o 

/d 

6 

CXX) 

00 

000 

00 

000 

00 

000 

00 

000 

00 

-S^; 

so 

1 

ISs 

14 

~3-^S 

14 

~337^? 

IS 

353^: 

15 

~^S 

15 

I' 

646 1!; 

38 

^7*m6 

29 

'"S,,. 

30 

733  tn 

30 

7^3^, 

88 

3 

926^ 

42 

^   " 

41 

3J5 

44 

1054 

.098 '"^ 
J64 

46 

1144- 
379 

87 

4 

1=333^ 

55 

"88,^ 

57 

'3^3  ,,, 

58 

1403  j,8 

59 

'4^' 363 

61 

'5'3.„ 

86 

5 

'538^ 

70 

l6oS^" 

70 

.1678^' 

73 

175'  Z. 

74 

■835^ 

75 

'9°°3!5 

85 

6 

1842-^ 

83 

1925 

8S 

86 

2096^' 

89 

"85^ 

90 

3375 

84 

7 

a  143™ 

97 

3340 

98 

*338  ,^ 

101 

^439  uo 

103 

3542 

105 

'647^ 

83 

8 

*S5»tl^ 

3664'!; 

"5 

3^1- 

117 

3896  t^t 

s't 

82 

9 

i»4 

jsei*^ 

1*6 

'^'^Z 

128 

131 

-^^^M- 

134 

81 

10 

33'«  ^ 

■36 

"3766^^ 

14Q 

Vpi> 

■43 

3448!^ 

146 

3594     ' 

148 

"="< 

80 

11 

3 

150 

3468^ 

'53 

3^"  „o 

■56 

3777  j;j 

'59 

3936^ 

'63 

■>°99S 

79 

3 

3603  fc 

16a 

37&5  u; 

166 

3«'  L 

4336 

169 

41™  „j 

174 

4274^ 

176 

4450  y6 

78 

13 

3 

3883' 

175 

4053 '^ 

'78 

183 

4419" 

187 

4606"' 

190 

77 

3^ 

14 

3 

■t'58„ 

188 

4346  L 

191 

4537  „, 

196 

4733  3„ 

199 

4932  „, 

204 

S>36"° 

76 

"5 

3 

«^^ 

199 

4628 ! 

-183'^ 

JOB 

5040  ,„, 

313 

5353  „, 

117 

5470^7 

75 

i6 

3 

4693  J" 

III 

4905 

116 

^"'T 

221 

5342 

335 

5567 

'30 

5797 

74 

17 

3 

•"^s'  ,„ 

3J4 

S'76X 

J28 

S4°4 ,^ 

333 

5637 ,flS 

337 

5874^ 

343 

""!!I 

73 

i8 

4 

5453  J^ 

=34 

^^s 

240 

5680 'r 

245 

59'5  A, 

350 

*"75l 

355 

&43'>;J 

73 

'9 

4 

.46 

351 

5949 'T 

356 

6205"° 

262 

^■•^^  ^= 

267 

67J4™ 

7' 

20 

4 

5692 

357 

5949 

l6i 

6111     ^ 

168 

6479    ' 

273 

6753'" 

279 

7031 "!' 

70 

II 

4 

5915  ^^ 

367 

642B  "t 

373 

"^""i 

379 

~^y<' 

284 

"^'8'!* 

291 

73'9:^ 

69 

4 

^'5'  1 

'77 

'83 

290 

7<»'  MB 

395 

7396  ;!* 

303 

7867'*' 

68 

23 

4 

6370 

a86 

6656'^' 

294 

6950 

399 

7249 

306 

7555  ^ 

313 

67 

"4 

5 

6580  „, 

296 

6876  '" 

303 

7179  „, 

310 

7489]! 

316 

7s°sr 

J22 

8127 

66 

»5 

5 

^783^ 

306 

^'^''^J 

312 

7400,,, 

3'9 

77 '9  ,,, 

336 

8045  !t° 

33» 

8377  „„ 

65 

a6 

5 

6977"* 

■85 

7162  „, 

3>4 

7391  "' 

331 

7613-'' 

3'8 

7940 

335 

8275   ^ 

342 

86.7"° 

64 

^7 

S 

313 

7485  il! 

339 

7814 "! 

337 

8'3i», 

344 

^495  „„ 

351 

8846 

63 

38 

5 

7339;^ 

331 

7670  :< 

337 

S'^ 

346 

8353" 

353 

^705  ' 

360 

9065^ 

62 

29 

5 

75°7 

338 

7845 ': 

346 

353 

8544  '^ 

36a 

8904  ™ 

368 

9*73  ; 

61 

so 

5 

7666'^ 

345 

8011'** 

353 

8364 '" 

360 

S724' 

368 

9091'"^ 

376 

9468'^ 

60 

31 

5 

78'S  « 

35' 

8167  '-"t 

360 

'^S'?    "' 

367 

8894;^ 

375 

9*^9 ;« 

383 

9653  '^ 

59 

3a 

5 

7955  .„, 

358 

366 

^79   " 

374 

9301  1*^ 

381 

9435 

390 

9835  " 

58 

33 

6 

8085^ 

364 

371 

H8l[   ' 

380 

339 

9590  •' 

396 

9986"^' 

57 

34 

6 

8J06     ' 

369 

«575  ' 

37S 

*953,„ 

385 

9338  ,^ 

394 

973'  ,„ 

402 

10134  ^ 

56 

35 

6 

83' 6^ 

374 

^9°  «■ 

383 

9°73,„ 

391 

•»<t, 

399 

9^3 

407 

10170  '^ 

55 

36 

6 

84(6'" 

379 

8795  "' 

387 

9.82"^ 

IS-; 

396 

9578 

403 

998."* 

413 

10394 '" 

54 

37 

6 

8506 !! 

383 

S889  „, 
8972 

39' 

400 

9680 

40S 

1008S 

417 

10505 

53 

38 

6 

sgs 

387 

39s 

403 

9770  -„ 

413 

10183  ** 

431 

10603  f 

S3 

39 

6 

39" 

9044   ' 

398 

9442  '• 

407 

9849  2 

4'S 

10264     ' 

434 

10688  "5 

51 

40 

6 

87. 3  -'" 

393 

9105     ' 

401 

9506    ■• 

409 

9915 

418 

10333  ** 

427 

10760  " 

60 

41 

6 

394 

9 '55  ^' 

403 

9558  '' 

413 

9970  11 

420 

10390  " 

429 

10819  ^ 

49 

4a 

6 

8798  ^6 

396 

9'94   „ 

404 

9598  '" 

414 

4»3 

10434  " 

430 

10864  t 

48 

43 

6 

8814   '" 

397 

9231 

406 

962J  ^ 

4'5 

10042  ^° 

4'3 

10465  ^' 

43' 

10897  " 

47 

44 

6 

8840 

398 

9338     , 

406 

9644  '^ 

4:6 

10060 

434 

10484 

433 

10916 

46 

45 

6 

8845    ' 

398 

9343 

407 

9650 

4 '5 

10065  * 

424 

it.489    s 

433 

10922 

45 

»     / 

p 

hor. 

4°-6 

hor. 

hor. 

Aar. 

Aor. 

\    d 

/-- 

2L 

4°-5 

diff. 

diff 

4°-7 

diff 

4"-8 

diff 

4'.9 

diff 

5*0 

.-\ 

,..[/■<- 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


TABLE  II. 
B  =  (rf  -  «)°. 


d  is  always  numericslly  larKSr  than  S. 


o'oooot  =  o'.036  =  unit. 


■v--. 

^ 

Aor. 

, 

hor. 

hor. 

hor. 

hor. 

•-"j/ 

l\ 

~^ 

5"-o 

rf^y: 

5-' 

diff. 

5'-3 

diff 

5*-3 

diff 

S*-4 

diff 

5'-5 

/  "l 

d 

00 

000 

OO 

000 

00 

000 

00 

000 

90 

^^'^: 

'5 

■5^7  tn 

16 

~  4'3l« 

16 

439  JI! 

'7 

44< 

16 

-■f^'% 

89 

763^ 

31 

7943^ 

3= 

836  'J 

33 

858  ,n 

33 

»9'!1^ 

33 

W*6. 

88 

3 

1144 

46 

1.90'^ 

47 

1337 

49 

1386' 

416 

49 

1335 

50 

■3«S 

87 

4 

1533  „- 

62 

'585 !!] 

(•3 

>'^48,^ 
3056^ 

64 

»713.„ 

65 

17774.1 

67 

S'aJ^S 

S6 

5 

190",.. 

77 

;s^- 

79 

So 

"36  in 

83 

2118  "t! 

83 

85 

6 

"75 

91 

94 

3461*°* 

96 

3557 

98 

3655"' 

375s 

84 

jss 

7 

364736, 

loS 

»?55  ,83 

109 

'«^3« 

3976 ,,, 

113 

3089  „, 

116 

3305  „, 

83 

8 

S'^'^S 

3'38',B^ 

135 

3'&3^ 

137 

3390,,, 

130 

3530,^ 

131 

3653  ; 

8* 

9 
10 

3 

137 
153 

-s«»; 

140 
'55 

■43 
■5a 

3»<"  *„ 
4207 

'45 
160 

3946' 

4367"" 

148 
164 

4094*: 

453'  ,„ 

81 
80 

11 

3 

4099  S: 

166 

4^5  ,M, 

169 

4434^ 
4»'st,. 

173 

46073^ 

176 

47«3  4,0 

180 

4963!^ 

79 

3 

4450  j,6 

181 

4631 1 

184 

187 

5391 

191 

S'93  ,^ 

195 

5388  - 

78 

13 

3 

4796" 

195 

499'' 

198 

S189"' 

206 

5597 

5S07 

77 

M" 

368 

3S) 

M 

3 

S'J'-JM 

M) 

5345  3.- 

5557  j6i 

3l6 

5773  3rf 

^!si 

335 

6319  _ 

76 

'S 

4 

5470  ,„ 

5693^; 

116 

59i«^ 

331 

335 

339 

^'3^; 

75 

i6 

4 

5797 

3JO 

335 

6033*^ 

14" 

637' 
346 

344 

6516-^' 

249 

67<>5 

355 

7030 

3»J 

74 

«7 

4 

^"7.13 

J48 

6365 ,„ 

353 

Ss 

358 

6876  „, 
'"'mi 

J63 

368 

7407  ,.g 

73 

i8 

4 

6430 ''i 
6734^ 

j6o 

6690,,, 

366 

371 

27; 

381 

7785 1! 

73 

'9 

4 

173 

7«>7-' 

279 

,iS6"' 

384 

757" 

389 

I»59^ 

395 

7' 

20 

5 

7031                         jg 

385 

7316 

190 

''"',,. 

397 

7903 

303 

3°8 

8861^1 

70 

al 

5 

73' 9' 

J96 

7905^1 

303 

308 

S"^3M 

8843^ 
9'35  rf, 

3'S 

3» 

69 

5 

7598^ 

307 

314 

331 

336 

333 

9'98S^ 

68 

33 

5 

7867 [^ 

3'9 

H186 

335 

"'"I 

333 

337 

9180-'* 

345 

9535  ^' 

67 

a4 

5 

»'=C 

339 

8456 1 

336 

343 

349 

9*84  ^J! 

9775^ 

355 

9839  „"! 

66 

as 

5 

8377  ,.„ 

34" 

87>7  „„ 

346 

353 

S* 

359 

367 

10143 
10433^ 

65 

36 

5 

8617   ' 

349 

8966^' 

356 

9312 

363 

370 

.10055 

377 

64 

14B 

=58 

16S 

ITS 

37 

6 

8846  „„ 

359 

9433     ' 

365 

10030 

373 

1043 1 

380 

10333™ 

387 

i°7io^ 

11235  ^ 

63 

38 

6 

9^5!^ 

367 

374 

3«3 

389 

•0577^ 
10819"^ 

397 

62 

19 

6 

9468 'f 

375 

9647 

3S3 

39' 

398 

406 

61 

30 

6 

3B3 

.9^5"  f; 

39' 

399 

10641 '" 

407 

1 1048  "* 

414 

11462'^' 

00 

3. 

6 

965^;^ 

391 

'"■43  '^t. 

399 

"10443  ^ 

"*'9  173 

407 

To849:^ 
11042   " 

414 

"'^3»^ 

433 

"894^ 

59 

33 

6 

398 

'°"3  ,6- 

1039" ^  ' 

406 

413 

432 

11464^ 

430 

58 

33 

7 

99«6|^' 
>°'34  .3^ 

404 

41J 

to8o3 

421 

11323 

439 

1.653"* 

436 

13088  *" 

57 

34 

7 

410 

'°544  , ., 

419 

"'963  ,4, 

437 

i'39«,,. 

435 

"^ 

443 

13368^^ 

56 

35 

7 

10270  ^ 
10394 

416 

10686  " 

434 

11344'^ 

433 

449 

13433  t; 

I25M2  '^ 

55 

36 

7 

430 

10S14  " 

430 

437 

446 

13137 

13356''' 

455 

54 

37 

7 

10S05  ^ 

435 

"^SiJ ,« 

434 

"3S4,'II 

443 

11806^  0 

450 

460 

"7'^. ,8 

S3 

3» 

7 

10603  at 

419 

11032   ^ 

438 

446 

"9'^'m 

455 

13371      ' 

463 

"834", 

53 

39 

7 

433 

443 

1 1563  '' 

449 

459 

13470    " 

467 

13937   I 
-.3034  ^ 

5' 

40 

7 

10768   '' 

435 

'■S" 

444 

11639  " 
'"'703  I 
"753   „ 
11788  ^ 

453 

12092  ^ 

462 

''53^    ^ 

470 

fiO 

41 

7 

loHig  " 

438 

H357   ., 

446 

455 

'"5^*  n 

464 

13613     " 

473 

13095  ' 

49 

41 

7 

10864 

11304  ^' 
M33M  ^ 

449 

457 

inie  '" 

466 

13676     *J 
13713 

474 

13'50  „ 

48 

43 

7 

10897 

441 

450 

458 

467 

476 

13189  " 
13313    , 

47 

44 

8 

109:6    ij 

443 

"35S  "^ 

451 

11809   " 

459 

13268     ^ 

468 

"736     " 

477 

46 

45 

8 

log)  I 

443 

11364 

451 
hor. 

1181s 

459 

13274 

^ 

13743 

478 

13330 

45 

*    / 

, 

hor. 

hor. 

hor. 

hor. 

\     J 

/-„ 

'^ 

5  -o 

diff. 

S'-i 

diff. 

S°-3 

diff 

5°-3 

diff 

S°.4 

diff. 

5°-5 

.-\ 

,..[. 
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TABLE  II. 


B=  {d—df. 


0 

I 
2 

3 

4 

5 
6 

7 
8 

9 
10 

II 
12 

13 

14 

15 
16 

17 
18 

19 
20 

2! 
22 

23 

24 

25 
26 

27 
28 

29 

80 

31 
32 
33 

34 
35 
36 

37 
38 

39 

40 

41 
42 

43 

44 
45 


d  is  always  numerically  larger  than  8. 


V 

a 


a-«. 


5.5 


hor, 
diff. 


5'.6 


3 
3 

3 

4 
4 
4 

4 
5 
5 

5 
5 
5 
6 

6 
6 
6 

7 
7 
7 

7 
7 
7 
8 

8 
8 
8 

8 
8 
8 

8 
8 
8 

8 

8 
8 
8 

9 
9 


V 

2 


000 
462  46a 

1385 

459 
1844 


457 
454 

450 

447 
442 

437 


2301 
2755 

3205 

3652 
4094 

4531 

5807^^ 
412 

6219 

6623^"^ 


7020 
7407 


397 
387 
378 


8154^ 

8^^ 

348 

337 
327 

314 

303 
290 

278 

264 

1225^5' 

1685  "3 

1894^ 
2088^^ 
180 
2268    , 

2432  '^ 
2582  '50 

134 

2716     „ 

'        118 


8861 
9198 
9525 

9839 
0142 

0432 

0710 
0974 


2834 
2937 


_5?^ 

3095 
3150 
3189 

3213 
3220 


103 

87 

71 
55 
39 

24 

7 


00 
17 

34 
51 

68 

85 
loi 

118 
134 
151 
167 

183 
199 

214 

229 

244 
258 

272 
287 
300 

313 
326 

339 
350 

363 
373 
3«4 

394 
404 

413 
422 

430 

437 
44^ 

451 
458 
462 

'467 
472 
476 

479 
482 

484 
485 

485 
485 


000 
~479''' 

958  478 
1436 

476 

^9' 2  474 

2386  J!J 

2856  ^^° 

467 

3323463 
^^459 


378< 

_4?45 

4698 
-4.-T^  448 


453 


5146 

5587 
6021 

6448 
6867 
7278 

7679 
8072 

8454 

8826 
-.U-361 


441 
434 

427 

419 
411 

401 

393 
382 

372 


5^5 


Aor. 
diff. 


9187 
9537 
9875 

0202 

0515 
0816 


350 
338 

327 

313 
301 

288 


1104 


274 


1378^ 
ig38^ 
I88i^' 

2331 

2533 

186 

2719 


171 
154 


2890 

3044 

139 
3*^3  ,„ 

.      107 
3413 

3503 


3577 
3634 
3674 

3698 
3705 


90 

74 
57 
40 

24 

7 


5^6 


hor, 
diff. 


5^7 


00 

18 

35 
52 

69 

86 

104 

121 

137 
^53 
170 

186 
202 
218 

233 
248 

263 

278 
291 
306 

319 
332 
345 
357 

368 
380 

391 

401 
411 
420 

429 

438 
446 

453 

459 
465 
471 

476 
481 

484 

487 
490 
492 

494 

495 
495 

hor, 

diff. 


OCX) 

993  495 
1488  ^^^ 

493 

^981491 
2472  488 

2960 

484 


3444 
3923 
439« 
4868 

5I32 

5789 
6239 

6681 

7115 
7541 

7957 

8363 
8760 


479 
475 
470 
464 
457 
459 

442 

434 
426 

416 

406 
397 


-It:  385 


_9L45 

9519 
9882 

10232 


0570 
0895 
1207 

1505 
1789 
2058 

2313 
2553 


374 
363 
350 

338 

325 
312 

298 

284 
269 

255 
240 
224 


192 

3178 

'77 

3355  ,^ 
3515 
144 

3659  ,28 

3787 

3897 

3990 

4067 
4126 
4168 


no 

93 

77 
59 
42 


4193 
4200 


25 
7 


5°.7 


hor. 

diff 


00 

17 
35 
53 

71 
88 

105 

122 
140 

157 

173 
189 
206 
221 

237 

253 
268 

283 
298 

311 
325 
338 
351 
364 

376 
387 
398 

408 
418 
428 

437 

445 

453 
460 

468 

474 
480 

485 
489 

493 

497 

499 
501 
502 

503 
503 


hor. 

diff 


o°.ooooi  =  o'.o36  =  unit. 


5°.8 


000 

514 

I54I 

511 

2052508 

^560  505 

501 

3566 


4063 

4555 
5041 


497 
492 

486 
480 


55"  ^7^ 

458 
6918 
7368 


450 
441 


7609 

431 

8661  ^" 
410 

9071 
9470  ^f 

W7^^ 

05P^^^ 
350 


0946 
1282 
1605 


336 
323 

308 

1913 
294 

2207  ^ 

2486^7^ 
—  264 

2750"^ 

3230 ''! 

•^     ^r    216 
3446 

200 
3^46  ,83 

3»29  ,^ 

3995 
149 

4144  ,„ 

4276  '^^ 
:  '    114 

43_9o 
4487 

4566 
4627 
4670 


97 

79 
61 

43 


26 


4696 
4703 


5^8 


or.  I 

iff\ 


hor. 
diff. 


5^9 


00 

18 

36 

54 

71 

89 

107 

125 
142 

159 
176 

193 
209 

226 

242 

258 
272 

287 
302 
316 
330 

344 
357 
369 

382 
394 
405 

416 
426 
436 

445 

454 
462 

469 

476 
482 
488 

493 
497 
501 

504 

507 
509 
511 

512 
513 


I  hor. 
\diff 


000 

532 
1064 

1595 


532 
532 
531 

528 


2649 

3172 


3691 
4205 

47M 
-  -_  503 


523 

519 

514 
509 


5^217 
5714 


497 
490 


^204  482 

6686  ^ 

474 

8081^ 
446 

436 
424 

413 
401 
389 
375 

363 

348 
334 


8527 
8963 

_9387 
9800 

0201 
0590 
0965 

1328 
1676 
2010 

2329 

2633 
2922 

3195 

3452 
3692 


319 

304 
289 

273 

257 
240 

223 
3915 
207 

4122  Q 

.  189 

43"  Z 

4483  ^' 

154 

4^37  ,36 

4891 

-     —     lOO 

4991  , 

82 

63 

45 


5073 
5136 
5181 

5208 
5216 


27 

8 


5".9 


hor. 
diff. 

00 

19 

37 
54 

73 

91 

109 

126 
144 
162 

179 

196 

213 
230 

246 
261 
278 

293 
307 
323 

337 
350 
363 
377 

388 
400 
412 

423 
433 
443 
452 
461 
469 

477 

484 
491 
496 

501 
506 

5" 

514 

517 

519 
520 

521 
521 


[ 


6^o 


000 

551 

551 550 

"°^  548 
1649 

547 


hor. 

diff. 


3281  ^ 

53* 

4349 rt 
4876  ^^ 

■5796*" 

514 

59'"  507 

490 
7406  g 

7^7  4'; 

8359'' 
461 

8820 

9270^, 

9710 

427 

0137 
414 

0551  40a 
^^53389 
^1342^^ 

374 

^7^6360 

2076     6 
2422*** 
330 
2752 
3066^ 

-^p  282 

^^-'^7  266 
^39'3  248 

4392 
214 

'4606     , 

.480,  :^ 

^4979 
159 

5138,^, 

5279/23 
5402  ^ 
103 

^^^    8 
5590    4 

^5655    ,^ 
[5701 

28 

5729     8 

5737 


6^o 


90 

89 
88 

87 

86 

85 
84 

83 
82 

81 
80 

79 
78 

77 

76 

75 
74 

73 

72 

71 

70 

69 
68 
67 

66 

65 
64 

63 
62 

61 
60 

59 
58 

57 

56 

55 
54 

53 

52 

51 

50 

49 
48 

47 

46 
45 


/(«  ±  ««/)  =/(/i)±  «[/'(«)  db«^^]  , 


/"(«) 


V 


^v 

fUBLlCATJONS   OF  THE  LICK  OBSERVATORY. 

TABLE  II.                                                     _ 

B  =  (rf  -  sy.                                    * 

1 

1/  is  always  numerically  larger  than  3.                                                             o'.oooot  =  (/.036  =  unit. 

^^1 

X 

~ 

6',  3 

hor. 

diff- 

6°.3 

Jior. 
diff. 

6".  4 

hor. 
diff. 

6*.5 

1 

d 

000 

00 

000 

00 

«) 

00 

^00 

00 

90 

not  ^*° 

18 

-^fi 

11 

588;^ 

'9 

-^7^ 

ao 

"627S 

30 

-64-7^ 

^ 

^^H 

37 

"3ayi, 

"70  5V. 

3« 

39 

"SJtos 

40 

1293  64. 

88 

3 

1649  ^^ 

56 

■705 '^' 

57 

1762'* 

57 

603 

59 

1878    * 

an 

59 

1937 

6jJ 

87 

^H 

4 

2196 1!! 

74 

227"  ,Sj 

76 

'346^, 

76 

2422  jj„ 

78 

'SoOfao 

79 

»5796« 

86 

S 

2740  y, 

93 

''•^s^ 

94 

2927^' 

95 

3"'*w 

98 

3""  61s 

98 

3"«6» 

85 

6 

3381   "^ 

3392"^ 

1'2 

3504   " 

I'S 

36.9-^ 

116 

3735^'* 

na 

3853^" 

84 

^^H 

7 

38' 7  .,, 

[39 

3946  y^ 

'3' 

■""77  568 

134 

4211^ 

"35 

M46tos 

'38 

iAMji 

83 

^^1 

8 

4349 ,„ 

147 

4496?!; 

149 

4645  «, 

152 

4797  s»t 

'54 

495' J 

157 

SioSg" 

Hi 

9 
10 

4876  ^"^ 

164 
1S3 

-s> 

168 
186 

5764^ 

188 

S378'" 
5952 "_ 

173 
191 

555'  „, 

176 
'94 

5727. 
''338°'' 

81 

80 

^H 

II 

591"  ■„- 

vx> 

6'i«.^ 

303 

6313  y? 

306 

65 '9  n: 

6729  Ss   '  "3 

-6942^ 

79 

^^H 

^I'^w 

317 

6634  |f 

6854  ?t 

7"78™ 

227 

7305  568      232 
7873         j  249 

7537^ 

78 

13 

69.6''' 

233 

7 '49" 

2^ 

7387'" 

7638  *^ 

245 

81 33  ^^ 

77 

ST* 

■4 

7406  ,s, 

350 

8641^'' 

254 

7910  „^ 

359 

8169  „, 

262 

B431 ^,      267 

8698^ 

76 

"5 

7887 ; ' 

367 

370 

276 

87™;^ 

379 

8979  „, 

184 

9'^3 ,„ 

75 

i6 

8359 

382 

287 

^^'"«l 

393 

9330 

396 

9516' 

30' 

9817- 

74 

^» 

J4» 

17 

8810  „ 

298 

9'i^465 

303 

W20     s. 

308 

9728 

313 

10041,,, 

3'8 

'"^^2  '■'9 

73 

^^^H 

i8 

927"  ,.„ 

313 

9583  Itf 

3'9 

9902^^ 

323 

'"I2S    „ 

329 

'°SS4™ 

334 

10888;': 

72 

ly 

?^-.r 

317 

10037  '-^ 

334 

li;-" 

338 

10709'^ 

345 

""-^541 

349 

r[403-  = 

7' 

20 

'"137 7 

343 

10479*" 

348 

353 

n.So';^ 

360 

11540 

365 

1 1905  *°' 

70 

^^^H 

ai 

'055' \x 

357 

10908';! 

363 

11270'" 

368 

"*'3»  4«   j  374 

■»469"I 

380 

12392' : 

69 

^^^1 

'oysjjg, 

370 

"■''■i,  „; 

377 

'1699  n 

382 

i3o8i  "^   I  388 

395 

.2864  ;^ 

68 

'3 

11342 

382 

1 1734' 
38? 

390 

I3II4    ■ 

395 

12509 

402 

1 3911 

4>6 

409 

'3320 

67 

^H 

24 

8 

"7'^  III 

395 

"5' 3  ,g. 

409 

12922  ,„ 

4>5 

'3337  .,0 

■3759  „, 

66 

25 

S 

"''76'!^ 

4u8 

,3484 -"J 

414 

'^898^ 

431 

'3319  ,H, 

428 

'3747  „, 

435 

'4'8%c6 

65 

36 

8 

13433^ 

419 

12841^" 

426 

13267  ^ 

433 

13700  ■' 
364 

440 

14140™ 

J7* 

448 

145S8'* 

J«7 

64 

^H 

37 

9 

"752,,, 

430 

'3 '8'!!! 

13620'^ 

444 

■4064  u. 

452 

X« 

459 

14975  ^ 
■5344  tt! 

63 

3S 

9 

■3*^™ 

44' 

13507;', 

448 

■3955," 

45S 

14411^0 

463 

470 

61 

39 

9 

'"^s^r 

451 

13816^ 

458 

14374  ^ J 

466 

14740 

474 

■siu"*; 

481 

15695  ^^ 

61 

^^^H 

30 

9 

'3647;^ 

460 

:4:o7  '^' 

468 

'■'S"  J 

476 

.'5_<*S'    " 

484 

15535^" 

491 

16026" 

60 

^^^H 

3" 

9 

13913^8 

469 

M3«2n^ 

477 

'1859:5'', 

48s 

15344  ^' 

493 

;iS« 

500 

16337  ^; 

59 

^^^H 

3a 

478 

'4639 /' 

485 

'5'24„: 

'537' 

494 

15618^ 
15873^^ 

503 

509 

16639;! 

58 

33 

10 

14391"' 

486 

14878 '« 

493 

503 

509 

16382  *^ 

5'8 

16900" 

57 

^^H 

34 

10 

■4606 ;]; 
1480*  ,„ 

492 

's-^r 

501 

'5599™ 

509 

'^'"^J,6 

517 

'^=5  „, 

525 

'7'5o,„ 

56 

^^H 

3S 

499 

15484  '*'^ 

ifis 

15649  „. 

507 

15808 ""; 

516 

'63^4 ;'! 

524 

16848"^ 

532 

i73Ro^ 

55 

36 

10 

14979 

'5'38,„ 

505 

5'4 

1599S  ^ 

521 

165)9 '" 

531 

17050 

538 

17588™ 

54 

^^H 

37 

ID 

511 

S19 

16168 '„ 

527 

1669s !' 

536 

'7'3i  .^ 

544 

'7775  ,(;. 

53 

^^H 

38 

'5^79  ,,- 

S'5 

'5794   *; 

534 

16318 

532 

16850  "= 

54" 

'739'  .-„ 

549 

'7940  °! 

18083  ■" 

52 

39 

15401 ^ 

518 

528 

16448  ^ 

537 

I69SS  '^ 

545 

'7530 

553 

SI 

40 

10 

'35"5  "^ 

522 

16037  '"' 

53» 

'6559  '" 

540 

17099'" 

548 

'7647''' 

557 

18204  '■" 

60 

^^^1 

41 

10 

'5590     , 

525 

16115  ** 

534 

%tl 

543 

"17192 « 

55" 

.77-43  ^ 

560 

18303  !! 

49 

^^^1 

'5655  z 

15701   ^ 

527 

'^'^^  ^^ 

536 

545 

17263  ; 

554 

■7817   '' 

563 

'8380  '' 

48 

43 

" 

529 

16230  '" 

538 

.6768  •" 

546 

17314  " 

556 

17870  " 

564 

18434  " 

47 

^^H 

44 

,, 

'5729    g 

529 

16358  '' 

539 

16797    s 

547 

17344  „ 

557 

'79"i     0 

565 

18466  ^ 

46 

^^H 

45 

" 

"5737 

S3" 

16367    * 

538 

16805 

348 

17353 

557 

17910 

565 

18475  ' 

45 

H 

"i"/" 

,.          1  hor. 
^■°       \diff. 

5°.i 

hor. 

hor. 

6'-3 

It^. 

^■4       \diff. 

6-.S 

S.    d 

X-^ 

diff. 

6.3 

'iil- 

d,ff. 

«-«^^ 

^^1 

■ 

/(a±««.)=/(8)±«  [/'(«}  ±«^],          £^  =  -^. 

J 

J 

TABLES  FOR  THE  REDUCTION  OF  PHOTOGRAPHIC  MEASURES. 


TABLE  II. 
B  =  (d—SY. 


d  is  always  n 

mericallj  Ur^r  than 

6. 

0-.O0OO.    = 

cr.036 

-  unit. 

\"-"« 

„ 

-=  lis 

6°.6 

hor. 

Aor. 

6'.8 

kor. 

6'.9 

hor. 

7°.o 

'-y 

*    \ 

~^ 

dif. 

6°.  7 

diff. 

diff 

diff 

/j 

6 

~ooo 

ex. 

^ 

00 

00 

00 

~    DOO 

90 

I 

-65-7^        2. 

~^1^ 

20 

~^jZ 

21 

708^ 

21 

-l^Tn 

22 

~75'1!^ 

89 

1293  6^        4« 

■333665 

41 

■374 6^ 

41 

MiSj^ 

43 

1458';: 

43 

1501  '  „ 

88 

3 

.937^  !     61 

1998^ 

61 

"'''«.3 

63 

63 

2,85^^ 

64 

2349 

87 

4 

'579  6,„   ,     8" 

'f*"^M 

8j 

3742  6-„ 

83 

'8'S6» 

84 

»909™ 

85 

'994  J,, 

86 

5 

3"«6W   1   "" 

33'96^ 

3421 6„ 

'03 

3324^^ 

'"1 

3629-16 

107 

3736 ,3, 

85 

6 

3853  ^   '   120 
631   1 

3973 
650 

122 

409s 

670 

[J4 

4219 

136 

4345 

128 

4473 

84 

7 

3 

4484  6„    1    139 

4^*3  6« 

14a 

476s (^ 

144 

■1909684 

147 

5056  „. 

14S 

5204 ,„ 

83 

8 

3 

5  ""8™      160 

5'«*4; 

161 

54'9  6„ 

[64 

5593  67s 

167 

57*"  L, 

169 

5939  „8 

82 

9 
10 

4 
4 

57277      178 
.J338^      .98 

181 

60S6  " 

7378  63> 

185 
204 

"6940^ 

186 
207 

^«: 

190 
209 

_6647. 
7356  '"^ 

81 
80 

II 

5 

71386.4 

220 

223 

7601 ,„ 

326 

7«'7  67, 

330 

8057  L 

79 

5 

7537  ^      235 

7772  «04 

138 

8o'°6« 

143 

8353  A 

346 

«498j; 

250 

8748^80 

78 

'3 

5 

8.22'"'      254 
ST* 

8376 

257 

8633"^ 

261 

8S94'" 
630 

265 

9 '59 

649 

269 

9428 

77 

14 

6 

8698^,       271 

8969  58J 

276 

9»43  6» 

279 

9534  6,, 

284 

9808 ,„ 

288 

'0096656 

76 

'S 

6 

9263  xi   289 

9552  „, 

293 

984s  OS 

298 

""43  &* 

302 

'0443'^ 

307 

'0752^ 

75 

i6 

6 

9817       306 

10123 

310 

10433- 

3'6 

10749 

330 

IHA9  ^ 

335 

11394 

74 

"7 

7 

10359™  '  333 

10682^5 

337 

H9^^, 

333 

"34a  s„ 

338 

11680    . 
12276^ 

343 

""'36,, 

73 

i8 

7 

10888;      '  339 

345 

"S7Jy7 

349 

"92'tS 

355 

361 

'3235  f 

73 

'9 

a 

J.'403'  \   1  356 

"759",, 

360 

12119 

367 

12486-^= 

372 

.2858 f 

377 

7' 

20 

8 

11905^" 

37' 

■"76  „^ 

376 

"65.™ 

38J 

I3«35  ^' 

389 

13434^ 

393 

"^■7:: 

70 

11 

s 

1^2; 

3S6 

'^778486 

392 

'J'7""w, 

398 

I3"568  ^ 

'39TS^ 

^^'S 

69 

8 

"864^ 

400 

l3s64*,o 

407 

'367"  .ss 

4'3 

'■'°84 :' 

420 

I4S04 ;,, 

435 

14939  c^ 

68 

^3 

9 

13320*^ 

414 

13734 

422 

14156'"' 

4  28 

14584 

434 

15018" 

440 

15458=^ 

67 

14 

9 

'3759  ,„ 

429 

14188   j6 

433 

'46S3,,. 

442 

'5"65,6, 

448 

'55'3,-. 

455 

'5968.., 

66 

25 

9 

442 

14624  „8 

44» 

15072.,, 

435 

'3537 ,„ 

463 

'5990": 

469 

'&4591'' 

65 

36 

454 

15042 

461 

15503 

46S 

15971 

476 

16447   ■' 

483 

.6939 '"^ 

64 

»7 

10 

466 

'5441  js. 

474 

15915,„ 

480 

"^393,^ 

488 

'^83   ,, 

493 

'^&t 

63 

M 

478 

'58»r6, 

16307  ,„ 

492 

■^799*^ 

500 

17399' 

507 

62 

29 

15695  *"' 

48S 

■61S3     1 

16679  f 

504 

311 

17694^ 

3 19 

'^"3,^ 

61 

80 

u 

16026"' 

498 

165 14"' 

507 

17031 

514 

.75^5^'*" 

522 

18067^" 

530 

"^7^ 

60 

3' 

16337  ^ai 

509 

"16846  tl 

516 

17362^! 

524 

'7886^^ 

532 

'84183™ 

540 

ia958f^ 
'9396  t„ 

59 

3" 

'6629  ^' 

5'; 

'7146^ 

526 

17672'^ 

533 

''^'"S  Z 

543 

'8747  V.S 

549 

58 

33 

"' 

16900"' 

5^6 

17426 

334 

17960^ 

54» 

18502  ^' 

550 

'9052  ^^• 

558 

"^      Z 

57 

34 

,, 

'7i5o,„ 

534 

.7684^3, 

54a 

18396 

550 

18776  „, 

558 

'9334  „g 

567 

'W°'^ 

56 

35 

'7380 'j^ 

541 

•79"  ,u 

549 

■8470  „' 

557 

19037 „« 

566 

19593 ,„ 

574 

201 67  ™ 

55 

36 

" 

17588"* 

545 

'8135/ 

556 

18691  "' 

564 

1925s 

57» 

19827   " 

58' 

20408" 

54 

37 

12 

'7775  ,^' 

553 

'8338  ,_, 

561 

S:^ 

570 

19459  ,s, 

579 

10038  ,g 

586 

30614" 

53 

38 

17940,., 

558 

'8498  % 
18646  * 

567 

575 

'9^-'"'  1S6 

583 

^"3  Z 

593 

20816'?^ 

53 

39 

18083 

5&3 

571 

.9217  \ 

579 

19796 

389 

'°385 ,^ 
10511 

597 

20983 

51 

40 

12 

18204  "' 

566 

ib77u"* 

575 

.9343  "' 

584 

'^'^i^ 

592 

6ot 

21122"" 

BO 

41 

^303  !^ 

569 

18872  '"' 

57a 

19450  '7. 

587 

^^37  s. 

595 

20632';; 

604 

"2r2i6  "^. 

49 

41 

18380  ;■ 

57' 

1895 ■   2 

580 

;gi;  I 

389 

598 

'07'8  6, 

606 

21423    ,, 

48 

43 

" 

1B434  "" 

573 

19007   ^ 

582 

390 

2Q179  ^' 

600 

20779 

608 

47 

44 

11 

18466 

574 

'9040 

582 

19622 

593 

20214 

600 

2u8i4 

609 

46 

45 

" 

18475  ' 

i!l 

19049 

583 

19632 

593 

30334 

600 

30834 

610 

21434 

45 

t  / 

P 

6-.5 

Aor. 

6".6 

hor. 

hor. 

6°,8 

hor. 

6^9 

hor. 

S.    rf 

/'-•, 

"^ 

dif. 

diff. 

6'.7 

diff. 

diff. 

diff 

7°.o 

•-\ 

.»[/ 
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PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


TABLE  II. 
B=  {d  —  Sf. 


d  is  always  numerically  larger  than  d. 


o*.ooooi  =  o*.036  =  unit. 


6 

I 

2 

3 

4 

5 
6 

7 
8 

9 
10 

II 

12 

13 

14 

15 
i6 

I? 
i8 

19 
20 

21 
22 

23 

24 

25 
26 

27 
28 
29 

80 

31 
32 
33 

34 
35 
36 

37 

38 

39 

40 

41 
42 

43 

44 
45 


V 

2 


4 
4 
4 

5 

5 
6 

6 

7 

7 
7 

8 
8 

9 

9 

9 
o 

o 

I 

I 
I 

2 
2 
2 

2 

2 

3 
3 

3 
3 
4 

4 
4 
4 

4 

4 
4 
4 

5 
5 


f.o 


cxx> 


/tor. 

diff. 


751 

751  750 

2249 

745 

29947,, 
3736  737 

4473 
731 

5^4  7,5 

59297,8 

6647 
.2709 


7356 


8057  s: 
9428 

668 

°^656 
0752  64, 

1394 

629 

T^  614 
2637  598 
3235  ^f 

565 
547 
529 


3817 
4382 
4929 


5458 

5968 

6459 
6929 

7378 
7806 

8213 


510 

491 
-»7o 

449 

428 
407 

8597* 

291 

20167 
20408 

216 
20624 

20816  •»! 

o   166 
20982 

140 

2II22  ^ 

21236  gj 

21324  63 

21387   ^ 

36 

21423  „ 
21434 


241 


00 
22 

43 
65 

87 
108 

129 

151 
172 

192 
214 

233 
253 
273 

292 

311 
330 

348 
365 
383 
400 

416 
432 
447 

462 
476 
490 

503 
515 
526 

537 
548 
558 
567 

575 
582 

590 

596 
60T 

605 
610 

613 
616 

617 

619 

618 


V 

2 


7*.o 


hor. 

diff. 


7'-i 


000 

r  773 
771 


770 


773 
1544 

2314 

767 

3844^ 
4602^^ 

753 

5355  746 
6101 ',« 

9839 ''^ 

-  -  731 

7570 
720 

7" 
700 


8290 
9001 
9701 

687 

°388675 


647 

631 


1724 

2371 
3618 

4-217  ^J^ 

47"98^; 
5361^ 

5905 

525 
6430 


6935 
7419 

7881 
8321 

87_39 

9»34 


505 
484 

462 

440 
418 

395 

20177^  •* 
299 
20476 

20749 1;, 
20998^^ 

222 

21220 

21417 

^^587 
21732 
21849 
21940 
22004 


197 
170 

145 
117 
91 
64 


22042 
22052 


38 


10 


hor. 

diff: 

00 
22 

44 
66 

88 
no 
132 

153 
174 
196 

216 

237 
257 
277 

297 
316 

335 

353 
371 
389 
406 

422 

438 
454 

469 

483 
496 

510 

523 
535 

546 

556 
565 
575 

583 
591 
598 

604 
610 

615 
618 

622 
624 
626 

627 
627 


L 


7°-a 


000 

795 
1588 


795 
793 
792 


2380 

789 

3169785 
3954  780 
4734 

774 

55^767 
6275760 
7035 

7786^^' 

-8527  ''' 
9258  73» 
9978 7« 


0685 

1379 
2059 

2724 

3373 


707 

694 
680 

665 

649 
634 


4007 

4623  6»6 

5220^97 

5799579 

6359^ 

540 
6899 
7418  5^9 

7915^^ 
476 
8391 
8844^ 
9274  ^ 
9680406 

20062^^ 
20419^7 

20752^33 

307 
21059 

21340^** 
21596^56 

228 
21824 
22027  ^3 
22202  *75 
22350  ^48 

22471  "* 
22564  93 
22630    ^ 

22669 
22679    'o 


7°.  I 


kor. 
diff. 


f.i 


hor, 

diff. 

00 

22 

45 
67 

•89 
III 

133 

155 
177 

198 

219 

240 
261 
280 

301 
320 

339 

358 
377 
394 

411 

428 

445 
460 

475 
490 
504 

517 
530 
541 

553 

564 
574 
583 

592 
600 

606 

613 
618 

623 
627 

631 
634 
635 

636 
636 


7.3 


000 

°'7  8i6 

^^33  814 

2447 

811 

3258807 

4065  802 
4867 
796 

5663789 
6452  78X 
7233 

728 

'0986  ,,3 
"699^ 

13082  jgg 

'3V50  65, 

1440 1  ^ 

.5034 f 

■f4C 

555 
7908^ 

[8419 

489 

'8908^^ 

^9374 

^?8'5 

20233 

20626 

20993 

2  *  •*  ^  p 


44 


21 
21 


t 

18 

393 
367 
34a 

316 
189 


1335 

-^940^ 
22202 

235 

22437  ^ 

22645  ,80 
22825 

152 

22977 

125 

23102    4 

23198    % 
23265      ' 

40 

23305    ,0 
23315 


hor. 

diff. 


7*.3 


hor. 
diff. 

00 

23 

45 
68 

91 
"3 
135 

«57 
179 

201 
222 

244 
264 

285 

305 
325 
344 

363 
382 

399 

4«7 

435 
451 
467 

482 
496 
511 

524 

537 
550 

561 

571 
582 

591 

600 
608 

615 

622 
627 
632 

637 

639 
642 

644 

645 
645 

hor. 
diff. 


7'.4 


000 

-   840 

840  838 

'67887 
2515 
834 

3349  829 
4*78  8^ 
5002 
818 

5820  8„ 
6631  803 
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27553 
^8133 

28678 
29187 
29661 

30098 

30499 
30861 

3"87 

31474 
31722 

31932 

32103 

32235 
32327 

32380 
32393 


951 

928 
905 

880 

854 
827 
800 

770 

741 
710 

679 

646 

613 
580 

545 
509 
474 

437 

401 
362 

326 

287 
248 

210 

171 

132 

92 

53 

n 


8^5 


hor. 
diff. 


8'.  6 


hor. 

diff. 


%\^ 


hor. 
diff. 


27 
54 
81 

107 

134 
160 

186 
212 
238 
263 

288 

3»3 
337 

361 
384 
407 

429 
451 

472 

493 

513 
533 
551 

570 

587 
604 

619 

635 
649 
662 

675 
687 
698 

708 
717 
726 

733 
740 
746 

751 

754 
757 
759 

760 
761 

hor. 

diff. 


0000 
1164 

''64„62        27 

2326  „6o  54 

3486  81 

1155 

4641  „,9  108 

5790  „,,  135 

6932  162 

"34 
8066  „    188 

9190  „„   214 
10302      240 

1 140 1  *^   266 

291 
316 

341 


I 


1086 


2487  ,070 

13557  ,053 
14610 

1035 

15645,0,5  365 
16660^°;^  389 
17656        411 

973 

18629     434 

^9579  9^  457 

20505  ^  478 

—  — >  901 

21406  ^  499 

"280  ^    519 

23127  8x8  539 
23945  558 

789 

24734  «8  576 

25492  -27  594 

26219  611 

694 

26913  662  ^27 
27575  627  ^42 
28202     657 

28795  ^^^  670. 

29353  z,  683 
29874  \.  695 

30359        706 

447 

30806 

z:    4^0 


371 

333 


31216 
31587 


31920 

294 

32214    ^ 
32468    '^ 

l26§"^ 

32857 
32992 

33086 

33  Uo 
33^54 

8-.7 


174 
135 


M 


717 
726 

735 


8\8 


hor, 

diff 


0000 


742 
749 
755 

759 

764 
766 

^     768 

54 


769 
769 


hor. 

diff 


1x91 
2380 

3567 

4749 
5925 
7094 

8254 

9404 
10542 


II 667 

12778 

13873 
1495 1 

16010 

17049 
18067 

19063 
20036 
20983 

21905 


22799 
23666 

24503 

25310 
26086 
26830 

27540 
28217 
^8859 

29465 


30036 

30569 
31065 

31523 
31942 
32322 

32662 

32963 
33^3 

33442 

33621 
33758 
33854 

33909 
33923 


191 
189 
187 

182 

176 
169 

160 

150 

138 

125 

III 

095 
078 

059 

039 

018 

996 

973 
947 
922 

894 
867 

837 

807 

776 
744 

710 

677 
642 

606 

571 
533 
496 

458 

419 
380 

340 

301 
260 

219 

179 

137 
96 

55 

M 


8^8 


27 

55 
82 

no 

137 

164 

191 

217 

244 

270 

295 

320 
344 

369 
393 
417 

440 
462 

484 

505 
526 

545 
565 

583 
601 

618 

634 
650 

664 

679 
691 
704 
715 

725 
734 
743 

751 
757 
763 
768 

772 

775 
778 

779 
778 


8'.9 


0000 

~T2'l8 

2435 
3649 

4859 
6062 

7258 

8445 
9621 

10786 

JT937 

13073 
14193 
15295 

16379 
17442 
18484 

19503 
20498 

21467 
22410 

23325 

242 1 1 
25068 

25893 
26687 

27448 

28174 
28867 

29523 


30144 

30727 

31273 
31780 

32248 
32676 
33065 

33413 
33720 

33986 
J4220 

34393 
34533 
34632 

34688 
34701 


218 
217 
214 

210 

203 
196 

187 

176 
165 
151 

136 
120 
102 

084 

063 
042 

019 

995 
969 

943 

915 
886 

857 
825 

794 

761 

726 

693 
656 

621 

583 
546 
507 

468 

428 
389 

348 

307 
266 

224 

183 
140 

99 
56 
13 


hor. 
diff 


8-.9 


hor. 
diff. 


9-.0 


28 
56 
84 

III 
138 
165 

192 
220 
246 

272 

298 
324 
349 

373 
398 
421 

444 
467 
489 
510 

531 
552 
571 

590 
608 
625 

642 

657 
672 

686 

699 
711 
722 

733 
743 
751 

759 
766 

772 

777 

781 

784 
786 

787 
788 


0000 

1246 
2491 

3733 

4970 
.  6200 

7423 

8637 
9841 

11032 
12209 


1337 1 
14517 
15644 

16752 
17840 
18905 

19947 
20965 

21956 
22920 
23856 
24763 
25639 

26483 

27295 
28073 

28816 

29524 
30195 

30830 

31426 

31984 
32502 

32981 

33419 
33816 

34172 
34486 

J4758 
349^7 

35174 

35317 
35418 

35475 
35489 


246 

245 
242 

237 

230 
223 

214 

204 
191 

177 
162 
146 
127 

108 

088 
065 

042 

018 

991 

964 

936 
907 
876 

844 

8x2 
778 

743 

708 
671 

635 

596 
558 
518 

479 

438 
397 

356 

314 
272 

229 

187 

H3 
101 

57 
14 


hor. 
diff. 


9'.o 


90 

89 
88 

87 

86 

85 
84 

83 
82 

81 
80 

79 
78 
77 

76 
75 
74 

73 
72 

71 

70 

69 

68 

67 

66 

65 
64 

63 
62 

61 
60 

59 
58 

57 

56 
55 
54 

53 
52 
51 
50 

49 
48 

47 

46 
45 


a-a« 


7b 
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d  is  always  numerically  larger  than  S.                                                   o'.oooui  =  ly.ojS  =  unit. 

^ 

^^^B 

X- 

„ 

/lor. 

'.  hor. 

'  Aar. 

.           1  Acr. 

hor. 

•-•j/ 

^^^K 

•\ 

"^ 

g-.o 

dig. 

•>■'     1:1. 

'■"     1^./: 

9  -3     ;  dif. 

9*-4 

diff. 

9' -5 

/  i 

■ 

d 

0000 

g 

OOao 

(J 

0000 

0000 

P 

0000 

Q 

0000 

M 

"■"*;™ 

3U 

^"74;:; 

39 

'  "'3^3  ™f 

39 

'  '33^  ;j^ 

39 

"ij'iS 

39 

'39-:^ 

89 

^1 

'49'  ij.. 

56 

»547  ,„o 

57 

=6<M,«£ 

58 

3662  ,s« 

58 

2720   ^yj. 

59 

=779  iZ 

88 

^^ 

3 

3733 

84 

'«■',:, 

85 

3902  |[^ 

86 

3988 1^ 

88 

4076   ''- 

8S 

4164  [^^ 

87 

1 

4 

497ci„„     III 

5082  „5g 

i'3 

5 '95  „S7 

115 

53'"  13,5 

116 

5<^*  .344 

iiS 

5S44  ,,„ 

86 

5 

6100  l^^i   140 

634"  \Z 

142 

648a  "Z 

'43 

^n  iM 

'45 

6770   ,,J, 

147 

6917  "1* 

85 

6 

74»3            "68 

7591  _^  ^ 

170 

''"Z 

171 

7933^ 

174 

8106      "^ 

'75 

8281  '** 

84 

7 

8637  ,™     195 

8S3»  !1 

■  98 

9030  „sK 

199 

9=39  ,^ 

S02 

943'  ,,1. 

204 

9635!^ 

83 

984' .n.     ») 

10063  ,2ig 

335 

10288  „J^ 

217 

10515  „., 

330 

10745  ,300 

23* 

"^77  M« 

83 

9 

i'033,         349 

353 

"533     „ 

355 

"^'^,. 

»57 

13045  ^^^ 

261 

"3°6  n 

81 

10 

■337'  "J     303 

'3673  „n 

379 

305 

'3978  „^ 

283 
309 

1304s  ll'^ 

14287  , 

386 
313 

'333'  ,^ 
'4599  ,,,, 

288 
316 

'4915;;!^ 

80 

79 

14517  „i7    317 

MS44  ,,' 

332 

'S'76"„ 

335 

'Ml'  ,«s 
16; [6      ' 

339 

'5850  ,„, 

343 

'^'93  „5fl 

78 

'3 

15644  _^^J  353 

15997  ^_ 

358 

16355 

361 

36s 

1 7081 

370 

'745'     * 

77 

1.58 

1136 

14 

'^75»,^    379 

'7'3'  „ii 

382 

«75i3„„ 

387 

17900  „(^ 

39' 

'^=9'  „s. 

396 

'**87  .,» 

76 

15 

17840,^.    403 

"8'43  ,o«. 

407 

18650,,^; 

'9063  „3g 

416 

'9478  z! 

431 

'9899    ^ 

75 

16 

:B90S      '     4J7 

19332 

11^5 

433 

19764 

1089 

436 

441 

''*^'„3« 

446 

3.087  ""^ 
1161 

74 

■ 

17 

19947  ,„,>'  450 

*°397  ,041 

456 

30853  ,063 

460 

»'3'3,og, 

466 

=  '779  „,„ 

470 

"'■*9,,« 

73 

18 

J0965  „,  ;  473 

'■438  ,(,,, 

478 

3 '916  ,J 

484 

1 1400  1 

489 

33889  ,o9. 

495 

'33S4   ^ 

7= 

■9 
20 

-956         ,495 
-"^^°S    5-7 

13856  Z.  53S 

=3437 

5ot 
533 

33960 

507 
539 

23459 
24489,^ 

513 

535 

33971  ,„y 
35034 

5'8 
S40 

34489"^ 
35564  " 

7" 
70 

^ 

II 

34394  5„ 

544 

"34"^    ll 

551 

25489  ^ 

5S6 

26045'^ 

563 

26608'°" 

69 

14763     B^ 

558 

'53"   8^ 

56s 

35886    **. 

571 

'^57  !j5 

578 

37035   ^s 

37990  '^ 

S83 

27618      " 

68 

»3 

35639       "^ 

578 

26117  ^ 

584 

36801 

59' 

27392 

598 

605 

=8595 

67 

844 

863 

8S3 

14 

»6483  g,. 

597 

37080  gv, 

604 

37684    S.8 

610 

38194    St7 

618 

38913  r 

624 

=9536  ^ 

66 

»5 

Sg ;- 

615 

279'<»  79; 

622 

38533    Z 

629 

29161  n^ 

6j6 

39797  a49 

^3 

30440  1^ 

65 

j6 

632 

28705   ^ 

640 

39345 

647 

39992  _ 

654 

30646  ^' 

661 

31307  ^ 

64 

Tta 

%r> 

'7 

■n?" !« 

649 

39465  rM 

657 

3°"^     73« 

663 

30785  -«, 

672 

3'457   77J 

679 

3= '36  -gg 

3'9'4  ;„ 

63 

iS 

19514   n 

665 

30189    586 

672 

3«86'   ™ 

680 

3'54'   1^ 

688 

32229  . 

695 

63 

19 

3"f  S 

680 

33133   S7. 

688 

IS- 

"33849  ^^ 

695 

33358  ;,g 

704 

34304    6^ 

711 

33673 '": 
35044 !!' 

61 

30 

31 

694 

707 

701 

710 

3'536  ,^, 
33573  5^ 

717 
73  s 

726 
740 

60 

59 

■ 

3' 

3>984  ", 

720 

3=704   53„ 

728 

33433   I, 

736 

34'68  ^ 

744 

34913  5«. 

753 

35665  „, 

58 

33 

JlSOi  '" 

73» 

"'^     48, 

739 

339"  J^ 

748 

3472' 

757 

■"*"*  \.. 

764 

3624J 

57 

^^^1 

34 

3'98l      s 

742 

33733  44a 

750 

34473  „« 

759 

35233   ,5g 

767 

35999  478 

''t. 

36775  .gg 

56 

^^H 

35 

""•>  t, 

752 

3417'  4,* 

760 

34931  ;,5 

769 

35700     4^ 

777 

3^1"   .L 

786 

37363  • 

55 

36 

3JS16  »" 

J56 

761 

769 

35346 

3V' 

778 

36134 

786 

36910 

795 

37705  ^ 

54 

■ 

37 

34171   ,,, 

769 

34941  J„ 

777 

35718 

785 

36503   J35 

794 

37397    342 

803 

3S'°"I^ 

53 

ja 

34486  ^'     773 

35261    _8 

784 

36045    IS, 

793 

36838   % 

Sot 

37639    «6 

St  I 

38450  f^ 

53 

39 

34758  ^      7S1 

3S539 

79° 

36339  ^ 

799 

37.'l8  ^ 

807 

37«S   ^ 

817 

38753  *" 

51 

40 

34987  7 1 786 

35773 

795 

36568  '" 

S04 

37372 

8'3 

38185   ;„^ 

821 

J9c«6  '« 

SB 

41 

35174   ,  '1  790 

35964   ,46 

799 

36763     ,4, 

8o3 

37571  ;n 

816 

3S387    ,.6 

816 

39313  "! 

49 

43 

35317   ,"     793 

36NO   .Jj 

80J 

36913     ,;* 

811 

37723  ,07 

810 

38543  ' 

8S9 

3937=  ,„ 

48 

43 

35413         1  795 

''"'    .. 

804 

37017 

813 

37830  ^^ 

822 

38653  ^ 

83' 

394S3  '" 
39546 

47 

44 

»3 

35475     „     796 

36371     „ 

S05 

37076       „ 

815 

37891  ,4 

83J 

38714  1, 

833 

46 

1 

45 

=3 

354»9      • 

796 

3638s 

806 

37091 

8.4 

3790s 

823 

38738 

833 

39560  '* 

45 

m 

1     / 

„ 

hor. 

„•  ,       1  '*'"■■ 

Tar. 

.              ^ur. 

hor. 

\T 

A-* 

~ 

9-.0 

diff. 

^■'    'rf/j?; 

5*-'                'i'J. 

9  -3         rf,_^ 

9°.4 

diff. 

9°-5 

•--K 

1 

/(.*«.)=/(«).»  [/'(.)^-  /??!].          ^  =  -f  . 

TABLES  FOR  THE  REDUCTION  OF  PHOTOGRAPHIC  MEASURES. 


TABLE  II. 
B=  (d—SY'. 


</ 

a  alwaja  numerically  large 

than 

S. 

o°.ooool  = 

o-.oae 

=  unit. 

6 

^ 

9°S 

rf^ 

.  -        ,  Iwr. 
9  '^         diff. 

9*-7 

.  0       1  her. 

5-8       \diff 

9'- 9 

her. 
diff 

io'.o 

"/I 

jj 

0000 

Q 

0000 

^ 

0000 

g 

ODOO 

g 

0000 

» 

'390  !tf^ 

30 

1420 

*" 

30 

"'4-50::;^ 

30 

"'^;s 

31 

"  "'5'«  !s1q 

jr 

^42  ^^' 

89 

^"9  ,5^ 

59 

2838 

60 

'898  Ims 

61 

2959  ,,-.5 

6a 

3°^!  .S°5 

3083  ,,36 

sa 

3 

4164 

89 

4353 

4=9 

90 

4343^ 

91 

4434^ 

92 

•1526^^ 

93 

4619 

87 

5544,.., 

118 

5661 

5782 ,„, 

5904  ,.6j 

6026   ' 

6' 5°  !s.i 

86 

5 

^".3^ 

.48 

7065 

149 

7214  ,.„ 

153 

73*6 ,; 

153 

'5'9„g, 

154 

7673 

85 

6 

177 

8458 

m 

180 

^38;" 

i8t 

8819  " 

183 

9«,2  |\J 

■85 

9187  ^'  * 

34 

6 

9635  ,„, 

706 

^984. 

109 

10050 

an 

'0261 

2(3 

'°'"''  i«a 

215 

■0689  ,,89 

83 

"^77  ,,„ 

235 

238 

■1450,38, 

340 

"690.tr 

343 

"«3,,„ 

245 

13178,:^ 

8 
9 

'36'9;i; 
'49'5,„a 

263 

319 

J2569 
■3910 
'5234 

r« 

266 
295 
323 

"835   ""^ 

74^5;^'^ 
15557  ™ 

270 
298 
326 

.'3'05,3^ 
'5883  ^ 

272 
301 
330 

13377 

'6='3,,fe 

275 
304 
333 

.5108"^ 
'6546::? 

81 
SO 
79 

'^'«  ,„a 

347 

16540 

350 

16890  ,n. 

354 

■7244  tL 

358 

'7602  ^ 

361 

■7963, ' 

78 

" 

'"^'T 

373 

17824 

^i 

378 

18202  ■* 

38. 

■8583  ^  _' 

386 

,8969^'' 

389 

19358^™ 

77 

la 

186S7  „„ 

399 

19086 

405 

19491 1^4 

408 

19899  ,„, 

413 

20312     ,g 

417 

20729 , 

76 

13 

'9899  'h 

416 

20325 

430 

20755  ,„o 

435 

'"90.^5 

440 

31630 

444 

22074 ,r^ 

75 

"°^'      6, 

452 

31539 

,86 

456 

21995 

460 

32455 

,338 

466 

23921 

1S63 

471 

'^'^,88 

74 

15 

22  249,, J, 

476 

33735 

.59      481 

»3"»*  ■.8j 

487 

'3693 ,«, 

491 

34184  „„ 

496 

»468o  ,8 

73 

'5 

'3384  „^ 

500 

338B4 

1^  ■    SO5 

24389 ;; ' 

5" 

34900,,— 

S'7 

'5417  ,„, 

531 

'5938  ;'^ 

72 

16 

54489, 

5'4 

25013 

098 

529 

'554',,,, 

535 

''^°V  „J5 

541 

26618'"' 

546 

27164 

71 

17 

25564  "'^ 

547 

)6i[. 

552 

26663^^ 

5S9 

jjjjj 

564 

27786'; 

570 

28356 ;;'' 

70   - 

IS 

26608  ,°r 

569 

27177 

574 

2775"  lo^ 

581 

28332  ,^ 

588 

28920  ,^ 

593 

29513  „„ 

69 

18 

27613      ' 

59' 

28ao9^ 

596 

2880s  Si 

603 

»94o8,X 

610 

30018  X 

615 

30633  ,^, 

63 

*3 

19 

28595 

^95j6  ^ 

611 

39306 

6>7 

^9823 'j^ 

625 

30443 

630 

31078 

63B 

^''■^L 

67 

U 

30 

631 

30167  „„ 

638 

3°805  „j 

644 

31449    ,63 

652 

32101  ^, 

658 

33759 ,«, 

66 

35 

30440    86, 

65' 

31091   885 

657 

3-748  rr 

664 

32413  !;' 

671 

33083  „; 

679 

3376a  ^ 

65 

i6 

21 

31307 
8,9 

669 

31976  ^^ 

676 

32652  '^ 

683 

33335  ^^ 

690 

3402s 

697 

34722 

64 

i^ 

3"  36  -ss 

686 

32B22   ^, 

693 

33515   8„ 

701 

34216  ^„ 

709 

34925  B56 

7'5 

35640    8,. 

63 

as 

32924  ,„ 

703 

33627  ,^ 

711 

34338   ^ 

718 

35056  ^^ 

72s 

3578. 

733 

365>4     '4 

63 

19 

33673  ^ 

716 

34391 

737 

36547  Z 

734 

35852  ''^ 

743 

36594     / 
3736.   ^ 

380S2  ; 

749 

37343  1 
38,26   ''I 
3886-2   -^ 

61 

30 

31 

13 
^3 

35044     6„ 

734 
747 

-35"3  ,,a 
35791   ^ 

741 
756 

750 
763 

37310  ^, 

757 
772 

76s 
780 

60 

59 

3= 

23 

35665  " 

760 

36425   ^ 

769 

37'9-»  to 

777 

3797'   6,^ 

78s 

35756  ^^ 

794 

39550  5 

58 

33 

24 

36242  ■ 

36775    .BS 

773 

37015 

781 

37796 

790 

^'"^^^ 

797 

39383 

806 

40189    '* 

57 

34 

24 

784 

37559  ,^ 

792 

38351   ™ 

801 

39152  5,0 

81a 

39963 

S17 

40779    yg 

56 

35 

25 

37263    \, 

794 

38057  % 

803 

38860  J^ 

811 

3967.  : 

820 

40491  '^ 

828 

41319    t. 

55 

36 

»4 

37705 

803 

38508 

813 

39330 

831 

4014  r 

829 

40970 

838 

41808    '^ 

54 

37 

»S 

38 'oo    ,,0 

812 

389 '2  *!! 

821 

39733   *, 

829 

*°5*'    371 

837 

41399     „o 

847 

43346     ^ 

53 

38 

'5 

38450    ,„ 

S19 

39269  3,^ 

837 

4'»96   ™ 

837 

40933  j=, 

845 

41778  L 

854 

43632  :!: 

52 

39 
40 

'5 

38752    '  ' 

39^  ^ 

815 
83  < 

39577     . 
39837   „, 

834 
839 

■4^6  ^^ 

843 

848 

41354 

■"5'4    ,„ 

851 

S57 

42T05 
"4^3-8.  ; 

86 1 
866 

42966  ^ 

43247  ^^ 

51 
50 

41 

36 

39313  ,=, 

835 

40048   ,^j  j  843 

40891   ,;^ 

853 

41744    ,68 

861 

42605    ' 

870 

43475  ,„ 

49 

16 

39373   „, 

838 

40210  ,       847 

41057   ,,. 

855 

41912    „. 

865 

42777  ,„ 

873 

43650  ,„ 

48 

43 

25 

840 

40323    ^   I  849 

41173      ^ 

6S 

857 

43039      ^ 

867 

43896  ^ 

876 

47 

44 

26 

39546 

841 

40387     , J  850 

41237      ,s 

859 

43096      „ 

868 

42964  ,, 

877 

4J841 ,, 

46 

45 

36 

39560 

842 

40401           850 

41353 

859 

43111 

868 

43979 

877 
hor. 

43SS6 

45 

1     / 

P 

hor. 

'■■^       \%. 

hor. 

hor. 

/*-■. 

~ 

9*.5 

diff. 

9°' 7 

diff. 

9'-8      rf,j?: 

9°-9 

diff 

10.0 

^^ 

/(»±TO)./I»)J 


TABLES  FOR  THE  REDUCTION  OF  PHOTOGRAPHIC  MEASURES.      loi 

TABLE  III. 


C  =^  k  S  sec  d  —  {a  —  «'o)°- 

k  $  sec  d  is  always  numerically  larger  than  (a  -  aj*. 

for  d-d^  ^  I**,  o'.oooooi  =  o*.oo36  =  unit;  for  d-  <5.  >  i*,  ©"".ooooi  =  o.''o36  =  unit. 


\«-«o 

^0 

hor. 

^0  _ 

hor. 

! 
^0      _ 

hor. 

^«  -, 

hor. 

1 

^0         M, 

hor. 

^*     m 

«-«o/ 

rf-V\ 

0  .0 

diff. 

0  .1 

diff, 
I 

0  .2 
I 

diff. 

0.3 

diff. 

0  .4 

diff. 

0-5 

/rf-«o 

o!o 

0 

0 

0 

2 

3,, 

4 

7  „ 

6 

13  „ 

0.0 

1 
.1 

0 

U 

I 

II 

2 

32 

4 

7  2 

6 

'1    3 

.1 

.2 

I 

lo 

I 

2^ 

3 

Sa 

4 

9  3 

7 

'^    4 

.2 

.3 

I 

I 

2 

3 

4 
2 

3 

7 
3 

5 

12 

4 

8 

20 

5 

.3 

.4 

3 

3i 

3 

6, 

4 

^^4 

6 

^65 

9 

^5   7 

.4 

0.5 

4 

4, 

4 

s. 

6 

^45 

8 

'2    6 

10 

32    8 

0.5 

.6 

6 

6 

3 

6 

12 

4 

7 

< 

9 

28 

8 

12 

40 
10 

.6 

.7 

8 

8. 

8 

'64 

9 

257 

II 

36, 

14 

50.. 

.7 

.8 

10 

'O2 

10 

»°5 

12 

3»8 

13 

45  „ 

16 

^'.3 

.8 

.9 

12 

12 

13 

-      »5, 

15 

4°  8 

16 

56,, 

18 

-         7^5 

.9 

1.0 

I.I 

15 
2 

15' 
2° 

16 
'2 

31 

17 

2 

48' 

19 
2 

67" 

22 

2 

89' 
10' 

1.0 

I.I 

4^ 

6' 

8' 

0 

70 

_   1 

1 

^  2 

1.2 

2 

2, 

2 

4, 

3 

7, 

2 

9, 

3 

12 

■5 

1.2 

1-3 

3 

3 
0 

2 

5 

I 

3 

8' 

1 

3 

11^ 

2 

3 

14' 

2 

1.3 

1.4 
1.5 

3 
3 

3o 
3, 

2 
4 

6 
7; 

3 

4 

.?' 

4 
3 

'3, 
^4  2 

3 
4 

16 

18^ 

1 

1.4 
1.5 

1.6 

4 

4 
0 

4 

8' 

I 

4 

12' 

2 

4 

16^ 

2 

5 

21^ 

2 

1.6 

1.7 

4 

4, 

5 

9i 

5 

'4, 

4 

18 

5 

^3, 

1.7 

1.8 

5 

5 

5 

10' 

5 

is' 

5 

20' 

6 

26  3 

1.8 

1.9 
2.0 

2.1 

6 
6 

7 

6' 

5 
6 

7 

11' 

6 
6 
6 

17.' 

6 

7 
8 

23' 

"25' 

28^ 

6 

7 
7 

293 
32^ 

< 

1.9 

2.0 

2.1 

6° 

12' 

18* 

7; 

'4; 

20' 

2.2 

7 

7, 

8 

'5 

7 

22^ 

8 

3°t 

8 

38^ 

2.2 

2.3 

8 

8' 

I 

8 

16' 

2 

8 

24' 

3 

9 

33' 
3 

9 

42* 

3 

2.3 

2.4 

9 

9, 

9 

18 

1 

9 

27, 

9 

42  3 

9 

'*54 

53* 

2.4 

2.5 
2.6 

10 
10 

10' 
10° 

9 
II 

'9 

21 

10 
10 

29 
31 

10 
II 

10 
II 

2.5 
2.6 

X 

I 

3 

3 

4 

2.7 

II 

II 

II 

22 

12 

34, 

II 

45, 

12 

57^ 

2.7 

2.8 

12 

12' 

12 

^^\ 

12 

3^ 

12 

48  3 

13 

61* 

2.8 

2.9 
8.0 

13 
14 
15 

13' 

13 
14 
14 

26' 
< 

13 
13 
15 

39' 
41^ 

13 
15 
15 

52  ' 
56* 

13 
14 
15 

65* 

-    70^ 
74  : 

2.9 
8.0 

3.1 

14' 

3.1 

15; 

< 

59' 

3.2 

16 

i6" 

15 

3i' 

16 

47^ 

16 

^3' 

16 

79, 

3.2 

'     3.3 

17 

17  ■ 

I 

16 

33  # 

3 

17 

50^ 

3 

17 

67' 

4 

17 

84' 

5 

3.3 

3.4 

18 

18 

17 

35  3 

18 

53, 

18 

7^^ 

18 

896 

3.4 

3-5 

19 

K 

18 

3^3 

19 

5^! 

19 

75 1 

20 

95, 

35 

3.6 

20 

20' 

I 

20 

40  3 
2 

20 

60^ 

20 

80* 

4 

20 

100^ 

6 

3.6 

3-7 

21 

21 

21 

4*:. 

21 

^3, 

21 

84, 

22 

106 

3-7 

3.8 

22 

22' 

22 

^1 

22 

66^ 

23 

^4 

22 

IIl5 

3.8 

3-9 
4.0 

4.1 

23 
24 
26 

23' 

23 
25 
25 

46' 
49' 

24 

24 
26 

70^ 
73^ 

23 

25 
26 

93^ 

24 

25 
26 

"7^ 

3-9 
4.0 

4.1 

24' 

98^ 
103^ 

0 
123 

129^ 

26' 

5'', 

4-2 

27 

='7; 

27 

54' 

27 

81^ 

27 

108  5 

28 

136 
142^ 

4.2 

4.3 

28 

28' 

28 

56' 

29 

85' 

28 

113^ 

29 

4.3 

2 

3 

6 

7 

4.4 

30 

3°, 

29 

59, 

30 

^9, 

30 

119, 

30 

149, 
155, 

4.4 

4.5 

31 

3' 

31 

62  3 

31 

93, 

31 

124^ 

31 

4.5 

4.6 

32 

32' 

33 

6S^ 

32 

974 

33 

32 

1627 

4.6  i 

2 

2 

4 

5 

7 

1 

4.7 

34 

34, 

33 

^7, 

34 

lOI 

34 

135. 

34 

169  g 

4.7 

4.8 

35 

35 

35 

7°t 

36 

106  5 

35 

147' 

36 

4.8 

4.9 
5.0 

37 
38 

37' 
38' 

36 

38 

73^ 

37 
39 

1 10^ 
115^ 

37 
38 

37 
39 

1847 

4.9 
5.0 

76  3 

153' 

192* 

^-y          .„         hor. 

^*       w 

1 

,  hor. 

^*    ^ 

hor. 

^*  ^ 

hor. 

0   . 

hor. 

^0  _ 

W-fio 

/            0  .0       1    f -^ 

0  .1 

\diff. 

0  .2 

diff. 

0  -3 

diff. 

0  .4 

diff. 

0.5 

a-«o\ 

I02 


PUBLICATIONS   OF  THE  LICK  OBSERVATORY. 


TABLE  III. 
C  =  k  S  seed  —  {a  —  oi^y. 

k  $  sec  d  is  always  numerically  larger  than  {a  -  cx^y. 
for  d  -  8^  K  1°,  o^.ocxxx)!  =  o*'.oo36  =  unit;  for  rf  -  ^,  >  i',  o'.ooooi  =  o".036  =  unit. 


\«-«o 

^*     m. 

hor. 

o'.6 

hor. 

^*  _ 

/r^r. 

©•.8 

hor. 

1 

hor. 

»•    r*. 

«-«« 

rf-«\ 

0  -5 

diff. 

diff. 

0.7 

1 

^/:^ 

diff. 

0   .9 

diff. 

I     .0 

/d-K 

e 

0.0 

--     '3  „ 

9 

22 

13 

-35  , 

17 

-5"   I 

22 

-       74  , 

28 

102 

—       J 

0.0 

.1 

'5    3 

10 

^^    3 

13 

36 

17 

53  4 

22 

75  4 

28 

^°5    5 

.1 

.2 

'^   A 

10 

^^    4 

13 

39  1 

18 

57  6 

22 

79  7 

29 

108  ; 

.2 

3 

20   ^ 

5 

10 

30 

7 

14 

44  * 
8 

19 

63 

9    ' 

23 

86  ' 
10 

29 

"5 

II 

•3 

.4 

^5  7 

32    8 

12 

37  8 

15 

52   ,. 

20 

72,0     ' 

24 

^" 

30 

^"^14 

.4 

0.5 

13 

45  xo 

16 

21 

^^4 

26 

'08.5 

32 

HO  16 

0.5 

.6 

40 
10 

15 

55 
12 

18 

73 
14 

23 

96 

16 

27 

1J3 

18 

33 

156 

ao 

.6 

.7 

50  II 

17 

^'•3 

20 

87,6 

25 

112,8   ! 

29 

»4I„ 

35 

176  „ 

.7 

.8 

^^3 

19 

?2'« 

23 

1^3x8 

27 

130 «    , 

32 

■^'»3 

37 

'99 11 

.8 

.9 

7^1^ 

22 

9^., 

25 

121 

30 

'5'« 

34 

.85  j 

211 

243 

"7  \ 

40 

225 

•9 

1.0 

I.I 

-    8^^ 

24 
3 

.13  " 

28 
3 

ao 
141 

33 
4 

23 

174 

37 
4 

43 
5 

254'* 
3»  \ 

1.0 

I.I 

10' 

16    ^ 
19^ 

20  3 

23^, 

1.2 

12' 

3 

's! 

4 

4 

4 

5 

1.2 

1.3 

14' 

4 

18  3 

4 

22    ^ 

4 

26  3 

5 

31  ' 

5 

36  * 

1.3 

• 

2 

2 

2 

3 

3 

4 

1.4 

16 

4 

20 

4 

^4     ^ 

5 

29  . 

5 

^     A 

6 

40 

1.4 

1.5 

18^ 

5 

n\ 

5 

28     ^ 

5 

33  \ 

5 

5®  i 

6 

44  \ 

1.5 

1.6 

21  3 

2 

5 

26  3 
3 

5 

31     ' 

3 

5 

36  ^ 

4 

6 

42  ^ 

5 

7 

49' 

5 

1.6 

1.7 

^3, 

6 

29, 

5 

^    A 

6 

40 

7 

^7    c 

7 

54  , 

1-7 

1.8 

26  3 

6 

7fl\ 

6 

^®    . 

7 

45  \ 

7 

5"  5 

8 

60  « 

1.8 

1.9 

2.0 

2.1 

29  •* 

6 

7 
7 

35' 
"39* 

7 

7 
8 

42    ^ 

7 
8 

9 

49  * 

8 

8 

9 

57  ^ 

62    5 
68  f 

Z^  6 

8 

9 
9 

65' 

71  « 

77* 

1.9 
2.0 

2.1 

32^ 

46^ 
-     50    \ 

54* 
59^ 

35^ 

< 

2.2 

383 

8 

K 

9 

555 

9 

64* 

10 

10 

84  ' 

2.2 

2.3 

4»* 
3 

9 

51' 

4 

9 

60    5 

5 

10 

70 

6 

10 

80  ^ 

6 

II 

91  ' 

7 

2.3 

2.4 
2.5 

49* 

10 
10 

"4 
59, 

10 
II 

^5    5 
76    ' 

II 
12 

76    6 

88  * 

10 
II 

86 
93  J 

12 
12 

105    ^ 

2.4 
2.5 

2.6 

53* 

II 

645 

12 

12 

12 

100  ' 

13 

113 

2.6 

4 

5 

5 

6 

7 

8 

2.7 

57. 

12 

^, 

12 

®^    6 

»7. 
99 

13 

94  , 

13 

^°7  « 

"5  8 
123 

14 

121 

2.7 

2.8 

61" 

13 

74' 

13 

14 

lOI    ' 

14 

15 

130    9 

2.8 

2.9 
8.0 

3.1 
3-2 

65* 

14 

14 
16 
17 

79* 
102^ 

14 

15 
16 
17 

15 
16 

16 

17 

108   7 

115^ 
122    \ 

15 
16 

17 
18 

15 
16 

18 
18 

138    8 

2.9 
8.0 

3.1 
3.2 

70^ 

131  ' 

147    ^ 

157^° 
166    9 

79! 

106  7 
"3  ^ 

'^9  9 
148  I 

3.3 

84* 

18 

18 

120  ' 

18 

19 

157  ^ 

19 

176" 

3-3 

5 

6 

7 

8 

9 

10 

3.4 

95, 

19 

108^ 
114^ 

19 

127  , 

19 

146 

20 

166 

20 

186 

3.4 

3.5 

19 

20 

142  ^ 

21 

155    \ 
163    ' 

21 

176'° 

21 

197" 

3-5 

3.6 

100  5 

21 

121  ' 

21 

21 

22 

185    ^ 

23 

208" 

3.6 

6 

6 

8 

9 

10 

II 

3.7 

106 

21 

127, 

23 

^50    8 
158    ^ 
166    ^ 

174  « 

22 

^72    , 

23 

*95„ 

24 

219 

3-7 

3.8 

III  * 
117* 

23 

134 

24 

23 

181    9 

25 

206" 

25 

231" 

3.8 

3.9 
4.0 

4.1 

24 
26 

27 

141  7 

25 
25 
27 

25 
26 

27 

191'° 
200   ^ 
210'° 

25 

27 

28 

216'° 
227" 

26 

27 
29 

242  " 

3.9 
4.0 

.4.1 

129^ 

149^ 

164^ 

254" 
267  13 

183  9 

^38  " 

4.2 

136  J 

28 

28 

192  \ 

29 

221" 

29 

"5^" 

29 

279" 

4.2 

4.3 

142^ 

7 

29 

171  7 

8 

30 

201   ^ 
10 

30 

AAV     10 

231 

10 

30 

261 " 
12 

31 

292  »3 
14 

4.3 

4.4 

149. 

30 

^ZSo 

32 

211 

30 

241 

32 

"Z?„ 

33 

306  * 

4.4 

4.5 

33 

188? 
196  « 

32 

220  9 

32 

252 

34 

286*3 

33 

319 13 

4.5 

4.6 

1627 

34 

34 

230'° 

34 

264" 

34 

298" 

35 

333'* 

4.6 

7 

8 

10 

II 

13 

347!: 

4.7 

177^ 

35 

204 

36 

^40, „ 

35 

"75,, 

36 

^"t. 

36 

4.7- 

4.8 

36 

2139 

37 

"50  0 

37 

287" 

37 

324  ^ 

38 

36a" 

4.8 

'     4.9 

1847 
192  ® 

38 
39 

222  9 

231  9 

38 
39 

260'° 

39 
41 

299  12 
311  " 

38 
40 

337^3 

40 

41 

1 

377 '5 

4.9 

5.0 

270  »° 

351'^ 

392'=' 

5.0 

d~K/ 

^»  ». 

hor. 

o'.6 

hor. 

.^»  . 

hor. 

o^8 

1 

,  hor. 

_o   ^ 

y-- 

'  hor. 

_  0 

X"'- 

/a-Oo 

0  .5 

diff. 

diff. 

0  .7 

diff. 

^diff. 

1 

0.9 

\diff 

I    .0 

|..:x 
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TABLE  III. 


C  =  k  £  seed —  {a  —  «o)°- 

k  4  sec  d  is  always  numerically  larger  than  (a  -  a^y. 
for  d  -  8^  K.  I*,  o'.oooooi  =  o*.oo36  =  unit;  for  rf  -  5^  >  i**,  o°.ooooi  =  o".o36  =  unit. 


\*-«o 

»«»  n. 

hor. 

T*      V 

hor. 

»•      M 

hor. 

1 

hor. 

•  *      A 

hor. 

vO    » 

9i-a^y 

rf-V\ 

1  .0 

diff. 

I      .1 

diff. 

I  .2 

diff. 

I  -3 

diff. 

I      .4 

diff. 

I  .5 

/d-K 

o!o 

.1 

102 

33 
34 

^35  ^ 

40 
40 

17s , 

48 
48 

223  ^ 

56 
56 

279        _ 

64 

343  , 

o!o 

.1 

^^^   5 

'37  5 

177    6 

225    6 

281    6 

64 

345  , 

.2 

108  ; 

34 

142    8 

41 

183, 

48 

231  10 

56 

287  ,x 

65 

352,, 

.2 

.3 

"5 

II 

35 

150 

12 

42 

192 

13 

49 

241 
14 

57 

298 

15 

65 

363 
17 

.3 

.4 

126 

36 

162,5 

43 

205  x6 

50 

'73!? 

58 

313x9 

67 

380  „ 

.4 

0.5 

140,6 

37 

177  18 

44 

221  «> 

52 

59 

332,. 

68 

4°°»5 

0.5 

.6 

156 

• 

39 

195 

33 

46 

241 
24 

54 

295"" 
as 

61 

356^ 

27 

69 

425 
30 

.6 

.7 

176,3 

41 

217,5 

48 

265,8 

55 

^'""^ 

63 

3833, 

72 

45534 

.7 

.8 

199,6 

43 

242,9 

51 

29331 

57 

350  3° 

65 

4'5  37 

74 

489  » 

.8 

.9 
1.0 
I.I 

"S^OQ 

46 

49 
5 

271 

53 
55 
6 

^'^L 

60 

63 
6 

384^ 

68 

71 
8 

^5' 

76 
80 
8 

5"*« 

.9 
1.0 

I.I 

254 

303 

358^ 
40    i 

421^7 

40 
492 

572** 

29    \ 

34l 

46   \ 

54  ^, 

1.2 

3'  4 

6 

38* 

6 

44 ; 

7 

5'   5 

8 

59  5 

8 

67   6 

1.2 

1.3 

36  ' 

4 

6 

42  * 

4 

6 

48  ^ 
5 

8 

56' 

5 

8 

64  5 

6 

9 

73 

6 

1.3 

1.4 

40    . 

6 

46, 

51   , 
56  5 

7 

53   6 

8 

6'    6 

9 

7?   6 

9 

79  7 
86 

1.4 

1.5 

^    5 

7 

8 

59  . 
64  ^ 

8 

67    6 

9 

76   6 

10 

1.5 

1.6 

49  ^ 

7 

8 

9 

73 

9 

82    ^ 

II 

93 

1.6 

5  . 

6 

6 

6 

8 

7 

1.7 

i^« 

*5s 

8 

6»   6 

8 

7°  7 

9 

79  , 

II 

9°  7 

10 

100   8 

1.7 

1.8 

1.9 

2.0 

8 

9 
10 

68 

74 

'81  -> 

9 
10 

10 

77  I 
84  ^ 

9 

10 

II 

^8 

102 

A 

II 
II 

II 

97 

II 
12 

13 

108   9 

"7  . 

1.8 

1.9 

2.0 

7' 

91   ^ 

113' 

126  ^ 

Q 

2.1 

77* 
91  ^ 

10 

87  s 

II 

'??8 

12 

8 
"2   8 

.  12 

122  I 

13 

135  xo 

2.1 

2.2 

II 

95* 

102    ' 

II 

106  \ 

12 

"«9 
127 

13 

'31,0 

14 

H5xo 

2.2 

2.3 

II 

12 

114 

13 

14 

141 

14 

155 

2.3 

7 

8 

9 

9     • 

10 

II 

2.4 

98   , 

12 

"O    9 
119    I 
127 

13 

"3  ^ 

13 

'36,0 

15 

'51,0 

15 

166., 

2.4 

2.5 
2.6 

105   I 
"3  ' 

14 
14 

13 
14 

132 ; 
141  ' 

14 
15 

'46 
156 

15 
15 

'61,0 
171 

16 
18 

189 

2.5 
2.6 

8 

9 

10 

II 

12 

It 

2.7 
2.8 

131 
•39  8 

15 
15 

136, 

15 
16 

151 

161  ^° 

10 

16 
17 

'^7„ 

16 
17 

'83,, 
195,, 

18 
19 

20^x3 
214x3 

2.7 

2.8 

2.9 
8.0 

3.1 

138 

17 
18 

18 

155 

16 

17 
18 

171 

18 

19 
20 

189" 

18 

19 
20 

207 
13 

220 
—  -  13 

233x4 

20 
20 
21 

227 

11 

2.9 
3.0 

3.1 

147" 

165'" 

182" 

"  12 
201 

213;: 

240 
14 

'12 '9 

10 

'25  .0 

193;: 

25415 

3-2 

166  ' 

19 

'85  ° 

20 

205  ; 

20 

225" 
238'^ 

22 

247x3 
260  ^ 

22 

'$9,5 

3.2 

3.3 

176" 

20 

196" 

21 

217" 

21 

22 

24 

284 

3-3 

10 

k 

II 

13 

14 

15 

15 

3-4 

186 

21 

207  „ 

22 

229 

23 

252 

^5; 

23 

275x5 

24 

299 16 

3.4 

3-5 

197  " 

22 

219" 

23 

23 

25 

290,5 
305 

25 

315x6 

3-5 

3.6 

208" 

23 

231 

24 

255" 

24 

279'* 

26 

26 

33' 

3.6 

IX 

12 

13 

15 

15 

17 

3-7 

219,. 

24 

2*5  « 

25 

268 

26 

294,, 

26 

320,6 

28 

348,7 

3.7 

3.8 

*3'  „ 

25 

256    ^ 

26 

282'^ 

27 

3°9  t 

27 

336,7 
353  ' 

29 

365x8 

3.8 

3.9 
4.0 

4.1 

4.2 

24« 

254" 
567  " 

279,, 

27 
28 

29 
31 

269 '3 

27 
29 
30 
31 

296'* 

28 

29 

30 
31 

3*4  6 

29 
30. 

3^ 
33 

30 

31 
32 
33 

383,8 

4^^B 

39 
4.0 

4.1 
4.2 

282*^ 

311'* 

34°! 

356; 
372 ' 

370 

296^^ 

3io;j 

341  * 

387  :j 

405,8 

4'?  19 

438 » 

4.3 

292  ^ 

14 

33 

325'^ 
14 

31 

356 '5 

16 

33 

389'' 
18 

34 

423 
19 

35 

458 

30 

4.3 

4.4 

306 

33 

339,- 

33 

388  * 

35 

4°7.8 
4T3- 

35 

36 

478  „ 

4-4 

4.5 

319  \l 

35 

354  \\ 

34 

37 

36 

37 

498,, 

4.5 

4.6 

333'^ 

36 

369'' 

36 

405'^ 

38 

37 

39 

519 

4.6 

14 

x6 

18 

18 

w 

» 

4.7 

^7,, 

38 

il?-« 

4°'  „ 

38 

4»3„ 

38 

461 

39 

5°°  2. 

41 

54'   . 

4.7 

4.8 

362    5 

39 

39 

'♦'^    8 

40 

48°!! 

41 

5"« 

41 

56*" 

4.8 

4.9 

377'^ 

41 

418^7 

40 

458" 

41 

499" 

43 

542" 

43 

585  « 

4.9 

5.0 

392*5 

42 

434 '' 

42 

476'* 

43 

519" 

44 

563" 

44 

607" 

5.0 

rf-«o/ 

»•  ^ 

hor. 

*o    « 

hor. 

•  •    /% 

hor. 

«•    A 

hor. 

V*     A 

hor. 

T»    r 

\rf.«o 

/*-«o 

I  .0 

diff. 

I  .1 

diff. 

I   .2 

diff. 

I    .3 

diff. 

I     .4 

diff. 

I    .5 

«-«o\ 

8b 


PUBLICATIONS   OF  THE  LICK  OBSERVATORY. 


TABLE  III. 

C  =  k  Ssecd —  (« — "o)°* 
'  is  alwBjs  nuniericall]'  larger  than  (a  - 
01  =  q".oo36  =  unit ;   for  rf  -  J,  >  i°,  o°. 


\- 

Aar. 

I-.6 

Aor. 

kor. 

i°.8 

hor. 

kor. 

Z! 

tf-vs 

■'-5 

diff. 

diff. 

'■-7 

diff. 

diff. 

i'-9 

diff. 

3  .0 

0.6 

343  , 

73 

416 

83 

499 

94 

_S?3  , 

104 

^  3 

116 

B13    , 

oto 

.1 

345  , 

74 

419  \ 

83 

503  g 

94 

596  s 

104 

700  g 

116 

^"Sii  \ 

.1 1 

35*  u 

7* 

436, J 

84 

Sio„ 

94 

604,, 

104 

708,; 

117 

835,, 

■3 

363 'J 

75 

438  _ 

85 

533^^ 

94 

6>7J 

'OJ 

733 

118 

^*     I 

■3 

-4 

380  11 

75 

435  „ 

86 

54":,, 

96 

106 

743* 

IIS 

S6i.^ 

.4 

0.5 

400 

77 

477  „ 

87 

5644 

97 

108 

769  3I 

^^ 

O.S 

.6 

435 

79 

504 

89 

593 

98 

801^' 

933 

.6 

36 

-Ss 

Si 

53636 
57»„ 

90 

636  ,„ 
665^ 

■''T^. 

^38  „ 

'34 

1008' 

-7 

.S 

83 

93 

i"3 

It" 

114 

196 

.8 

•9 

--^-44 

86 

-|2<' 

95 

'"'.^ 

106 

1.6 

931  „ 

139 

1060 

-9 

1.0 

572 

88 

98 

"758  « 

109 

867*' 

119 

9M" 

131 

1117" 

1.0 

I.I 

61   5 

9 

71   1 

to 

81   5 

11 

93  s 

'3 

^°5* 

'3 

118  * 

I.I 

67  I 

77  fi 

87  , 

99  ' 

14 

133  ' 

'■3 

73 

10 

83 

" 

94   ' 

II 

106  ' 

'3 

119  * 

14 

'33 

'■3 

1.4 

79  - 

10 

89  \ 

13 

101   ' 

la 

"3  g 

13 

136 

IS 

'4'   „ 

1-4 

1-5 

86  ' 

^  I 

108  \ 

'3 

"4 

'35  ' 

'5 

150  ' 

'.5 

1.6 

93  ' 

'^ 

104 

13 

116  * 

13 

i»9  * 

'5 

144   * 

15 

IS9  ' 

1.6 

1-7 

100  ' 

13 

III 

'3 

^^5  „ 

'3 

'38,! 

15 

'53,, 

16 

■*9m 

1.7 

1.8 

:o8  * 

'3 

13 

'34  ,„ 

14 

'^8  ° 

16 

•^« 

16 

180" 

1.8 

1-9 

117   ' 

13 

130  ' 

14 

144 

14 

158-° 

16 

17 

'9' 

1.9 

2.0 

126  ' 

'3 

139  ' 

'5 

'54'° 

'5 

169" 

'7 

~l86" 

'7 

203" 

2.0 

3.1 

^35,^ 

14 

149" 

IS 

164" 

:6 

-i8^" 

'7 

'97  Ij 

'9 

216'* 

3.1 

'""S   0 

15 

l6o" 

15 

175" 

16 

'91" 

'9 

»3^^ 

19 

„5'S 

2-3 

'55 

16 

171" 

16 

187" 

'7 

204  " 

19 

343  ' 

a.3 

2-4 

166 

16 

183" 

17 

■99, J 

18 

il^ 

3Q 

"37,, 

30 

357,, 

1.4 

3-5 

177" 

17 

•94" 

18 

'9 

aai  * 

»5a,; 

373  ; 

3-5 

1.f> 

3-1 

189" 

19 

18 
19 

sis'* 
^39,. 

345" 
359,] 

31 

366'* 
381 

;; 

387'* 

3°3„ 

3.6 

3.7 

i.H 

2'4'^ 

19 

233  If 

353  " 

374" 

33 

*9'!fi 

33 

330   ' 

2.8 

i.g 

337  '3 

347  * 

368 '* 

390  "' 

33 

313 

3S 

338'* 

3.9 

3.0 

340" 

31 

361'* 

31 

383-5 

33 

306  "i 

34 

330" 

36 

356'^ 

S.O 

3T 

254 't 

276  11 

»3 

'99  L 

34 

333" 

'5 

3^8!, 

36 

374' 

3.1 

3-3 

369  ^ 

=9'    6 

'4 

3'5  * 

35 

340'' 

16 

3^ 

38 

394^ 

3.3 

3.3 

384 '5 

»3 

307 

n 

333   ' 

36 

358'* 

37 

385" 

39 

3-3 

34 

^^,fi 

^5 

334,, 

36 

3SO,8 

37 

377" 

38 

■'°5« 

39 

434,, 

3-4 

35 

3'5,. 

16 

^'  ,i 

37 

3^  « 

18 

396-9 

39 

^'S_ 

30 

455  „ 

3-S 

3.6 

33' 

37 

358-' 

38 

386 '« 

39 

4'3" 

30 

445 

33 

477 

3.6 

3-7 

348'' 

38 

376!= 

39 

405  „ 

30 

435" 

33 

467" 

33 

499  „ 

3-7 

3-8 

^^5  S 

ig 

3**  0 

31 

4'5„ 

31 

456" 

33 

489" 

33 

533   ■' 

3-8 

3-9 

383'* 

3" 

413  ' 

33 

445" 

33 

477" 

34 

511" 

35 

_5^  ' 

39 

4.0 

40'  ' 

at 

433  '' 

33 

463  » 

34 

499" 

35 

534*' 

36 

570" 

4.0 

■'■^l! 

33 

453" 

34 

486" 

35 

5*1" 

36 

557'^ 

38 

e'^'s 

4.1 

4.3 

^"^ 

35 

•I"" 

35 

508 

36 

544=^ 

38 

583'; 

38 

4-3 

4-3 

458" 

35 

493 

37 

530 

38 

568 '4 

38 

606 '^ 

6j3 

40 

6^6"* 

4.3 

4-4 

■*78l 

37 

5'5„ 

38 

553,, 

39 

593°^ 

40 

41 

^73" 

4.4 

4.5 

49S" 

39 

537, 

39 

5'^,^ 

40 

616-4 

41 

657" 

43 

''"i 

4-5 

4-6 

5'9 

40 

559" 

4' 

600'' 

41 

641  « 

43 

684'' 

44 

738" 

4.6 

4-7 

541 

41 

582'^ 

4* 

634  r 

43 

667^ 

44 

is 

45 

"5^!! 

4-7 

4.S 

S6a" 

43 

60s" 

43 

648" 

45 

693 

46 

46 

785'' 

4-8 

4-9 

585'* 

44 

,6'?'* 

4S 

674-* 

46 

730'' 

47 

48 

S'5^ 

4-9 

fi.O 

607" 

46 

653=^ 

46 

"699 « 

48 

747'' 

49 

796  ~ 

50 

846  3' 

B.O 

d^ 

kor. 

1-.6 

kor. 

kor. 

1-.8 

kor. 

hor. 

A--. 

i°.5 

diff. 

diff 

'"■7 

diff 

diff 

1*9 

diff. 

2.0 
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TABLE  III. 

C  =  k  £  sec  d  —  (a 
k  i  sec  d  is  always  numerically  larger  than  (a  -  tr^)**. 


-«o)' 


o'.ooooi  =  o''.o36  =  unit. 


\*-«o 

«•  r» 

hor. 

<»®      T 

hor. 

^»  A 

hor. 

^«  0. 

hor. 

«0       A 

hor. 

n!^   r 

.-oo/ 

rf-V\ 

2    .0 

diff. 

2  .1 

diff. 

2  .2 

diff. 

2  .3 

diff. 

2  .4 

diff. 

2  .5 

o!o 

o!o 

00081 

13 

00094 

14 

00108 

16 

00124 

16 

00140 

19 

00159    „ 

.1 

I'o 

12 

94   I 

15 

^09    X 

15 

0 

124    X 

17 

HI     X 

18 

'59  x 

.1 

.2 

!' » 

13 

95  2 

15 

no  3 

15 

125  2 

17 

142    2 

18 

'60  , 

.2 

.3 

84 

3 

13 

97 

2 

15 

112 

2 

15 

127 

2 

17 

144 

2 

18 

162 

1 

.3 

.4 

t^3 

13 

^  3 

15 

"4  3 

15 

129 

17 

146 

19 

165 , 

.4 

0.5 

^   3 

13 

102 

15 

"73 

120 

15 

I3»  4 
136  * 

17 

149     c 

19 

168 , 

0.5 

.6 

9a   ^ 

13 

105 

15 

16 

18 

154     ^ 

19 

173 

.6 

4 

5 

5 

5 

5 

5 

.7 

9^5 
'^    5 

14 

115  ^ 

120  ^ 

ft 

15 

"5  c 
135  ^ 

16 

'4'  s 
146  \ 

18 

'59  5 
164  \ 

19 

-78   5 
183^ 

.7 

.8 

14 

15 

16 

18 

19 

.8 

.9 

106   ^ 

6 

112 

14 

15 

17 

152 

18 

170 

20 

'9? 

.9 

1.0 

I.I 

14 
15 

126 

16 
16 

142  ' 

17 
17 

159 

18 
19 

-    '77 
'85    8 

20 
20 

205      g 

1.0 

I.I 

X.8 

133  ' 

149    8 

166  J 

1.2 
1.3 

125  \ 

133 

8 

15 
15 

'49    8 

148 

9 

17 
17 

157    8 
165 

9 

17 
iS 

183    ' 
9 

19 
19 

193 , 

202 

10 

21 
21 

214^ 
223 

10 

1.2 

1.3 

1.4 

•50   \ 
159 

16 

157    Q 

17 

'74  10 

18 

192,, 

20 

2",1 

21 

233x2 

1.4 

1-5 

16 

18 

'84;: 

19 

'°3,o 

20 

223,, 

22 

245  XX 

15 

1.6 

17 

176'° 

18 

194 

19 

213 

21 

234 

•  22 

256 

1.6 

10 

II 

II 

13 

12 

13 

1.7 

^^11 

18 

'87.. 

18 

205  „ 

20 

225,2 

21 

246,3 

272  •* 

287^^ 

23 

269,3 

3»7.6 

343  xy 

360 

1-7 

1.8 

1.9 

2.0 

180" 
,91" 

18 
19 
19 

198 : 

210 

19 
19 
20 

"7„ 
229 

20 
21 

22 

250'^ 

22 
22 

23 

23 
24 

24 

1.8 

1-9 
2.0 

203*- 

222" 

242'' 

264'^ 

2.1 
2.2 

216*^ 

229  :j 

19 

20 

249, J 

21 
22 

22 

22 

^78;; 
293x6 

24 

24 

302;^ 
317,; 
334 

25 
26 

2.1 
2.2 

2.3 

243  ^ 

20 

23 

23 

309 

25 

26 

2.3 

14 

16 

16 

17 

17 

18 

2.4 

257,5 
272 ; 

22 

279,5 
294  „ 

23 

302,6 

24 

326 

343,8 

25 

35^8 

27 

378,, 

397,; 

2.4 

2.5 

22 

24 

3^8  „ 

25 

26 

369  ' 

28 

2.5 

2.6 

287^5 
16 

24 

311'' 

17 

24 

335 
18 

26 

361^' 

18 

27 

388'^ 
19 

29 

417 

30 

2.6 

2.7 
2.8 

5^  8 

25 
25 

328 

345,0 

25 
26 

353,8 

371         Q 

26 

28 

379^0 
399^0 

28 
28 

407 
'20 

427,, 

30 
31 

437  2x 
45822 

2.7 
2.8 

2.9 

26 

364" 

26 

390'^ 

29 

2U 
419 

29 

448" 

32 

480" 

2.9 

8.0 

3-1 

356'! 

26 
28 

'  382'* 

28 
29 

410'" 

29 

30 

20 

439 

31 
31 

"470" 

492 :; 
515  ,j 
539^ 

32 

33 

22 
502 

-525:^ 

550  2^ 

574^ 

8.0 

3.1 

374;^ 

402"" 

431 1 

461  "  . 

3.2 

394^ 

28 

4"^ 

30 

452  „ 

31 

483" 
506^^ 

32 

35 

3-2 

3-3 

414"° 

29 

443  ' 

31 

474" 

32 

33 

35 

3-3 

30 

33 

22 

23 

24 

26 

3.4 

434  „ 

31 

4^5,, 

31 

496  „ 

33 

529,5 

554,, 

34 

5^3,6 

37 

^00  , 

3-4 

3.5 

455" 

32 

487" 

32 

5^9  !f 

35 

35 

589^ 

37 

626^ 

3.5 

3.6 

477" 

33 

510^^ 

33 

543^ 

36 

579'' 

36 

38 

653  "^ 

3.6 

32 

33 

25 

25 

27 

28 

3.7 

499  „ 

34 

533,^ 

35 

568^^ 

36 

^4„ 

38 

670 ' 

39 

681 

3.7 

3.8 

52^  J 

35 

557  !J 

36 

593'^ 
619^ 

38 

^3'   ' 

39 

40 

7'o:? 

3.8 

3.9 
4.0 

4.1 

546^ 

36 
37 
37 

582^5 
607^5 

t£5 

37 
39 
41 

39 
40 

41 

658*7 

39 
40 

42 

697'' 
~  726^ 

756^: 

43 
44 
45 

740  3° 

770  3- 
801  3> 

3.9 
4.0 

4.1 

570^ 

646  ^7 

^73:^ 
70^1 

686'® 

595!^ 

4.2 

6205 
646^ 

40 

41 

42 

743!^ 

44 

7873 

46 

833^,2 

4.2 

4.3 

41 

687^ 

43 

730^ 

43 

773^" 

45 

8x8  3» 

47 

865  3' 

4-3 

27 

38 

29 

31 

32 

33 

4.4 

673  „ 

42 

7^5^ 

44 

759  ,„ 

45 

804,^ 

46 

850 

48 

898^ 

4.4 

4.5 

7°°S 
728^ 

44 

744!? 

45 

789^: 

46 

835^ 

47 

88232 

50 

932!^ 

4.5 

4.6 

45 

773  "^ 

47 

820  3^ 

47 

86732 

49 

91634 

51 

96735 

4.6 

38 

30 

31 

33 

34 

36 

4.7 

756  «, 

47 

803,, 

48 

851 

49 

900,. 

50 

950,. 

53 

1039^^ 

4.7 

4.8 

7^5  2 

49 

834^ 

49 

8833^ 

51 

934^ 

52 

986  36 

53 

4.8 

4.9 
6.0 

8153° 

50 
51 

865  3> 
897^^ 

51 
52 

916^3 
94933 

52 

54 

968  34 
100335 

53 
54 

IO2I  35 

1057^' 

55 
57 

1076  37 

4.9 
5.0 

8453^ 

11143^ 

d-h/ 

«•  rt 

hor. 

«•  * 

hor. 

^0  ^ 

hor. 

^0  ^ 

hor. 

^0   < 

hor. 

«®  *• 

\/-«o 

/a-«o 

2  .0 

diff. 

2  .1 

diff. 

2  .2 

diff. 

2  .3 

diff. 

2  .4 

diff. 

2  .5 

*-«o\ 
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a*,5 

hor. 
diff. 

a*.6 

kor. 
diff. 

>°-7 

kor. 
diff 

3'.8 

kor. 
diff 

2*9 

hor. 
diff. 

3*.o 

4'- 

o!o 

00159  ^ 

30 

00179  ^ 

21 

00200 

n 

00223 

n 

0034S 

36 

00274  ^ 

0°0 

159  , 

'79  , 

'  224  , 

24 

248  I 

27 

373  ', 

i6o  ' 

180  ' 

22 

33 

225    , 

as 

250  , 

26 

276   , 

•3 

I63 

20 

182 

22 

304 

n 

327 

25 

asa 

36 

278^ 

-3 

■4 

•^§  J 

20 

'fS    4 

31 

207  J 

»3 

230 

»5 

»5S  4 

37 

283    , 

.4 

O.S 

i68  * 

189 ; 

24 

234    , 

as 

259  5 

a? 

386  J 

0-5 

.6 

173 

ao 

193 

32 

ai5 

24 

^39 

as 

264  * 

37 

191 

.6 

•7 

178  ! 

10 

198    6 

33 

330   - 

24 

244  f. 

26 

270    6 

a? 

397  , 

.7 

.8 

183  \ 

204  J 

236 

350  a 

a6 

276   8 

28 

304  J 

.8 

■9 

190     ■ 

233  g 

^5 

15B  " 

26 

284 

27 

■9 

1.0 

'97  \ 

3t 

378    ' 

=3 

241 

as 

266 

36 

z^% 

38 

3*°,! 

1.0 

205  , 

aa?  ' 

23 

230    5 

25 

375,0 

36 

3"'i, 

39 

330,0 

a'4  , 

'36,: 

23 

*59„ 

36 

*»s " 

27 

3"i, 

28 

340,, 

'■3 

313 

=3 

346' 

24 

270 

^5 

a9S 

28 

333 

29 

352 

1-3 

1.4 

233,, 

23 

^t" 

n 

2Sl„ 

16 

307,, 

38 

335  „ 

39 

364,3 

•■4 

1-5 

^5„ 

23 

268" 

n 

293,, 

26 

319,, 

28 

347" 

30 

377,5 

1-5 

1.6 

356" 

380" 

25 

305 

28 

333 

28 

361'* 

3' 

393 

1.6 

1-7 

^ij 

24 

293,, 

36 

3'9,. 

aS 

347,, 

29 

^< 

31 

4°7,6 

1-7 

1.8 

382" 

35 

307,; 
322  ^ 

26 

333,6 

29 

362  ' 

29 

39'  : 

33 

433  „ 

1-8 

'■9 

296" 

26 

27 

**'.6 

38 

377  ,, 

3' 

408  "T 

33 

440 

1.9 

2.0 

3"  ,6 

26 

^37 

28 

3^5 

39 

394  \ 

3« 

435'^ 

33 

457  ' 

2.0 

2.1 

3=7* 

27 

354,' 

18 

38»: 

30 

■•".B 

3« 

«3l* 

33 

476  „ 

2.1 

1.3 

343,, 

28 

371,; 

28 

'":: 

31 

430;, 

32 

*^« 

34 

496  n 

1-3 

360" 

38 

388 'T 

30 

31 

449 

33 

483" 

35 

517 

3.3 

a.4 

378!' 

39 

4''7„ 

30 

437  „ 

32 

469" 

34 

^i„ 

M 

538  „ 

a.4 

3.5 

397  » 

30 

437^ 

30 

457  „ 

33 

490,, 

34 

s»4,: 

S6o" 

3.S 

a.6 

417 

30 

447 

32 

*"« 

33 

SI* 

35 

547^ 

37 

584^ 

6o8„ 
633^ 

3.6 

a.  7 

1^" 

31 

468" 

32 

5«>« 

35 

583" 

36 

57' „ 

37 

'd 

a.8 

32 

^''w 

33 

S»3„ 

_5«„ 

35 

37 

595*; 

38 

3.9 

33 

512" 

35 

36 

37 

620  « 

39 

659^ 

2.9 

S.O 

503" 

34 

536^* 

3S 

■    571   . 

37 

-M« 

38 

646** 

40 

—686^ 

S.O 

3-1 

5*5  „ 

35 

36 

596^ 

38 

's; 

39 

673  ;j 

7°'„ 

41 

7"4„ 

3-1 

3  3 

574^ 

35 

37 

621  „ 
649  . 

39 

40 

43 

3.2 

3-3 

37 

38 

39 

688" 

42 

73°" 

42 

3.3 

3-4 

600^ 

37 

1^ 
693"^ 

40 

677  rt 

40 

7'7» 
747-; 

43 

7*°!I 

44 

868  ■^ 

3-4 

3-S 

653" 

39 

40 

734^ 

4» 

43 

790*^ 

46 

35 

3.6 

40 

41 

43 

777*^ 

45 

822*' 

46 

3.6 

M 

>9 

34 

3-7 

681 

4' 

7"„ 

43 

795.1 

44 

*'9'' 

45 

854 

48 

903 

3-7 

3-8 

7'°« 

740^ 

42 

752  n 

43 

46 

84"  S 

46 

887'^ 

49 

3.8 

3-9 

43 

783^' 

44 

=", 

47 

874" 

48 

923*5 

49 

3-9 

4.0 

770 

44 

814^' 

46 

48 

,<,8» 

49 

957^ 

51 

1008'' 

4.0 

4-1 

Mol^' 

45 

846  3' 

47 

49 

9IIS 

1014*^ 

51 

993^ 

S3 

il» 

4.1 

Li" 

46 

879  M 

49 

9"«S 

50 

S* 

1030" 

S3 

4-a 

4  3 

48 

913  « 

50 

963" 

51 

53 

1067" 

5S 

4-3 

M 

u 

36 

38 

4-4 

898^ 

S° 

^« 

5' 

999,, 

h}, 

'"5"  ,s 

54 

1106* 

56 

ii6a 

I303L, 

1345*] 

4-4 

J:l 

51 

983?^ 

1019*" 

53 

■»36 

54 

1090*^ 

5S 

1 145  39 

58 

4-5 

5J 

54 

1073 

56 

1139" 

57 

1186'' 

59 

4.6 

36 

39 

H 

"*336 

1039  „ 

S3 

10943= 

56 

Ji" 

"*9l 

1? 

1227 

60 

'387 1] 
13317; 

4-7 

4.8 

55 

57 

1209*' 

60 

"69  « 

61 

4.8 

49 

1076  ■" 

57 

"33" 

58 

_^5,' 

61 

—3"  45 

64 

1376** 

4-9 

B.0 

.,M* 

58 

1173^ 

60 

1232^ 

63 

1294  « 

63 

'3S7 

64 

.42. « 

6.0 

^ 

kor. 

i°.6 

her. 

hor. 

2'.8 

kor. 

hor. 

W-l. 

z. 

2°  .5 

diff. 

diff. 

2°. 7 

diff. 

diff. 

a°.9 

diff. 

3'.o 

■-•X 
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TABLE  III. 

C  ^=  k  S  sec  d  —  (a  —  «o)°- 
k  i  sec  d  is  always  numerically  larger  than  (a  -  a,)*. 


o'.ooooi  =  o''.o36  =  unit. 


\*-«o 

-••  e\ 

hor. 

-»•  » 

hor. 

«•  ^ 

hor. 

-!•     1 

hor. 

«1®     A 

hor. 

1- 

*-«©/ 

rf-V\ 

3  0 

diff. 

3  .1 

diff. 

3  .2 

diff. 

3  -3 

diff. 

3  .4 

diff. 

3  -5 

/rf-«o 

0.0 

.1 

00274 

29 
28 

00303  ^ 

30 
30 

00333  ^ 

32 
33 

00365 

34 
34 

00399  ^ 

37 
36 

00436  ^ 

o!o 

.1 

275      , 

303   a 

333  2 

366  , 

400  2 

436  2 

.2 

276     , 

29 

305   2 

30 

335  2 

32 

367  3 

35 

402  2 

36 

4383 

.2 

.3 

278 

4 

29 

307 
3 

30 

337 

4 

33 

370 

3 

34 

404 

4 

37 

441 

3 

.3 

.4 

282    . 

28 

310-4 

31 

341    . 

32 

373  5 

35 

408 

36 

444  5 

.4 

0.5 

286  Z 

28 

314   6 

31 

345  \ 

33 

378  5 

34 

412   6 

37 

449  6 

0.5 

.6 

291 
6 

29 

320 

6 

31 

351 

6 

32 

383 

7 

35 

418 

7 

37 

455 

7. 

.6 

.7 

297   7 

29 

3^6, 

31 

357  7 
364  \ 
373 

33 

390  7 

,V) 

425    8 

37 

462   8 

.7 

.8 

304   ] 

29 

333  g 

31 

33 

397  9 

36 

433  9 

37 

470   . 

.8 

.9 
1.0 

I.I 

3"   ' 

30 
30 

30 

341 

32 

32 
32 

33 
34 
34 

406  ^ 

36 
35 
36 

442  ^ 

37 
38 
38 

^79,, 

•9 
1.0 

I.I 

320   " 

382  ^ 

416 

«'.! 

489;^ 

10 

330,0 

360,, 

10 
392,, 

4^12 

462;; 

5~i3 

1.2 

340  x2 

31 

37^12 

32 

416'^ 

35 

438,2 

36 

*Z*.3 

39 

5^3  ,3 

1.2 

1.3 

352 

31 

383       • 

33 

34 

450 

37 

487   ^ 

39 

526  ^ 

1-3 

12 

12 

13 

14 

14 

14 

1.4 
1.5 

364,3 

377x5 

31 
32 

395.4 

4°9.5 

34 
34 

429,^ 
443, J 
458'* 

35 
36 

464,5 
479,5 

37 
37 

S16  1 

39 
40 

540,6 
556,7 

1.4 
1.5 

1.6 

392  ^ 

32 

424  * 

34 

36 

494  ^ 

38 

53* 

41 

573 

1.6 

15 

«5 

16 

17 

•7 

17 

1.7 

407,6 

32 

'•73  ' 

35 

474,7 

37 

5"  17 

5^8 

547  ' 

38 

549,8 

41 

1.7 

1.8 

423,7 
440 

33 

35 

491   8 

37 

40 

568' 
587" 

41 

1.8 

1.9 
2.0 

a.  I 

33 
35 
35 

36 
36 
37 

5°9  a 

38 
39 
39 

40 
40 
41 

42 
42 
43 

629 
649" 

1.9 

2.0 

2.1 

457'^ 

47612 

492" 

528*' 

^    20 
567 

607- 

5^2! 

548  n 

587:: 

628" 

^5'« 
674 '^ 

694^ 

718^ 

2.2 

496,, 

36 

532  2, 

37 

569^; 

40 

632'^ 

42 

43 

2.2 

2.3 

517 

36 

553 

38 

591" 

41 

42 

44 

2.3 

21 

22 

23 

23 

«4 

26 

2.4 

538  „ 

37 

575  2, 
623  ^ 

39 

6m  ^ 

41 

6552c 
680 1^ 

43 

<^^ 

46. 

744^6 

2.4 

25 

584^ 

38 

40 

638!! 

42 

44 

724  „ 

46 

770  27 
797^ 

2.5 

2.6 

39 

40 

663^5 

43 

706 

45 

751'' 

46 

2.6 

»4 

25 

26 

26 

n 

28 

2.7 

633 'J 

40 

64826 

41 

689  „ 

43 

732^8 

46 

'^- 

47 

^^5  20 

2.7 

2.8 

41 

674:^ 
7°^n 

42 

7^6  2 
744 

44 

760 1! 

46 

48 

^54;? 

2.8 

2.9 
8.0 

3.1 

659 

42 
43 
44 

43 
44 
44 

45 
46 

47 

789^ 

47 
48 

49 

836^ 

49 
50 
51 

885^' 

2.9 

686"' 

20 
729 

773-^ 

819^ 

867^* 

'    917'*" 

8.0 

7^4^ 

758^ 

802^ 

S49^ 

898  (; 

949  fi 

3-1 

3-2 

743^ 

44 

787  !t 

46 

833^1 

48 

881?^ 

50 

931?^ 

52 

983  ?t 

3.2 

3.3 

772^ 
32 

46 

818^' 
32 

47 

865^' 
33 

49 

914^ 

34 

51 

965^ 
35 

53 

1018^ 
36 

3.3 

3.4 

804  „ 

46 

850,- 

48 

898^ 

50 

948  „ 

52 

1000 

54 

1054  „ 

3-4 

3.5 

836?^ 

46 

882?^ 

50 

932?: 

51 

983  2 

52 

1035  „ 

56 

1091J 
1129'*^ 

3.5 

3.6 

868^ 

48 

916^ 

50 

966  3^ 

52 

1018^ 

54 

1072  -'' 

57 

3.6 

34 

35 

36 

37 

38 

39 

3.7 

902 

49 

1023  ^° 

51 

1002 

53 

1055  38 
1093^ 
1132^^ 

55 

IIIO 

58 

1 168 

3-7 

3.8 

971^ 

51 

52 

1039  ^g 
1077  3 

1115 

54 

57 

"50;: 

58 

1208^° 
1249^' 

3.8 

3.9 
4.0 

4.1 

52 
52 
54 

54 
55 
56 

55 
57 
58 

58 

59 
60 

1190^° 

59 
61 

62 

3.9 
4.0 

4.1 

1008 -»' 

1060  •*' 

1172^" 

I23I '' 

1292^ 

1045  tJ 

1099^0 

"55  1: 

I213:; 

1273  V, 

1335^ 

4.2 

55 

1138^^ 

58 

1196^ 

59 

"55 1! 

61 

1316^ 

64 

1380^ 

4.2 

.  4.3 

1122^^ 

57 

1 179'' 

58 

1237^ 

61 

1298^ 

62 

1360^ 

65 

1425^ 

4.3 

40 

41 

43 

44 

46 

47 

4.4 

1 162 

58 

1220 

60 

1280 

62 

1342  ^^ 

64 

M06  . 

66 

1472  ^, 

4.4 

4.5 

1203^ 

59 

1262^^ 

61 

1323^^ 

64 

^387  ^l 
1433'' 

65 

1500^® 

67 

1519:^ 

4.5 

4,6 

1245^ 

61 

1306^ 

62 

1368^ 

65 

67 

68 

1568^9 

4.6 

42 

44 

46 

47 

48 

50 

4.7 

1287 

63 

1350 

64 

MM  .f. 

66 

M8o  . 

68 

^548^^ 

70 

1618 

4.7 

4.8 

1331^ 

64 

1395^ 

65 

'460^' 

68 

1528*® 

69 

1597  „ 

72 

16695^ 

4.8 

4.9 
5.0 

1376^ 

65 
67 

1441^' 

67 
69 

1508^^ 

69 
70 

hor. 

1577^^ 

71 
73 

1648  5> 

73 
74 

1721  ^ 

4.9 
5.0 

1421^ 

1488  ^7 

1557^' 

1627^ 

1700^ 

1774^ 

d-^/ 

«••  ^ 

hor. 

t^ « 

hor. 

••  /» 

-1®  t 

hor. 

«1»    A 

hor. 

-1®  r 

\rf-«o 

|/«-«o 

3  .0 

diff. 

3  I 

diff. 

3  .2 

diff. 

3  .3 

diff. 

3  .4 

diff. 

3  -5 

a-«X 

^^v 
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1 

^^^H 

C=k&seQd~(tt  ^  » 

r- 

1 

^^^^^1 

*5Becrfi8 

always  numencally  larger  than  (a  -  n.)°. 

o'.ooooi  =  (/ 

036  =  unit 

^^H 

X"-*. 

hor. 

3°.6 

kor. 

,  hor. 

3°-8 

hor. 

kor. 

*-*t/ 

^^^1 

<f-C\ 

3"- 5 

diff. 

m- 

3  -7     :  diff 

diff 

3*-9 

diff 

4".o 

/d-t. 

■ 

o!o 

00436 

38 

00474   _ 

00515 

43 

00557   , 

46 

00603 

48 

00651 

olo 

,1 

"  436  " 

39 

475  J 

516 ; 

42 

558  , 

46 

604 ; 

48 

"653  \ 

.1 

^^^H 

438 

39 

477  , 

5'7   , 

43 

560  ' 

46 

6q6  ' 

48 

654 

3 

441 

38 

479 

530 

43 

563  ] 

46 

609 

48 

657 

■3 

^^H 

■4 

444  . 

39 

483  ' 

S»4   . 

43 

567  5 

46 

613 ! 

48 

661 

■4 

^^H 

0-5 

449  6 

39 

488  \ 

539    6 

43 

572  , 

46 

618  : 

48 

666  \ 

0.5 

.6 

455 

39 

494 

535 

44 

579  ^ 

46 

635  ^ 

48 

673  \ 

.6 

^^H 

-7 

463  B 

39 

5"'   « 

543  s 

44 

587   8 

46 

633  \ 

48 

681   ^ 

.7 

^^H 

.S 

470 

40 

Sio  I 

551  ,0 

44 

595.0 

47 

64^,0 

48 

^,t 

.8 

■9 

479 

40 

519 

561 

44 

^5„ 

47 

653 

49 

701 

■9 

1.0 

~-*^Z 

40 

-   ^'5" 

571 '° 

45 

6,6" 

47 

_663;; 

49 

_7>=,' 

1.0 

^^H 

500,, 

541,, 

"58-3; 

45 

638'' 

47 

675  ! 

50 

735" 

513,, 

41 

554,, 

597,. 

45 

643" 

47 

689 1 

5° 

739,. 

^^Hn 

'■3 

536 1^ 

41 

567'' 

44 

611''' 

45 

656  _^ 

48 

''^:. 

50 

754 

1.3 

^^H 

^^^B 

1-4 

S-liis 

4» 

58a  !s 

44 

6=6, ft 

46 

673.. 

48 

7«'„ 

5' 

77  <  ,, 

1-4 

^^H 

'-5 

556; 

43 

598' 

44 

64a  s 

47 

^.S 

48 

737,' 

5' 

788 

1.5 

^^^M 

1.6 

573 

43 

615'^ 

45 

660"* 

47 

707 

49 

756 1^ 

5' 

807 '« 

1.6 

^^H 

^^^M 

1-7 

590  ,„ 

43 

633  ,„ 

45 

678  „ 

48 

7^6  „ 

49 

775,, 

53 

827  „ 

'■7 

^^H 

1.8 

^^ 

43 

^5^ 

46 

698  n 

48 

746  n 

50 

796 

S3 

S49 

1.8 

1.9 

6j9 

44 

673 

46 

7_i?  ^^ 

48 

767 

51 

818" 

53 

871" 

19 

^^^M 

2.0 

649" 

45 

"694" 

47 

74"  " 

49 

790  „ 

SI 

841" 

54 

895" 

2,0 

^^H 

671" 

46 

717,, 

47 

764  !J 

50 

8'4^ 

53 

"866;^ 

54 

9=0'* 

3.1 

694^ 

46 

740^^ 

48 

788*? 

51 

839^ 

53 

^^% 

55 

947  ' 

^^K 

s-3 

718  "^ 

47 

765  * 
36 

49 

814^ 

5' 

865^ 

53 

918'' 

56 

974   ' 

2.3 
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TABLES  FOR  THE  REDUCTION  Of  PHOTOGRAPHIC  MEASURES. 
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PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 
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kor. 

hor. 

hor. 

'-•y] 

rf.i\ 

5°o 

rfiy: 

S'l 

diff. 

5''» 

diff. 

5°.  3 

diff. 

5°-4 

djff 

5°-5 

/^.] 

oto 

oiayi   ^ 

79 

01351   _ 

81 

01431  ^ 

85 

01517 

88 

01605 

9> 

01696 

0^0  ' 

"73  , 

79 

1353   , 

81 

1433   , 

85 

^sTs  \ 

87 

1605   , 

9' 

1696  , 

.'  1 

"21; 

78 

'3S4   . 

83 

'436 

84 

1530  , 

88 

.608 

9' 

1699  \ 

■3 

78 

1358^ 

83 

1440 

84 

1524 

88 

1612  * 

92 

1704 

-3 

■4 

laSs  , 

79 

'364   , 

81 

'445  . 

85 

'53°  , 

88 

1618 

91 

1709   8 

'4 

O.S 

"9»  o 

79 

■371  a 

ai 

'453 

85 

'537   „ 

88 

'6'S 

93 

1717   q 

O.S 

,6 

130.   ^ 

78 

1379 

83 

1461 

85 

1546^^ 

88 

1634 

92 

,726  J 

.6 

•7 

1311,, 

78 

'389!° 

33 

1471  „ 

86 

1557,, 

88 

'645  !j 

93 

"737  „ 

-7 

.S 

13'=  ,j 

79 

1401 

Kj 

14K3  ,, 

86 

1569" 

'^57 ,, 

92 

'749  ,. 

■9 

-  !^?  u 

79 

83 

1497 

86 

'583  ^ 

88 

167.  '* 

91 

'^^3;; 

■9 

1.0 

1349  , 

Si) 

'  ^429  '^ 

S3 

Jsp ,"  ■ 

86 

.598,; 

89 

."iMrl 

93 

1779 jg 

1.0 

I.I 

'36s  ,g 

81 

1416 '' 

83 

'519  's 

86 

'^'5    g 

89 

'704  ,„ 

93 

'797  „ 

i.i 

'3«3„ 

81 

1464  „ 

83 

1547  „ 

S7 

'^34;^ 

89 

'733,, 

94 

'817,, 

'■3 

140J 

81 

'■'^\! 

84 

1567 

87 

'654 

90 

'744 

94 

1838" 

1.3 

1.4 

'433  a 

81 

'5"^  SI 

84 

1588^' 

88 

•676  „ 

90 

1766" 

'790^ 

94 

iS6o„ 
188s  « 

1.4 

"S 

•445" 

1469^ 

83 

'527^ 

84 

1611,: 

88 

■699': 

91 

95 

1.5 

1.6 

83 

85 

1636" 

88 

1734 

93 

1816 

95 

'9"^ 

1.6 

'5 

2fi 

"■7 

1494  „ 

83 

1577  „ 

1604"! 
1633" 

85 

1663  ,, 

89 

'75'  -.8 

93 

'843  „ 
1873!^ 

96 

1939  „ 
1968^ 

1.7 

1.3 

83 

1690  „ 

89 

;s 

93 

96 

1.8 

1.9 

'S'*^  ,0 

84 

86 

1719 

90 

93 

97 

1999 

1.9 

2.0 

'579 

84 

1663^ 

87 

'"",! 

91 

1841^' 

94 

'935  „ 

97 

3033 

2.0 

3.1 

1677 

85 

'695'' 

88 

1853^ 

91 

"'S74" 

95 

'969 1^ 

97 

3660^ 

3,1 

86 

'7»9n 

sa 

93 

1909  „ 

95 

20D4,; 

98 

J.3 

87 

1764^ 

93 

1946^' 

95 

2041'' 

99 

3140'^ 

'■3 

3fi 

36 

38 

2.4 

1790^ 

87 

1800,- 
1838^^ 

90 

'890 « 

94 

1984  „ 

96 

1080  ^j 

31S0 

"3.4 

3.5 

87 

9' 

■939" 

94 

3023** 

98 

2.5 

1,6 

88 

,878*° 

93 

1970 

95 

2065*' 

9S 

'lei*' 

101 

3164" 

3.6 

2-7 

'830!° 

90 

1930,, 

93 

lOII^' 

96 

3I0S 

98 

"":; 

103 

3403*" 

2-7 

a.8 

1872' 
.916" 

9' 

1963" 

93 

3056^ 

96 

"5^16 

103 

3.8 

a-9 

91 

3007" 

94 

97 

"^  ^ 

3299 

39 

S.O 

1961 « 

93 

3053'' 

95 

3j78" 

98 

224"6*'' 

lOI 

-3-347*^ 

106 

2453^ 

3.0 

3  1 

aio6*' 

93 

"49^.^ 

97 

3197  t' 

99 

2296  S" 

I03 

"3398^ 

106 

3504^1 
2557" 

3-» 

3-3 

93 

9S 

3347  „ 

3347! 

103 

3450!^ 
3504^ 

■07 

3-3 

3-3 

94 

99 

3199' 

3400^ 

104 

108 

3612" 

3-3 

s* 

34 

3 '57  S3 

96 

3353 ,, 

99 

3351,. 

'■154^ 

los 

3559  „ 

109 

3-4 

3-5 

97 

3307" 

3407" 

103 

35 '"-^ 
3563  5" 

106 

96c6" 

3-5 

3.6 

3164" 

3378** 

98 

3363  " 

103 

3464" 

104 

<o7 

3675  •'* 

111 

3-6 

3-7 

99 

3478  f 

103 

*5"1„ 

105 

3627, 

109 

='736  ,, 

112 

.S4S'' 

3-7 

3.8 

104 

3583  f 

3688°' 
3751*^ 

3798^ 

2863°* 

113 

3-8 

39 

3437** 

3538 

lOJ 

3643'' 

iu8 

114 

3-9 

4.0 

»497 

103 

a6oo*" 

106 

;j7o6*^ 

109 

38.5^ 

113 

2-93-7*5 

116 

jii" 

4.0 

4.1 

3688°* 

104 

-  3-663  « 
2738°; 
3795^ 

107 

'^^^"« 

3881  ^ 

113 

2994^ 

117 

^'"^ 

4-' 

4.3 

105 

108 

3836^ 

113 

3949  t„ 

114 

118 

3'"^ 

4-3 

4-3 

107 

109 

3904 

114 

"5 

3'33' 

3153' 

4.3 

6; 

4'4 

37SS„ 

3833  « 

108 

*933?' 

3974  _, 

114 

3088 

117 

3305  ,, 

J3"S" 

4.4 

J:i 

iog 

i'3 

3"45  ' 

115 

3160;;; 

119 

3^79': 
3355' 

34„,n 

4-5 

3893  TO 

III 

3004' 

114 

31-8  ^J 

116 

3334  '" 

133 

3478" 

4.6 

4.7 

1964^' 

"3 

3077  „ 

"5 

=-;: 

iiS 

133 

343*™ 

'35 

fii 

4-7 

4.8 

3037" 

"5 

3153" 

116 

133 

35"  I; 

]36 

4-8 

4-9 

3[,,7» 

116 

lii'i^ 

118 

3346 '« 

3467" 

134 

_35?! 

128 

3719 

4.9 

6.0 

3188^* 

117 

"3305^ 

119 

3434'^ 

123 

3547*" 

126 

3673** 

13a 

3803'^ 

6.0 

rf-V/ 

S'.o 

hor. 

diff. 

5°-r 

hor. 
diff. 

5°-3 

kor. 
diff 

5°.3 

%. 

5°-4 

hor. 
diff 

S'.5 

\rf-». 
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TABLE  III. 


C  =^  k  £  sec  d  —  (a  —  a)^, 
k  $  sec  d  is  always  numerically  larger  than  (a  -  a^^ 


o^.ooooi  =  o*'.036  =  unit. 


.1 

.2 

•3 


5*.  5 


4.1 
4.2 

4.3 

4.4 

4.5 
4.6 

4.7 
4.8 

4.9 

5.0 


01696 


1696 
1699 
1704 


.4 
0.5 

.6 

1709 
1717 
1726 

.7 
.8 

•9 
1.0 

1737 
1749 
1763 

1779 

I.I 
1.2 

1.3 

1797 
1817 

1838 

1-4 

1.5 
1.6 

i860 
1885 
191 1 

1.7 
1.8 

1-9 
2.0 

1939 
1968 

1999 
2032 

2.1 
2.2 

2.3 

2066 
2102 
2140 

2.4 

2.5 
2.6 

2180 
2221 
2264 

2.7 
2.8 
2.9 

8.0 

2309 

2355 
2403 

2453 

3-1 
3.2 

3.3 

2504 

2557 
2612 

3.4 

3-5 
3-6 

2668 
2726 
2786 

3.7 

3.« 

3.9 

4.0 

2848 
2911 
2976 

3043 

o 
3 

5 

5 

8 
9 

II 

12 
14 
16 

18 
20 
21 

22 

25 
26 

28 

29 
31 

33 

34 
36 
38 

40 

41 
43 

45 

46 
48 

50 

51 
53 
55 

56 

58 
60 

62 

63 
65 

67 


68 
3111 

3i8i7° 
3253  ^^ 


73 
75 


3326 

3401 

3478  77 

79 

3557  R„ 

3779  ^' 
3803^ 


hor. 
diff. 


94 

95 
95 
94 

95 
95 
95 

95 
96 
97 

97 

97 
97 
97 

98 
98 

98 

98 

99 

100 

100 

lOI 

102 
103 

103 
104 

105 

106 
107 
108 

108 

109 
no 
III 

112 
114 

"5 

115 
117 

118 
119 

120 

122 
123 

125 
127 
128 

129 
130 
132 

133 


5".6 


790 


791 
794 
798 

804 
812 
821 


I 

3 

4 

6 

8 
9 

II 


13 
15 


832 

845 
860 

« ■-  18 
894„ 

914,, 

935 

958,5 

2009 

28 


2037 


30 


20673, 

2099 

33 

2132 

35 
37 
39 

40 

42 
44 

46 

47 
49 

50 
52 
54 
56 


5*5 


hor, 
diff. 


2167 
2204 

2243 

2283 

2325 
2369 

2415 
2462 

2561 

2613 
2667 

2723 

57 

^78^60 
2840,, 

2901 

62 

^^^5  65 

-^^68 
3162 

69 

3231;^ 

3303  ' 
3376  7^ 

75 

3451    , 
3528  77 

360678 

80 

3686 

3851^ 
3936  '^ 


81 


hor. 
diff. 


5'.  7 


98 

98 
98 

98 

98 
98 

99 

99 
99 
99 

99 

99 

99 
100 


01 
01 
02 

03 
03 
03 

04 

05 
06 

06 

07 
08 

09 

09 
10 
II 

12 

13 
14 
15 

16 
16 

17 

19 

20 

21 
22 

24 

25 
26 

27 
28 

30 

31 
33 
34 

36 


888 


889 
892 
896 

902 
910 
920 


I 
3 
4 


8 
10 

II 


931,3 
944,5 

975,8 

993  ao 
2013  22 
2035 
24 

2059  as 
2084 


2III 


27 

29 

2^4030 
2170  3, 
2202 

"2236^ 

^    36 


2272 
2310 

2349 

2390 
2433 


38 
39 

41 

43 
45 


2478 

46 

2524  48 


2572 
2622 


50 

,       51 

^'^153 


^726  55 

^78^  57 
2838  ^7 

58 

289650 
29565, 
3018 

64 
3082^ 

3'48  67 
.3215 

3284^ 
71 

3355,, 

3428 

3502  '^ 

76 

3656  L 

3736 

81 


3817 

3900 

3.985 

4072 


83 
85 

87 


5^6 


hor, 
dtff. 


hor. 
diff. 


01 

01 
01 
02 

02 
02 
02 

02 
02 
02 

03 

04 
04 
04 

04 

05 
06 

06 
07 
07 

08 

09 

09 
10 

II 
II 
II 

12 

13 

14 

15 
16 

17 
18 

20 
21 
22 

23 
24 
25 
26 

27 
28 

30 

32 
34 
35 

37 
38 

39 
40 


5*.7 


hor. 
diff 


5^8 


01989 


10 


1990  3 
1993    5 

1998 

6 

2004   8 

2012 

2022 

II 

2033  13 
2046 

2061    ^ 

2078  '7 
19 

2097  ao 

"»7a2 
2139 

24 

"^-^ 
"89  as 
2217 

29 

2246 

2277 


2309 
2344 


31 
32 

35 

2381^ 

241940 

2459 
42 

2501^ 

2589'^ 
47 

2636 
2736^^ 


2788 


2842 


54 

2898^ 

2956 

60 

30165^ 

3077  63 

3140    "^ 

65 

3205  67 
327268 

3340 

70 

3410' 

-3^827; 

3556  J 
3632' 
78 

3710  80 
3790  8, 
3871 

83 

3954  84 
4038^ 

-^'-^-^88 
4212 


5°.8 


hor. 
diff. 


05 

05 
05 
05 

05 
05 
05 

06 
06 
06 

07 

07 
08 

08 

08 
08 
08 

09 
10 

II 
II 

II 

12 

13 

13 
14 
15 

16 

17 
17 

19 
20 
21 
21 

22 

24 
25 

26 

27 
29 

30 

31 
33 
34 

35 
35 
36 

38 
40 

42 
44 


hor. 
diff. 


5^9 


02094 


I 

3 
5 

6 

8 
10 

12 

13 
15 

18 

19 

2204  ai 
2225  „ 
2247 

24 

2271,6 
2297  a8 
2325 
30 

^^5  3a 

'38733 
2420 
35 


2095 
2098 
2103 

2109 
2117 
2127 

2139 
2152 

2167 
2185 


2455 
2492 
2531 
2572 

2614 
2658 
2704 

2752 
2802 

^53 

2907 


2962 
3019 


37 
39 
41 

42 

44 
46 

48 

50 
51 

54 

55 

57 

58 
3077 
61 

3*3863 

3265^ 

66 
3331  68 

3399^0 

3469^ 

71 

35AO 

3^13" 
3689!! 
3766  77 

79 
3845 
3925 


4007 
4092 


80 
82 

85 
86 


4'78  88 

4266^ 

4356^ 


5'.9 


hor. 
diff. 


6'.o 


02203 

2204 
2207 
2212 

2218 
2226 
2236 


8 


2262,5 

"-77  .8 
^?5,, 
2314  ai 


32 


2570 


2608 


36 
38 
39 


2777 


47 


50 


3029^ 
30855 

3U360 
3203 
62 

3^^5  63 

332865 

3393 
67 

3460  65 
35297, 


3600 
3673 


73 

3748^ 

3824^ 
3902 
81 

3983  8a 
4065 

4149 

86 

4235 


88 
89 


4323 

4412 

4503^' 


6'.o 


A-Oo 


d-h^ 
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TABLE  III. 


C  =  k  S  sec  d  —  (a  —  ^o)°- 
k  4  sec  d  is  always  numerically  larger  than  (a  -  or,)*. 


0?0 

.1 

.2 

•3 

.4 

0.5 
.6 

.7 
.8 

.9 
1.0 

I.I 
1.2 

1.3 

1.4 

1.5 
1.6 

li 

1.9 
2.0 

2.1 
2.2 

2.3 

2.4 

2.5 
2.6 

2.7 
2.8 
2.9 

8.0 

31 
3-2 

3-3 

3-4 
3.5 
3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.4 

4.5 
4.6 

4.7 
4.8 

4.9 
6.0 


6^o 


hor, 
diff. 


02203 


2204 
2207 
2212 

2218 
2226 
2236 

2248 
2262 

2277 


I 
3 
5 


2295 


8 
10 

12 

14 
15 
18 


19 
21 


2314 
2335  „ 

2383 


2410 
2438 

2468 
2500 

2534 


27 
28 

30 

32 
34 

2570^ 

2608  3® 

2647  2? 
2688^' 

43 

2741 

2777  .. 
2824  ^7 

49 
2873 


46 


2923 
2975 


50 
52 

3029^ 

3^43  2 
3203  ~ 

62 

3328  f 

.3393^5 

67 

3529!^ 

3600  7» 
^673  73 

3748  75 

3824^ 

390278 

81 

^983 «, 

4^5  ^8^ 

4149^ 

86 
4235 


4323 
4412 


4503 


88 
89 
91 


6'.o 


112 

112 
112 
112 

"3 
113 
"3 

113 
113 
114 

114 

115 
115 
115 

115 

115 
116 

117 
118 
119 

119 

119 
120 
121 

122 
122 
123 

123 
124 
126 

127 

128 
129 
130 

130 
131 
132 

134 
135 
136 

137 

138 
140 

142 

143 
144 

145 

147 
148 

150 
152 


hor. 
diff. 


6'.  I 


02315 


X 

3 
5 

7 

8 
10 

12 

2361  ,, 
2375  ,6 

-^?9^  X8 
2409 
20 

2429 
2450 


2316 

2319 
2324 

2331 
2339 
2349 


21 

23 

25 


29 


2473 

2498 

2525 
2554 

31 

2585  „ 

2618^ 

2653^ 

36 


2689 

^38 

2727"^ 

276?:: 

2809^^ 

44 

2899'' 


48 

49 

51 
54 


2947 

2996 

3047 
^lOI 

3156^ 

57 

59 
61 

62 


66 


3213 
3272 

3333 

3395 

3459 

3525 

69 

3594  ^„ 
36647° 

3_736  7^ 

j8^7^ 

3886  7^ 

3964  2 
4044 

82 

4209^3 
4294^5 

88 

4562  9» 
4655^^ 


hor, 
diff. 


116 

116 
116 
116 

116 
117 

117 

117 

117 
117 

117 

117 
118 
119 

119 
119 
120 

121 
121 
121 

122 

123 
124 
124 

125 
125 
125 

127 
128 
128 

129 

130 
131 
132 

133 
135 
137 

137 
138 
140 

141 

142 

M3 
144 

145 

147 
149 

149 

151 
153 

154 


6'.2 


02431 

2432 

2435 
2440 


I 
3 

5 


2447 
^456 

2466 


9 
10 

12 

2478  ,, 
2492  ,6 

^52?  ,8 


2526 


20 


2546  „ 
2568 

2592 


2617 
2644 
2674 

2706 

2739 
2774 


24 

25 

27 
30 


281 1 


2850 


32 

33 
35 

37 

39 

2933 

45 

2978  ^6 
3024  ^8 
3072 

51 

31235, 

317554 
3229 


3343  60 

3403  62 

3465 
63 

3528^6 

3594  68 
3662 

69 
3731  7x 

3876  ^' 
^51^^ 


4028  ^ 

4107  81 
4188 

83 

4356 
4443^7 

88 

453^  ,, 
4622  91 


4715 
4809 


93 
94 


hor. 
diff. 


120 

120 
120 
120 

120 
126 
121 

121 
121 
121 

122 

T22 
122 
122 

123 
124 
124 

124 
125 
125 
126 

127 
127 
129 

129 
130 
131 

131 
132 
133 

134 

135 
136 
137 

138 

139 
140 

141 

143 
144 

145 
146 
148 
149 

150 

151 
152 

154 
156 
157 

159 


6-.3 


^2551  J 
2552  3 

2555   c 

2560  5 

7 

2567  5 

2576  „ 

2587 

12 

2599,, 

2629 

19 

20 
22 
24 


2648 

2668 
2690 

2714 

26 

2740  g 
2768^* 

2798^ 
32 
2830 
2864^ 

^99^ 
2937^ 


47 


2977  i° 

3°^»!1 
3062^ 

45 
3107 
3154 
3203  ^^ 

51 

^'5^3 
3307  „ 

3362^ 
3419^^ 


3478^' 

64 
3666 

3733!: 
3802^ 

70 
3^72  73 

3945  „ 
4020  '^ 

^096  7^ 

78 
81 
82 


4174 
4255 

4337 

4421 
4507 


84 

86 
88 


4595 
90 

4778^3 
J87294 

4968^ 


o'.ooooi  =  o*.o36  =  unit. 


hor. 
diff. 


24 

24 
24 
24 

24 

24 
24 

24 

25 
26 

25 
26 
26 

27 

27 
28 

28 

28 

29 
30 

30 

30 
31 
31 

32 
33 
34 

35 
36 
37 
38 

39 
40 

40 

42 

43 
44 

46 
46 
47 
49 

51 
51 
53 

55 
56 
57 

59 

59 
61 

62 


6-.4 


02675 

2676 
2679 
2684  ^ 

7 

2691  9 
2700  „ 

27II 

12 

^723  ,5 
2738  ,, 

-^75.5  ,3 

2773 
21 

2794 
2816 


22 
25 


2841 
26 

2896^ 
2926 


2958 

2993 
3029 


3067 
3107 

3M9 
3193 

3239 
3287 
3337 


30 
32 

35 
36 

38 

40 
42 
44 

46 

48 
50 


52 

3443  5 
A49?  g 

3557^ 

''36T7  ^ 

3^79 

3742    3 


66 
68 


3808 
3876 
3946  7° 

72 
4018 
409173 

4167  7^ 

78 


4245 
4325 


80 
81 
84 


4406 
4490 

86 

466387 


4752 
4844 

4937 
5533 
5130 


89 
92 

93 
96 

97 


6".  I 


hor. 
diff 


6°.  2 


hor. 
diff. 


6*.3 


hor. 
diff 


hor. 
dtff. 


6'.4 


28 

28 

28 
28 

28 
28 
28 

29 

29 
29 

29 

29 
30 
30 

31 
31 
32 

33 
33 
33 

34 

35 
36 
36 

37 
38 
39 

40 
40 

41 

42 

43 
44 
45 

46 

47 
48 

49 
50 
51 

52 

53 
55 
55 

56 
58 
60 

61 

63 
64 

66 


6-.5 


02803 

2804 
2807 
2812 

2819 
2828 

2839 

2852 
2867 

2884 
18 


I 

3 
5 


9 

II 

13 

15 
»7 


2902 

2923 
2946 
2971 

2998 


21 
23 
25 

27 

29 
3027!; 

3058  3' 

33 

3091    . 
3»26  35 

JI62  36 

3201  3^ 

'3242^' 
3285^ 
3329 


44 
47 
49 


3376 

3425,, 
3476  5^ 
53 
3529^ 
3583^ 

3699^^ 
61 

63 
64 


3760 
3823 
3887 

3954 
4023 


67 

69 

71 


4094 

73 
4167 

4241  '^ 
4318^7 

j43?7  '^ 
4478^! 

4645^ 
87 
4732  „ 
4821^ 

4912^' 

93 
5005 
5100 

5296 


95 
97 

99 


hor, 
diff 


0.0 

.1 
.2 


.4 

0.5 
.6 

.7 
.8 

.9 
1.0 

I.I 
1.2 
1.3 

1.4 

1.5 
1.6 

1-7 
1.8 

1.9 
2.0 

2.1 
2.2 

2.3 

2.4 

2.5 
2.6 

2.7 
2.8 

2.9 

3.0 

3.1 
3.2 

3-3 

3-4 
3.5 
3.6 

3.7 
3.8 

3.9 

4.0 

4.1 
4.2 

4.3 

4.4 

4.5 
4.6 

4.7 
4.8 

4.9 
5.0 


6^5 


114 
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k  %  sec  rf  is  always  numerically  larjfer  thae  (a  -  (i,)*. 


"c)"- 


■<-i\ 

6".S 

6'.6 

6'.  7 

hor. 
diff. 

6',8 

6".9 

olo 

oa8o3 

13' 

01935     , 

136 

Q3071     ^ 

140 

.?3"_I     , 

"44 

03355    , 

3804  , 

131 

3936    3 

T36 

307'     3 

■4' 

3"3    3 

144 

33"S7    , 

3807  ; 

'3= 

2939    J 

136 

307s     , 

141 

3»i6    ' 

144 

3360    \ 

3 

3^11    ^ 

>3i 

3944 

136 

3080    J 

'41 

3331 

144 

3365    \ 

.4 

3819 

132 

3951     „ 

136 

3087    , 

■,4i 

3«8    , 

145 

3373    0 

o-S 

38l»     ' 

■33 

3960  ,\ 

■36 

3096   „ 

141 

3»37   „ 

'45 

3383   „ 

.6 

2839 

13J 

1971 

■36 

3107 

■41 

314B 

146 

3394 

.y 

=85J  " 

13a 

*984   ,s 

136 

3''0    ,6 

143 

3'63    ,6 

145 

3407   .6 

.8 

aWi7,, 

133 

3000 

■36 

3'36 ;, 

143 

327a   ' 

145 

3433   ,g 

9 

-  ~^''  ,8 

133 

3017 

■36 

-3_'S3   ^ 

143 

3395 

146 

3441 

I.O 

1903^^ 

■34 

3^36 ;' 

'37 

3>73   „ 

I4» 

33 '5  ^° 

I46 

346'   „ 

39=3  „ 

■34 

3057  „ 

■38 

3'95   „ 

143 

3337  i, 
336'   ^ 

146 

3483  « 

.946; 

■34 

3°*^    ,6 

■38 

3»l8   ^ 

143 

■47 

3508  S 

'■3 

3971 

135 

3106 

138 

3244 

'43 

^^'^  * 

■47 

353.^ 

1.4 

299s  1, 

135 

3133  _ 

'39 

3373      y. 

■43 

3415   ^ 
3445  % 

147 

3563   ,, 

"5 

3037  „ 

'35 

3162  ^ 

140 

3301      „ 

■43 

J4» 

■  3S93  t. 

1.6 

305S^ 

135 

3193 

■4i 

3334 

■43 

3477 

149 

3616  ^ 

1-7 

3'*9'„ 

136 

3"7  ", 

■4' 

33^   ,s 

=1?. 

149 

3661   „ 
3698" 

i.S 

136 

■41 

3403    ,8 

145 

150 

1.9 

■3H 

141 

>«'     0 

145 

3S86  ' 

■5' 

3737  " 

2.0 

3101^' 

13a 

3339 

■43 

348.   '" 

146 

3637  ■" 

IS> 

3778  *' 

J.I 

3^43^! 

13s 

338^  t 

■43 

35»3  !, 

147 

3670  " 

151 

38"   % 

3285" 

■39 

3^"  .^ 

>43 

3S&7   -6 

147 

37  M  " 

153 

3867  "t 

a-3 

3319 

140 

3469  'J 
35'7   .„ 

144 

'^'^  « 

148 

3761   '■ 

■53 

39 '4 

i.4 

3376*' 

141 

■45 

366^  z 

148 

3810  " 

154 

3964  „ 
4070  " 

=-5 

3435', 

■41 

3566  ■" 

146 

3712  \. 

149 

3861 

■55 

1.6 

3476 

143 

36>8  ^= 

{46 

3764  '' 

■50 

39  U 

■56 

56 

S6 

3.7 

3539  ,,  ■ 

142 

3&7'   "ft 

3737 ;, 

.48 

'S.li 

■5' 

3970  „ 

■56 

4344  * 

3.3 

3583?^ 

14S 

■5' 

40^7   " 

157 

2.9 

3640^ 

144 

3784  " 

■5" 

3934 . 

■52 

4086  ^ 

■58 

3.0 

-^^1 

145 

^ 

■50 

_3?94  ^ 

■54 

4148  "' 

■5** 

4306     ' 

3.' 

376"  s' 

.46 

3906  n 
3970  J 
4035  ^ 

'SI 

4057  t 

155 

"4112  *^ 

■58 

■•370  ^ 

3  2 

3«i32 
3SS7^ 

'47 

■5' 

4188    ' 

'56 

4377  M 

t6o 

■""I   6, 

3-3 

148 

■53 

■57 

4345 

Ifil 

45<^    ■ 

67 

69 

3.4 

3954  (^ 
4023  „ 

149 

^'**3  ,„ 

154 

4357   -, 

■ss 

44 '5  „ 

16a 

4577  „ 

3-5 

150 

4173  ;° 

'55 

4318   ' 

■59 

4487  ' 

■63 

4650  " 

3-6 

4094' 

151 

4345 

'56 

4401    '■* 

160 

4561   " 

164 

47:'5  " 

78 

4803  „ 

3-7 

4167,, 

15» 

4319  . 

■57 

4476    ' 

163 

4638     ' 

l6s 

is 

4*41  „ 

154 

"«  ^ 

■58 

45S3  " 

■63 

47'6  t 

166 

4881  " 

3-9 

_  «'^ 

■56 

4474  '^ 

159 

4633  ^ 

■63 

4796  ^ 

168 

'"^''  L 

4.0 

4397" 

■57 

4S54    ^^ 

160 

47'4     ' 

■6S 

4«79  '' 

169 

5"48  ^ 

4.1 

447Ssl 
1561  ' 

IS8 

"*"S 

161 

"4797   t 

1G6 

4963  ^ 
S050  ^ 
5'39  ^ 

171 

5'34  ^ 

4.1 

■59 

'63 

4970  " 

167 

173 

5'"  ^ 

4.3 

4645*^ 

161 

4806  ^ 

164 

.69 

'73 

53'2  »° 

87 

89 

4.4 

•"J'b„ 

163 

-i^s  _ 

16s 

5060 

170 

3'3"  „, 

'75 

54"^.^  „ 

4'S 

'1'*",^ 

.64 

4985  n 

'67 

S'Sa  *' 

'71 

5323  *' 

176 

5499  „ 

4.6 

4913^ 

i6s 

5U77  ^ 

169 

5346  « 

173 

54 '8  ^- 

178 

559&  " 

W 

96 

99 

4-7 

5°°S„, 

167 

5'7'  „-, 

■70 

534»     „ 

174 

55'6 

178 

5694  „ 

4.8 

5100" 

168 

5368  s* 

173 

5440  *' 

'75 

s^-'s ,?? 

5'^5  « 

4.9 

5197" 

169 

5366  '^ 

174 

S54'J  "" 

■76 

5;  16"" 

1S3 

589S  '"» 

S.O 

^^^ 

17" 

5467'°' 

'75 
fior. 

5641 '" 

■78 
hor. 

58;..  "^ 
6-8 

I  S3 
hor. 

6003 '"5 

i-K/ 

6'.5 

hor. 

5'.  6 

6'.9 

/--". 

diff. 

diff. 

6".  7 

diff. 

diff 

\her. 
^diff 


03504 
3506    \ 


35S6  , 

357'  1 
_3590 

36"  \ 

3634  J 

3658  , 
3«*5 

3714  , 

3745  , 

3778  ^ 

3814  , 

385'  \ 

3890  ^ 


4386 

4345  6 
4406 
1469* 
4534  ^ 
4603 
4673  ^ 

4744  „ 
4818  " 
4894  ^ 

4973  B 
S053   s 

1": 

S39S ! 

S5S3  ' 

5679  ; 
5777  ' 
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k%MXdu 

alwB 

Aor. 

rs  numerically  larger  ttaaii 

a-a 

r. 

o'.ooooi 

=  of .036  =  unit 

\---. 

hor. 

<4or. 

hor. 

kor. 

— -^ 

rf-i\ 

f.a 

diff. 

7°-' 

diff. 

7°.  3 

rf?^ 

7° -3 

diff 

7°-4 

diff 

7°-5 

/rf-J.1 

0.0 

03504 

153 

■'3657 

157 

038.4   - 

i6j 

03976 

i66 

04142 

171 

04313    ^ 

0^0 

.1 

3506    , 

153 

3658    , 

158 

3816 

163 

3978     , 

166 

4144    \ 

171 

4315    , 

3509    5 

'53 

366= 

'57 

3819    5 

163 

3981     \ 

t66 

4"47    6 

171 

43-8    \ 

-3 

35 '4 

154 

3668    J 

156 

3834    J 

163 

3987 

166 

4.53    ^ 

171 

43^ 

■3 

■4 

3S»t 

154 

3673     „ 

157 

3S3'   ,0 

163 

3994   „ 

.67 

*'*'      ID 

171 

4331   ,„ 

.4 

O.S 

3530   „ 

'54 

36S4   ,' 

158 

3843    ° 

163 

4004   1- 

167 

171 

434=   ,. 

0.5 

.6 

3543 

'54 

3596   ^ 

'58 

3854   ^ 

■63 

4017 

167 

<I84   " 

4355   ^ 

.6 

■7 

3556   'I 

154 

S?!"    ,6 

■58 

386S   " 

163 

4031   „ 

167 

419S   " 

172 

4370   „ 

■7 

.8 

3573    ,B 

'54 

37^6   ,g 

'59 

3885    ,H 

163 

4048   ,„ 

167 

4215   „ 

172 

''387   I 

.8 

9 

3590 

154 

3744 

159 

3903    jj 

164 

4067   "^ 

167 

4234 

173 

4407 

-9 

1.0 

"36U 

154 

3765 

159 

3924 

164 

4088 

168 

4J56 

171 

443S  " 

1.0 

I.I 

3634   ^ 

154 

37S8  % 

159 

3947  « 

'65 

4113  " 

168 

43B0  ^ 

172 

445=   ^ 

i.i 

3658   ^. 

'55 

3813  t 

'59 

397»   ^ 

■65 

4137   ^g 

.69 

4306    j8 

■73 

4479  ^ 

'■3 

368s    " 

'55 

3840 

160 

4000 

165 

4 '65 

169 

4334 

173 

4507 

'■3 

■■4 

37U  „ 

'55 

3869  ,, 

161 

4030   ,; 

166 

4196  '[ 

169 

43'S  '' 

'73 

4538  '' 

1.4 

1-5 

3745   „ 

'56 

39°'   M 

161 

4063  !^ 

166 

4338 

170 

4398  " 

174 

457=   rf 
4608  ^ 

1.5 

1.6 

3778  "^ 

157 

3935 

161 

4096  "* 

167 

4363  * 

.70 

4433 

175 

16 

36 

36 

36 

1-7 

38M   „ 

'57 

3971   ,g 

163 

4>33  jB 

166 

4399  „ 

171 

4470   „ 

.76 

4646  „ 

1-7 

i.S 

3851  ! 

158 

4009  ,„ 

161 

167 

4338  " 

173 

«'»  „ 

■  76 

4686  ^ 

1,8 

1-9 

3890  '' 

'59 

4049 

'63 

4313    *' 

168 

4380  " 

173 

4552 

■  76 

-i'^  ^ 

1-9 

2.0 

3933   *' 

160 

?i^? 

163 

_4»55   " 

r68 

4433  ■" 

'73 

4596  ^ 

177 

4773    ■ 

2.0 

3.1 

3976   *J 

40J2    *^ 

161 

4137  ^^ 

163 

43"o  ,. 
'1348  % 

169 

s 

173 

"464-5 ; 

178 

4810  " 

3.1 

163 

4184  ,B 

164 

169 

174 

4691 " 

'79 

4870  *! 

»-3 

4071  *' 

161 

4331 

l66 

4398^ 

(69 

4567 

175 

4742 

S4 

180 

4922 

a-3 

2-4 

4i»i   „ 

163 

4384 !! 

166 

44SO  ^ 

170 

4630  ■ 

176 

4796    „ 

4976  ^ 

503=  f: 

1-4 

3.5 

■"'*   ^ 

'63 

4337    5S 

167 

4504  f; 
4560  =* 

4675  !^ 

176 

4909  * 

181 

=■5 

a.6 

4339 

'63 

"'% 

168 

173 

4731  ■' 

177 

183 

5091  '^ 

3.6 

3-7 

4386  '' 

164 

4450    6„ 

.69 

4619  ^ 

'73 

''79=  s, 

"77 

Ss 

'83 

5= '5  S 
5380  2 

3.7 

3.8 

4345   b! 

165 

45 'o  6, 

.69 

4679  6, 
4743  *^ 

174 

4853  i 

4917  I: 

179 

183 

3.8 

3.9 

4406   " 

4573 

170 

'75 

179 

184 

3.9 

8.0 

"4i"t^''^ 

166 

4636  ^ 

171 

4807  *S 

176 

4983  ^ 

180 

5163  ' 

'85 

5348   ■* 

3.0 

3.' 

-4534  ^ 

16S 

477'   !? 

173 

4874  tl 

'77 

SOS'  „ 

181 

-^^3-»  % 

186 

54 18  !° 

3-1 

a-a 

4603 

169 

173 

4944   ' 

'78 

5'"  \\ 

183 

5304 ' 

187 

5491   „ 

3.3 

3-3 

4671  ^ 

170 

4843 

174 

5016  ' 

179 

5 '95 

'83 

537»  ;^ 

188 

S566  " 

3-3 

3-4 

4744  ,, 

171 

4915   „ 

175 

5090  ,, 
5166  ^ 
S144  ' 

iS" 

5170  „ 

184 

5454   'g 

189 

56"  i! 

3-4 

3-5 

4818   '* 
4894  '^ 

173 

4990  -- 

176 

iSi 

5347   " 

'85 

5531  S 

190 

57==  4! 

3-5 

3-6 

'73 

5067   " 

'77 

'33 

54=7 

186 

5613 

191 

5804  ^' 
38S8 

3.6 

3-7 

4973  B„ 

174 

5147    B» 

'73 

S* 

184 

5509  ^ 
5593  gs 

187 

'^'i 

.93 

3-7 

3-8 

5053  7, 
3136  *' 

.76 

5*19  6. 

...y_'3  g^ 

179 

'85 

188 

'93 

iS^S 

3-8 

39 

177 

18[ 

5494 

1S5 

5679 

190 

5869  '^^ 

194 

3-9 

4.0 

-5331^ 

17S 

5399 

iKl 

S5«.   «' 

(87 

^^'^ 

191 

5959  *■ 

'95 

6154  '' 

4.0 

41 

5308  „ 

'79 

5487  „, 

181 

S671   Z 

ISS 

5859  11; 

193 

^5'    « 

.96 

*'47l^ 
^343  Z. 

4-1 

4.3 

5398  ^, 

ibo 

5578  ^ 

■85 

5763 

189 

595=   S 

194 

6146   S 

'97 

4.3 

43 

5489  " 

1»2 

567  <  ^ 

iSb 

5857  ** 
96 

191 

6048  * 

195 

6343  " 

199 

<443  * 

4.3 

4-4 

s5 
5777  *^ 

183 

5766   „, 

.57 

5853 

193 

^'■*5,„ 

'97 

634= ,!! 

*543  i!" 

4-4 

4-5 

ib4 

5863  !^ 

1S9 

^5^^ 

193 

^'■*5  " 

198 

^"3  !^ 

664s"" 

4.5 

4.6 

185 

5963  ^ 

191 

fi'53 

194 

6347  '" 

6547   ^ 

303 

6750"^ 

4.6 

4-7 

5877  'Z 

.87 

6064 

191 

6^56  '°f 

,96 

^5^  I- 

301 

^53'^ 

3<15 

6858 

4.7 

4.8 

5980  "J 

jSk 

6.68  '°* 

194 

6363"* 

197 

6559     ' 

676' :" 

307 

6968"° 

4.8 

4.9 

6084"* 

190 

6374 

195 

6469  '"• 

■99 

6668"^ 

304 

6873 ■" 

308 

7080'" 

4-9  ' 

BO 

6.91 "" 

191 

63H3  "* 

'97 
hor. 

6579"° 

hor. 

6779  '" 

306 

6985"^ 

309 

7194  "^ 

6.0  1 

1 

d-iy/ 

hor. 

kor. 

kor. 

^1 

/*-*t 

7*.Q 

dJff. 

7'-l 

diff. 

7  -a 

diff. 

7"-3 

diff. 

7*-4 

diff 

7°-5 

ii6 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


TABLE  III. 


C  =  k  S  sec  d  —  {a  —  »o)°- 
k  $  sec  d  is  always  numerically  larger  than  (a  -  a,)*. 


o'.ooooi  =  o*'.036  =  unit. 


0.0 

.1 

.2 

3 

.4 

0.5 
.6 

•7 
.8 

.9 
1.0 

I.I 
1.2 

1.3 

1.4 

1.5 
1.6 

1.7 

1.8 

1-9 
2.0 

2.1 
2.2 

2.3 

2.4 

2.5 
2.6 

2.7 
2.8 
2.9 

8.0 

3.1 
3-2 

3.3 

3-4 
3-5 
3.6 

3-7 
3.8 

3-9 

4.0 

4.1 
4.2 

4.3 

4.4 

4.5 
4.6 

4.7 
4.8 

4.9 

5.0 


7*.5 


043^3 

4315 
4318 
4324 

4332 
4342 

4355 

4370 

4387 
4407 


4428 


4538 
4572 
4608 

4646 
4686 
4728 


4773 
4820 
4870 
4922 

4976 
5032 
5091 

5152 

5215 
J280 

5348 


5418 

5491 
5566 

5643 
5722 

5804 


a 

3 
6 

8 

10 
13 

15 

17 
20 

21 


24 

27 


4452 

4479  ai 
4507 


31 

34 
36 

38 

40 
42 

45 

47 
50 
52 

54 

56 
59 

61 

63 
65 
68 
70 

73 
75 

77 

79 
82 


84 

86 
89 
91 

93 
96 
99 


5888 

5974 
6063 

6154 
6247 

6343 
6442 

lOI 

^543  ,^ 
6645'^ 
6750  '""^ 
108 
6858 
6968"° 
7080"^ 

7194"^ 


Aor. 
diff. 


76 

76 
76 

76 

76 
76 
76 

76 
76 
76 

77 

77 
77 
78 

79 
79 
79 

80 
81 
82 

82 

83 
83 
83 

84 
85 
85 

86 
88 

89 
90 

9* 
92 
93 

94 

95 
96 

97 

99 
200 

202 

204 
205 
205 

206 
208 
210 

211 
212 
213 

215 


7*.5 


hor, 
diff. 


7-.6 


04489 
~449i 

4494 
4500 


4508 
4518 
4531 

4546 
4563 
4583 

"4629 
4656 
4685 

4717 
4751 
4787 

4826 
4867 
4910 


4955 


5003 

5053 
5105 

5160 

5217 
5276 

5338 
5403 
5469 


5538 


5609 
5683 
5759 

5837 

5917 
6000 

6085 

6173 
J6263 

6356 


6451 
6548 

6647 

6749 

6853 
6960 

7069 
7180 

7293 


7409 


7-.6 


3 

6 

8 

10 
13 

15 

17 
20 

22 

24 
27 
29 

32 

34. 
36 

39 

4» 
43 

45 
48 
50 
52 

55 

57 
59 

62 

65 
66 

69 

7» 

74 
76 

78 

80 
83 

85 

88 

90 

93 

95 
97 
99 

102 

104 
107 

109 

III 
113 
116 


hor, 
diff. 


80 

80 
80 
80 

81 
81 
81 

81 
82 
82 

82 

83 
83 
84 

84 
84 

85 

8s 
85 
85 
86 

86 

87 
88 

89 
90 

91 

92 
92 
93 
94 

95 
96 

97 


198 
200 
201 

202 
203 
204 

205 

206 
207 
209 

210 
212 
213 

214 
216 

218 
219 

hor. 
diff. 


7'.7 


04669 

"4671 

4674 
4680 

4689 

4699 
4712 

4727 
4745 
4765 


4787 
4812 

4839 
4869 

4901 

4935 
4972 

501 1 
5052 
5095 


5j4i 

5189 
5240 

5293 

5349 
5407 
5467 

5530 

5595 
5662 

5732 


5804 

5879 
5956 

6035 
6117 

6201 

6287 
6376 
6467 


3 

6 


6561 

6657 

6755 
6856 

6959 
7065 

7173 

no 

7283 
7396  "3 

75'!''^ 
7628  "7 


10 
13 

15 

18 
ao 

22 

25 
27 
30 

32 

34 
37 

39 

41 
43 

46 

48 
51 
53 

56 

58 
60 

63 

65 
67 
70 

72 
75 
77 

79 

82 

84 

86 

89 
91 

94 

96 
98 

lOI 

103 

106 
108 


hor. 
diff. 


185 

185 
185 
185 

185 
185 
185 

186 
186 
186 

187 
187 
188 
188 

188 
189 
189 

189 
190 
191 

192 

193 

193 
194 

194 

195 
196 

197 
198 
199 

200 

201 
201 
202 

203 
204 
205 

207 
208 
209 

210 

211 
213 
214 

215 
216 

217 

219 
220 
222 

224 


7'.8 


04854 

4856 

4859 
4865 

9 

4874  JO 
4884  3 

4897  ' 
16 

4913  ,8 
4931  ^ 

4951  ,3 


.4974 

4999  a8 
5027 

5057 


30 


5089 
5124 
5161 

5200 

5242 
^2^ 

5333 
5382 
5433 
5487 

5543 
5602 

5663 

5727 

5793 
5861 

i?32 
6005 

6080   75 
6158    78 


f2 

35 
37 

39 

42 
44 

47 

49 
5» 
54 

56 

59 
61 

64 

66 
68 

71 
73 


80 

83 
85 

88 

90 
92 

95 


6238 
6321 
6406 

6494 

6584 
6676 

^771 

6868  97 

6968^°° 

7070  »^^ 

104 

7^74  ,^ 
7281  ^"^ 

7390^^ 

112 

7502 

7616"^ 
117 


7733 
7852 


hor. 
diff. 


119 


190 

190 
191 
191 

191 
191 
191 

191 
191 
192 

192 

192 
192 
192 

193 
193 
193 

194 

*95 
196 

196 

197 
198 
198 

199 
200 

201 

201 
202 
203 

204 

205 
206 

207 

208 
209 
210 

211 
212 

214 

215 
216 
218 
219 

221 
222 
224 

225 
226 
227 

229 


7*-9 


^5044  ^ 
5046  . 

5050  6 
5056 

9 

5065  ,0 

5075  ,3 

5088  "^ 

16 


5104 
5122 

5J43 
5166 

5191 
52x9 
5249 

5282 

5317 
5354 

5394 
5437 
54_82 

_5529 

5579 
5631 
5685 

5742 
5802 
5864 

5928 

5995 
6064 

^136 

6210 
6286 

6365 

6446 

6530 
6616 


6705 
6796 

J6890 
6986 
7084 


18 
ax 

23 

25 
a8 

30 

33 

35 
37 

40 

43 
45 

47 

50 
52 
54 

57 

60 
62 

64 

67 
69 

72 

74 
76 
79 

81 

84 
86 

89 


91 
94 

96 

98 

7186  »^^ 
7289  ^°3 
106 

7395  ,^ 
7503  °^ 
7614  "' 

"3 

7727  „, 
7842  "5 

7960  "8 
8081  "' 


hor. 
diff. 


195 

195 
195 
195 

195 

195 
196 

196 
196 
196 

196 

197 
197 
197 

197 
198 

X99 

199 
199 
200 

201 

201 
202 
203 

204 
204 
205 

206 
206 
207 

208 

209 
211 
212 

213 
214 
215 

216 
217 
218 

219 

221 
221 
223 

224 
226 
228 

230 
232 
234 
235 


8'.o 


05239  J 
5241  . 

5245  6 
5251 

9 

5260  ,^ 

5270  ,. 

5284  '^ 
x6 

5300  ,8 
5318  „ 
5339 

r---;^-  23 


5362 


5479 
5515 


6831 

6921 

7013 
7108 


a6 


5388  ^ 

5416 

5446 


30 
33 

36 
38 


5553 

40 

5593  .- 

5682  ^^ 

1730  ^® 
5780^ 

5888  ^ 

58 

5946  . 
6006  ^ 
6069  ^3 

65 

^'^     67 

6201  ^ 
6271  70 

6344    73 


6419   75 

6497    t 
6577 

8a 

^59  8. 
6744  ^ 


7205 


87 
90 
92 

95 
97 
100 
loa 
105 

107 


no 


7305 
7407 

7512 

7619 

7729  „, 
7842  "3 

"5 

7957  „, 
8074  "7 
8194^^ 

"8316  »" 


7'.7 


hor. 
diff. 


f.H 


hor. 
diff. 


7'.9 


«-•« 


</-<o 


Q.O 

.1 
.2 

.3 

.4 

0.5 
.6 

.7 
.8 

•9 
1.0 

I.I 
1.2 

1.3 

X.4 

1.5 
1.6 

1.7 
1.8 

1.9 
2.0 

2.1 
2.2 

2.3 

2.4 
2.5 
2.6 

2.7 
2.8 
2.9 

8.0 

3.1 
3.2 

3.3 

3.4 

35 
3.6 

3-7 
3.8 

3.9 

4.0 

4.1 
4.2 

4.3 

4.4 

4.5 
4.6 

4.7 
4.8 

4.9 

5.0 


TABLES  FOR  THE  REDUCTION  OF  PHOTOGRAPHIC  MEASURES, 


k  %  sec  d  is  always  numerically  larger  than  (a  -  a^°. 


o*.ooooi = o".036 = unit. 


\"  .. 

6°.o 

hor. 

8=.. 

A(.r. 

8°.  3 

A.'r. 

8'.3 

kor. 

8'.4 

Aor. 

S*.3 

•^-y/ 

rf-*X 

diff. 

rf'^ 

rf/^ 

diff 

diff 

/d-i. 

o!o 

OS'39     , 

300 

U5439    , 

ao5 

05644 

3M 

°585_5     , 

315 

06070 

32. 

06291    ^ 

o!o 

3241     . 

544'     . 

305 

5646  , 

S8S7  ; 

215 

6072     ' 

6293    , 

5'45    6 

5445     6 

lOJ 

5650  6 

5861     6 

215 

6076    \ 

6397     6 

■3 

S»5t 

200 

545' 

205 

5656 

111 

5867 

*I5 

6083 

321 

6303 

■3 

-4 

5»6o   .0 

200 

546"   „ 

305 

5665  „ 

211 

5876 ,! 

215 

6091    „ 

221 

6312    ,1 

.4 

0.5 

5»7<J   ,, 

5471    ,, 

205 

5676 ,, 

5887   ,, 

216 

6103   „ 

6324    ,, 

o-S 

,6 

5»84   ]J 

3Q1 

5485 

105 

5690 

590' 

216 

6117     ' 

321 

6338    ^^ 

.6 

.7 

53™    ,B 

aoi 

5501    ,„ 

305 

37t>6    ,g 

5917   ,0 

217 

6'34   ,0 

231 

6355    „ 

-7 

-.8 

53'8 ;, 

SS'O  „ 

IDS 

S7'5   „ 

5936  „ 

317 

61  S3   Z 

6375    „ 

.3 

-9 

5339   „ 

_554' 

103 

_5746 

5953  " 

217 

6175 

6397 

■9 

1.0 

-"^^   J 

20a 

5564   ^ 

iq6 

5770   ^ 

312 

59B'  ^ 

217 

.6'99   " 

233 

_^i?    / 

1.0 

5388  ^ 

5590  „ 

5619  ,; 

io6 

579*'  ^ 

113 

6009     ' 

217 

6336   '' 

333 

^9  'L 

54 '6   ^ 

303 

106 

5"=5   ,, 

213 

6038  jj 

21S 

6356  ^ 

223 

6479  t, 

65'2  « 

1-3 

5446  *^ 

304 

5650 

20; 

5^"  I 

213 

6070 

3IS 

6288  '■ 

234 

1-3 

1-4 

5479   ^ 

104 

5683  ^ 

308 

5^9'    J7 

213 

6104   ... 

219 

^3^3  37 

224 

6547  ,a 

1-4 

"■5 

55>S   S 
5SS3 

104 

57 '9  fs 
5757 

209 

55^^   J9 

213 

6141    ,i 

219 

6360  ,0 

335 

^585  „ 

i.S 

1.6 

104 

5967  "^ 

313 

6[8o  ^ 

220 

6400 

225 

6625  ' 

1.6 

>-7 

5593   ., 

105 

5798   ,, 

3IO 

6008 

314 

6231     „ 

121 

6443  ,. 

225 

6668     - 
^7>4 

1-7 

I.S 

5636  % 

3a6 

584a    1 

f«5S  „ 

215 

6167  *; 

6488  % 

226 

1.8 

1-9 
2.0 

-i 

a.)6 
306 

5888    ^ 
5936 

211 

6148  *' 

215 

3l6 

6314  " 
6364  ^ 

"2 

6536   ^ 
6586. ^ 

336 

337 

6762  * 
68>3  5* 

'•9 
2.0 

a. I 

sVso  „ 

207 

S9S7  \, 

313 

6300    ^' 

3l6 

6416  ^' 

223 

6639  '^ 

227 

6866  " 

2.1 

3. a 

5833  s 

588M  ** 

5946 

aoa 

6041   % 
6097   ^ 

6'5S   ft. 

213 

'-: 

217 

6471  % 
6518  "' 

223 

^^5* 

329 

■6923  " 
6982   =' 

=■3 

309 

313 

318 

224 

330 

2.3 

a.4 

209 

314 

6369 1! 

319 

6588  ^, 

325 

Si's 

330 

7043    6, 

2.4 

2-5 

6371  ^ 

"':: 

315 

643'    6, 

67.6  *^ 

225 

231 

7'°7  6, 

2.5 

3.6 

210 

316 

6495 
6631  ., 

331 

336 

6942  ^ 

232 

7<74  '^ 

2.6 

a.  7 

311 

Sh^ 

117 

132 

6784  ^ 

236 

7010 

23J 

7244   „ 

2.7 

3.8 

313 

317 

233 

6854  !! 

237 

708'   ! 

235 

73'6  ,, 

3.8 

3.9 

64SS 

218 

6703 

324 

6927 

328 

"?^  JI 

235 

7390 

2.9 

S.O 

31 

"6344  " 
6419  rf 
6497  ^ 

"5 

6558 ': 

219 

6777 

325 
226 

7003  " 
7080  z 

229 

230 

7231 

73'°  n 

236 

237 

7467  ;; 

7547  a. 

3.0 

3-1 

3-3 

al6 

6'"3 !; 

227 

7'6o  ^ 

232 

7392  z 

237 

"■'^ 

3-2 

3-3 

6577 

217 

6,94 

7015 

228 

7243    ' 

233 

7476  " 

338 

3.3 

83 

3-4 

^59    H, 

6744 

21S 

6»77  „ 

223 

7'87  2 

229 

;sj 

234 

;ss 

239 

780.  -, 

3-4 

3-5 

aig 

'963  J 

334 

231 

334 

340 

"*' « 

35 

3-6 

683.     *' 

331 

70s.  * 

315 

7277 

232 

7509 

235 

7744  ^ 

241 

79SS 

3.6 

3-7 

^9" !! 

211 

7143   a- 

336 

7369  „ 

233 

7698  * 

236 

783S  !^ 

243 

8080  „ 

S.,8  " 

3-7 

3-8 

7013  „ 

313 

7.36  Z, 

338 

7464  ?? 

234 

237 

7935 ,!: 

243 

3-8 

3.9 

"^ « 

224 

229 

7561   '' 

23s 

7796  *" 

239 

8035 

244 

8.79     . 

3-9 

4.0 

7*05 

3J6 

7431 

130 

7661 

236 

1.7897 

B'37  ■" 

346 

^'583'!^ 

4.0 

4-1 

""5  1" 

337 

753.  'Z 

»3* 

77^  ioi 

237 

8001 1°^ 

341 

-8^43  "^ 

247 

"Si! 

4.1 

4-a 

74°7  ,„ 

339 

7'36 ;; 

■^H 

78^^ 

23a 

S'"?  ^ 

243 

^349,?; 

249 

4.2 

4-3 

75'3 

33a 

774. 

23s 

7977 

238 

82.5 '"" 

244 

8459 

250 

8709 

4.3 

4-4 

76 '9  !°1 

331 

7'*50  ,., 

237 

8087"" 

339 

8326  i" 

246 

S57»  "' 

25 1 

8S23 

4.4 

4.5 

77=9,,, 

231 

796'     1 

238 

"'«     ^ 

241 

8440  „l 

247 

8687    * 

253 

8940 !" 

4.5 

4-6 

7843  "* 

133 

S075  "* 

239 

H3'4''' 

243 

8556  ^1 

349 

880s 

254 

9059 

4.6 

4-7 

7957  „, 

334 

8'9l  „. 

340 

^3'!2 

344 

8675 ''! 

350 

89'S !" 

^56 

9'8'  !" 

4-7 

4-8 

8°74  ^ 

*'3'^  !, 

342 

855'  n 

146 

8797 " 

251 

9°48  ^ 

358 

9306   ■ 

4-8 

4.9 

-8'-?4n 

236 

8430'" 

8674    ^ 

24? 

8921  "* 

253 

_?_'74 

259 

*'33  •: 

4-9 

6.0 

8316 '" 

338 

-feV 

S^ 

8799  '" 

249 

9048 '" 

254 

9302 

260 

9562''' 

6.0 

rf^ 

Aor. 

hor. 

1:^. 

8'-3 

hor. 

8'.4 

hor. 

A-*, 

8°-o 

diff. 

8'.i 

diff 

8°.  3 

diff. 

diff. 

diff 

B°-5 

.■i\ 

PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


C=kSa^d—\«- 
k\d  aec  is  always  numericalty  larger  tliau  (<r  -  o.)'. 


rf-l\ 

8-.5 

her. 
diff. 

8°.6 

8'.  7 

\kor. 
diff. 

8".8 
06985 

diff 

8-.9 

9*.o 

X'l 

o'.o 

06191 

226 

06517 

'31 

06748 

341 

07137     ^ 

34a 

07475 

0°0 

.1 

6^3 

\      226 

6519    , 

231 

"6750 

.      337 

6987     , 

349 

7339 

348 

7477 

'         .1 

6297 

s      =^ 

6533    ; 

131 

6754 

,     137 

699<     ' 

342 

7333    , 

348 

7481 

■3 

6303 

316 

6539 

^3' 

337 

6998 

243 

7340 

348 

7488 

'4 

631a 

II      "6 

6538   „ 

232 

6770 

„     357 

7007   ,, 

343 

7»SO   „ 

348 

7498 

D.S 

63n 

,.      a»6 

^55°   ,, 

232 

6782 

,,      »37 

7<"9   ,5 

343 

7363   ,. 

348 

75 'o 

.6 

6338 

226 

6564 

333 

6797 

■       337 

7034 

243 

7377 

248 

7535 

.6 

■7 

6355 

»      317 

6581  !, 

33' 

6814 

«      '-^7 

7051   „ 

344 

7395   „ 

348 

7543 

.8 

637s 

„      326 

6601  ' 

333 

6834 

,,      »37 

7071   „ 

345 

73'6  ^ 

348 

7564 

■9 
1.0 

6397 
6413 

327 

■S        237 

6634 

M49   '\ 

133 
133 

6857 

6883 

7094 

345 
345 

7339  ^ 
_-7365 

349 
249 

75S8 
7614 

'*       1-0 

1  I 

"6449 

^        328 

""667"7 

333 

"69.0 

%      »39 

"7T49  I 

345 

7394   u 

349 

7643 

"*       1.1 

6479 

^        328 

6707    5° 

»34 

6941 

7>8'   ^ 

»4S 

74»6  ^ 

349 

7675 

■■3 

651 J 

iS         238 

6740    « 
36 

134 

6974 

*'      141 

36 

7315 

S6 

345 

7460  -^ 

J6 

250 

7710 

3;      ' '* 

•■4 

6547 

m      ""^ 

6776    ., 

334 

7010 

241 

7'5'   „ 

345 

7496    ,„ 

351 

7747 

1-5 

6585 

t      "9 

6814  ^ 

23s 

7049 

„      *4i 

7)90  " 

346 

7536    ' 

35' 

7787 

^        '-5 

1.6 

6625 

*"      330 

6855  ^■ 

336 

7091 

^'       241 

7333 

146 

7578  •• 

353 

7830 

"        1.6 

1-7 

6668 

,s      '30 

6898  *[ 

»38 

7 '36 

*^       241 

7377   .- 

346 

7671   ., 

353 

7S75 

«*        '■' 

i.S 

6714 

S  M 

6945  « 

338 

7'83 

''       14' 

74»4   „ 

347 

353 

7934 

19 

6761 

6993  ** 

239 

7=33 

''       143 

7474 

248 

7732  ' 

353 

7975 

*'        1.9 

2.0 

68.3 

"     333 

7045  *' 

»39 

_7384 

"       143 

7537   " 

348 

7775   " 

354 

8039 

**       2.0 

I.I 

6S66 

"     334 

-716^  w 

»39 

73.19 

%      =43 

7582   " 

349 

7«3'^ 

355 

8086 

*'        2.1 

69'3 

Z     ^-M 

7157   " 

239 

7396 

L      ^44 

3640  t 

350 

7890  Z 

355 

8145 

a- 3 

6983 

^        3J4 

7316  " 

6j 

340 

7456 

345 
*3 

7701 

351 

7953  "■ 

6* 

35S 

8207 

"          3-3 

3.4 

7043 

6-     '35 

T'l^  s< 
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4.  t 

■  ''^5 ;» 

310 

"573!" 

3,6 

naag;" 

321 

12210  '" 

3'8 

"338'" 

333 

12871  "^ 

4-1 

^^^^1 

11385  " 

3' I 

11812' 

317 

"ois,": 

3" 

"335 '2 

330 

"665"', 

335 

13000  "' 

4.' 

4.3 

11509'" 

3'3 

318 

12140"^ 

3'4 

12464  '" 

331 

12795   ^ 

336 

13131  ^ 

4-3 

^^^1 

44 

"^37''' 

3'4 

"95'  ,„ 

320 

ii'7f ,„ 

3'5 

"596''' 

33' 

13918 

13064'^ 

537 

'3^65  'JJ 

13403 ,  , 

4.4 

^^^1 

45 

.1768'^' 

3'5 

1 2083  '-^^ 

3" 

ir.* 

3»7 

"731  '% 
13869'^ 

333 

339 

4.5 

4.6 

11903  '« 

3>6 

12218'" 

3" 

3'9 

JJ4 

13203  'J^ 

34' 

'3544   -' 

46 

.36 

136 

4-7 

■"'^s,,^ 

3-8 

■'356,,, 

3'4 

.2680 

330 

13010 

335 

'3345  „, 
.3639"' 

343 

■3688 

4-7 

4.8 

IJ17S"- 

319 

13497 

3'5 

12812  '*' 

33' 

13 '54  '" 

337 

344 

13835  '*' 

4.8 

4.9 

13310  '" 

3" 

.264.  ■" 

327 

11968  '*'* 

333 

13301  ■-' 

338 

346 

13985  "° 

4-9 

6.0 

U465"* 

323 

12788  '■•' 

3'8 

13116'-* 

335 

1345«  "^ 

340 

13791  '*■ 

347 

14138'" 

5.0 

H 

-^ 

Aor. 

9'.6 

hor. 

hor. 

9-.8 

hor. 

hor. 

\rf-*. 

/-u 

9-5       ^^ff. 

diff. 

9*-7 

diff. 

diff 

9'.9 

diff 

10  .0 

^^1 

1.   '      .      . 

m 

TABLES  IV-XI  FOR  THE  COMPUTATION  OF  CORRECTIONS 

FOR  REFRACTION. 


Table  IV    gives  A\  Argument  {s  —  (if)  and  6  )  \  —  45°  <  (-^  —  ^*')  <  4  45* 

for  -. 


t( 


*( 


V  '•  V.  "  (j  —  «')    "     ^  )   *^'    (  —  40''  <  ^  <  +  90° 

VI  "                  J.  "  {s  —  a)  \ 
i  log  A' cos  (J-S))  ^  I  for  —  180°  <  (s  —  (^)  <  +  180°. 

"       VII      ^'         j      \veos(z/.4  "  (---)J 

The  above  tables  are  computed  for  the  latitude  of  the  Students'  Observatory :  37°  52'.4. 

Table  VIII  for  conversion  of  degrees  into  radians. 

IX  giving  x^  +  J/'.     Arguments  x  and  j, 

X  "       D,     Argument;r.V+j/r. 

XI  ••       Z.  ••         X  and  )'. 


(t 


it 
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TABLE  IV. 


X  has  the  same  sign  as  (j 

•  - 

0. 

5' 

d. 

^   1 

10"  ;  d.  i 

1   1 

15"  d. 

1 

20*  d, 

1   1 

1 
25'   1  d. 

30- 

d. 

35- 

d. 

40* 

d. 

45- 

-40' 

0.000 

331 

0.331 

351 

0.682 

397 

1.079 

476 

1.555 

619 

2.174 

962 

3^058 

-40* 

39 

38 

37 

306 

285 
266 

0.306 

0.285 

.266 

323 
299 

279 

0.629 
.584 
.545 

362 

333 
308 

0.991 
0.917 
0.853 

429 
390 
357 

1.420 

1.307 
1. 210 

547 
489 
442 

1.967 
1.796 
1.652 

756 
660 

584 

2.723 
2.456 
2.236 

845 

3081 

39 
38 
37 

36 
35 

34 

« 

250 
236 
223 

.250 
.236 
.223 

261 
246 
232 

.511 
.482 

.455 

287 
268 
252 

0.798 

0.750 
0.707 

331 
307 
287 

1. 129 

1.057 
.994 

402 

369 
341 

I-53I 
1.426 

1.335 

522 

473 
431 

2.053 

1.899 
1.766 

737 
651 
578 

2.790 
2.550 
2.349 

877 

3.226 

36 
35 

34 

33 
32 
31 

212 
201 
192 

.212 
.201 
.192 

220 
210 
199 

.432 
.411 

.391 

238 
225 
214 

0.670 
0.636 
0.605 

269 

253 
240 

•939 
.889 

.845 

317 
297 
278 

1.256 
1. 186 
1. 123 

395 
365 
340 

1.651 

1.551 
1.463 

527 
479 
439 

2.178 
2.030 
1.902 

759 
676 

608 

2.937 
2.706 
2.510 

33 
32 

31 

-80 

29 

28 

27 

184 

177 
170 

163 

.184 

•177 
.170 

.163 

190 

182 

174 
168 

.374 

•359 
.344 
.331 

204 
194 
187 
179 

0^578 

0.553 

0.531 
0.510 

227 

216 
205 
196 

.805 
.769 

.736 
.706 

262 

248 

235 
224 

1.067 

1. 017 
.971 
.930 

318 

297 
280 
266 

1.385 

404 

376 

351 
326 

1.789 

1.690 
1.602 
1.522 

552 

504 

463 
429 

2.341 

2.194 
2.065 

1. 95 1 

823 

736 
663 
602 

3.164 

-80 

29 
28 

27 

1.314 
1. 251 

1. 196 

2.930 
2.728 

2.553 

26 

25 
24 

157 
152 

147 

.157 
.152 

.147 

162 
156 
151 

.319 
.308 
.298 

172 
165 
159 

0.491 

0.473 
0.457 

188 
181 
174 

.679 

.654 
.631 

213 

204 

195 

.892 
.858 
.826 

252 

238 
227 

1. 144 
1.096 

^•053 

307 
291 

275 

1.451 

i^387 
1.328 

398 
371 
348 

1.849 

1.758 
1.676 

551 
507 
469 

2.400 
2.265 

2.145 

26 

25 
24 

23 
22 

21 

• 

142 
138 
134 

.142 
.138 
■  134 

146 
141 
137 

.288 
.279 
.271 

154 
149 

144 

0.442 
0.428 

0.415 

168 
162 
156 

.610 
.590 
•571 

187 
180 

174 

.797 
•770 

•745 

217 
207 
199 

1.014 
0.977 
0.944 

260 
248 
236 

1.274 
1.225 
1. 180 

328 

309 
293 

1.602 
1.534 
1.473 

436 
407 
382 

2.038 
1.941 
1.855 

23 
22 

21 

-20 

19 
18 

17 

130 

127 

123 
120 

•^30 

.127 

•"3 
.120 

133 
129 
126 

123 

.256 
.249 
.243 

140 

136 

133 
129 

0.403 

0.392 
0.382 

0.372 

151 
146 
141 
138 

•554 

.538 

•523 
.510 

168 

162 

157 
I5» 

.722 

.700 

680 

.661 

191 

184 

177 
171 

0.913 
0.884 

0.857 
0.832 

226 

216 
208 
200 

'•I39 

278 
265 

252 

240 

1.417 

1.365 

1.317. 
1.272 

358 

338 

319 
304 

1.775 

-20 

19 
18 

17 

1. 100 
1.065 
1.032 

1.703 
1.636 

I  576 

16 

15 
14 

117 

"5 
112 

.117 

.115 
.112 

120 

"7 
114 

.237 
.232 

.226 

125 
122 
119 

0.362 
0.354 
0.345 

135 
130 
128 

•497 
.484 
.473 

146 

143 
138 

.643 
.627 

.6., 

166 
160 
156 

0.809 
0.787 

0.767 

192 

185 
178 

1. 001 
0.972 

•945 

230 
221 

213 

1. 231 

1. 193 
1. 158 

289 

275 
262 

1.520 
1.468 
1.420 

16 

15 
14 

13 
12 

II 
-10 

9 

8 

7 

no 
107 

105 

103 

lOI 

99 
98 

.110 
.107 
.105 

.101 
.099 
.098 

III 
no 
107 

105 

103 
101 

99 

.221 
.217 
.212 

.208 

.204 
.200 
.197 

117 

114 
112 

109 

107 

105 
103 

0.338 
0.331 
°:3?4 

0.317 
0.31 1 

0.305 
0.300 

124 
121 
118 

116 

113 
III 

108 

.462 
.452 
.442 

•433_ 

.424 
.416 
.408 

135 

i3» 
128 

125 
122 
119 
"7 

.597 
.583 
•570 

!   -558 
•546 
.535 

1   .525 

152 
148 

144 
139 

136 
132 
129 

0.749 

0.731 
0.714 

0.697 

171 
166 
161 

157 
152 
149 
145 

.920 

•897 
.875 

.854 

.834 
.816 

•799 

205 
197 
190 

184 

178 
172 
167 

1. 125 
1.094 
1.065 

1.038 

1. 012 

0.988 

.966 

251 
241 

231 
222 

214 
206 
199 

^•376 

1.335 
1,296 

13 
12 

II 
-10 

9 
8 

7 

1.260 

I  226 

1. 194 
1.165 

.682 
.667 

.654 

6 

5 
4 

96 
94 
93 

.096 
.094 

•093 

97 
96 

94 

.193 
.190 

.187 

lOI 

99 

98 

0.294 
0.2S9 
0.285 

107 

105 
102 

.401 

•394 
.387 

114 
112 
no 

1   -515 
.506 

.497 

126 

123 
121 

.641 
.629 

.618 

141 
138 
134 

.782 

•767 
•752 

163 
157 
153 

.945 
.924 
.905 

192 

187 
181 

1137 
I. Ill 
1.086 

6 

5 

4 

3 

2 

I 
0 

91 
90 
89 

87 

.091 
.090 
.089 

.087 

93 

91 
90 

89 

.184 
.181 
.179 

.176 

96 

95 
93 

92 

0.280 
0.276 
0.27^ 

0.268 

lOI 

99 
97 

96 

.381 
.375 
.369 

.364 

108 
106 
104 

102 

.489 
.481 

.473 

118 
116 

114 

.607 

.597 
.587 

•577 

131 
128 

125 

123 

•738 

.725 
.712 

.700 

149 
145 
142 

i39 

.887 
.870 

•854 

176 
171 
166 

161 

1.063 
1.041 
1.020 

3 

2 

I 
0 

.466  !III 

•839 

I.OOO 

5"    d. 

10^  d. 

15*  d. 

20'    d. 

25"   d. 

30"   d. 

35' 

d. 

40^  d. 

■  45- 

-1\ 

A'  =  tan  (j  -  <r)  cos  J  sec  {A  -  <5) 


rUBL/CATioys  of  the  r.icK  observatory. 


.Thas 

:he  same  sign  as  (j 

<*. 

)■ 

U'             ii. 

5°       \d 

■o" 

rf. 

■5^ 

d. 

20'         \d. 

25"        d. 

30. 

d. 

35-       J- 

40-        d. 

45' 

i-.iX 

0" 

0.000 

»7 

0.087 

89 

0.176 

gi 

o.a68 

96 

0.364 

103 

0.466 

Ml 

0,577 

123 

0.700 

139 

0-839    ,61 

1000 

0- 

3 

86 

.0S6 
.085 
.084 

88 
87 
86 

■174 
.171 

.170 

I 

.164 
.161 

■357 

95 
93 
91 

■359 

■354 
-349 

"i 

.459 
-453 
.447 

109 
105 

,568 
.560 
■55' 

Hi 

116 

.689 
.6;8 
.668 

136 
'33 
130 

.79S 

156 
'53 
149 

■947 

3 

6 

81 

.083 
,081 

.081 

83 

.168 
.166 
.164 

86 

85 
84 

.254 
.351 
.J48 

91 
90 

89 

-345 
.341 
-337 

94 
93 

-44' 
■435 
.430 

tot 

100 

■545 
■537 
■53° 

113 

.658 
.649 
.640 

■  28 
125 

.786 

145 
142 
»39 

■931 
.gi6 
.901 

4 

i 

7 

8 

9 

+  10 

80 

So 
79 
7S 

.uSo 
.080 
.079 
.078 

81 
80 

80 
79 

.162 
.160 
■59 

■"57 

I 

8: 

-243 

88 
86 
85 
«5 

■333 
323 

go 
88 

.425 
.420 
.416 

96 

95 

.514 
5'8 
.513 

■  5^ 

108 
106 
104 

103 

.632 
.6)4 

.616 

Hi 

116 
114 

-752 
.742 

■732 

'36 
'33 
130 
127 

.888 

.850 

I 

9 
+  10 

.609 

'3 

77 

.077 
.077 
.076 

77 

■■56 
.155 

.'53 

So 
79 

.336 

-'34 
-231 

81 

.313 

88 

.407 
.403 
-399 

94 
93 
91 

.491 

i 

.6^2 
-595 
-589 

log 

.714 

"5 

131 

.839 
.83g 
.8ig 

'3 

14 

75 
75 
74 

■075 
.075 
.074 

77 
76 
76 

.151 
■15' 
.■50 

78 
77 
76 

.IS" 
.ai8 
.aa6 

81 

80 
80 

■311 
.306 

8S 
84 
83 

.396 

90 
90 
89 

.486 
.48* 

.478 

98 
96 
95 

-584 
-578 
.573 

106 
105 
103 

.650 

119 
117 
"5 

.8og 
.800 

.791 

■5 
16 

'7 
19 

74 
73 
73 

.074 
.073 
.073 

75 

75 

74 

■149 
..48 
.147 

76 

75 
7S 

.325 

.aa3 

79 

.304 

-302 
.300 

8a 
S[ 
80 

IK 
.380 

88 

.474 

!466 

94 
93 
92 

-563 

99 

■6S7 

"3 

■  783 

V4 

[I 

19 

+  20 

73 

.073 

73 

.146 

75 

.221" 

77 

.398 

80 

.3;ii_ 

»5 

7463 

9' 

-_S54 

98 

.631 

loS 

■760 

+  20 

»3 

71 
7» 
71 

.073 

.     .071 

.071 

73 
7a 
73 

.145 
■144 

.144 

74 
74 
73 

.217 

77 
76 
76 

.196 

■294 
■293 

80 
78 

■376 
.374 
•371 

^3 

83 

.460 
-457 
.454 

88 

.550 
.546 
■542 

12 

95 

.647 
.64a 

.637 

106 
104 

■753 
■747 
.741 

23 

24 

7' 
71 
7' 

.071 
071 
.071 

71 
;i 
7" 

.143 
■  143 
.141 

73 
7» 

7a 

.216 

.115 
.214 

75 
75 
74 

.291 
.290 

.a88 

78 
11 

;l 

8a 
83 
80 

■451 

88 
87 
87 

■539 
■536 

■533 

93 
92 
91 

IS 

.634 

103 
101 

.735 
.739 
■724 

24 

39 

70 
70 
70 

.070 
.070 

71 
71 

70 

.141 
.140 

72 

7' 
7* 

.213 

74 
74 
73 

.187 
.386 
.285 

77 
77 
76 

.364 

.363 
.361 

It 

78 

.443 
44' 
-439 

II 

86 

.530 
■527 
■5'5 

9' 

.631 

.617 
.614 

i 

.719 
■715 
.710 

39 

+  80 

70 

.070 

70 

.140 

71 

.%\l 

73 

.284 

76 

.360 

77 

.437 

85 

-522 

89 

.6ri 

95 

.706 

+  30 

31 
3= 
33 

1 

7o6^ 

.069 

71 

70 

'"  .140" 
.'39 
■'39 

71 
7' 
71 

.310 

73 
73 
72 

.284 
■aSj 

.»8i 

75 

11 

359 

■358 

.357 

77 
77 
77 

436" 
■435 
-434 

1 

.530 
■5'8 
■  5'6 

87 
87 

.608 
.60s 

.603 

94 
94 
93 

.696 

31 
32 

33 

34 

1 69 

.069 
.069 

70 
69 

■'39 

70 
70 
71 

.ao9 
.209 
.209 

73 
7a 

.18a 

.281 
.281 

•i 

-356 
.356 
■3S5 

77 
76 
76 

■433 
■43' 

■43' 

8a 
81 
81 

■5'5 
.513 
.51a 

86 
S6 
85 

.601 
.599 

■597 

92 

91 
90 

.693 

34 

37 

38 

39 

+40 

69 
69 

069 
.069 
.06^ 

% 

69 
69 

■38 
.138 
■38 
.138 

7' 
7> 
7' 
7" 

.209 
.ao9 

.709 
.309 

72 
71 
71 

7' 

.281 
.280 
.180 
Vato 

74 

74 
74 
74 

■355 
■354 

■354 
■354 

76 

77 
77 
76 

■431 

-431 

.430 

80 

79 

■511 
.510 

-509 

84 
84 
84 
82 

.595 
■594 
.593 
-591 

88 

.685 

39 
+  ♦0 

.679 

0"        'rf. 

5' 

i/. 

,„. 

d. 

15' 

</. 

30°      d. 

35"        </- 

30' 

d. 

35' 

d. 

4o-      \d. 

45" 

■^^  s 
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TABLE  IV. 


X 

X  has  the  same  sign  as  {s  -  ix^). 


\s  -  a 
6\ 

0"        d, 

1 
1   1 

5^ 

1 
d. 

1 
10" 

d.\ 

15"  d. 

1   1 

20' 

1 

d,\ 

1 

1     1 

25"   d  1 

30'  i  d,  1 

35'   d. 

40- 

d. 

45'   ' 

1 

s-a/ 

/6 

+  40' 

41 
42 

43 

1 
0.000  69 

0.069 

69 

70 
70 
70 

0.138 

0.139 
.139 
•139 

71 
70 

70 
70 

0.209 

.209 
.209 
.209 

1 

71' 

72 
72 

0.280 

.280 
.281 
.281 

74 

74 
73 
73 

o.354_ 

•354 
.354 
.354 

76 

76 
76 
76 

o^430_ 

.430 
•430 
.430 

1 
79 
78 
78 
78 

0.509 

82 

83 
82 

82 

o.59i_ 

.591 
.590 
.590 

88 

86 
86 

85 

0.679 

+40* 

41 
42 

43 

1 

69 
69 
69 

.069 
.069 
.069 

0.508 
0.508 
0.508 

.677 
.676 

•675 

44 
45 
46 

69 
69 

70 

.069  70 
.069  1  70 
.070  70 

.139 

.139 
.140  1 

70; 

71 
70 

.209 
.210 
.210 

72 
72 

.281 
.282 
.282 

73 
73 
73 

.354 
.355 
•355 

76 
75 
76 

•430 
.430 
•431 

78 
78 
77 

.508 
.508 
.508 

Si 
81 
81 

•589 
.589 
.589 

85 
84 
84 

.674 
•673 
.673 

44 

45 
46 

47 
48 

49 

+  60 

51 

52 

53 

70 
70 
70 

71 

71 
71 
7i 

1 
.070 

.070 

.070 

.071 

.071 
.071 
.071 

70 
70 

71 
70 

71 
72 
72 

.140 
.140 
.141 

.141 
.142 

.143 
.143 

7i| 

71 

71 

72 

72 
71 
72 

.211 
.211 
.212 

.21T 

.214 

.214 

.215 

72 
72 
72 

72 

72 
73 
73 

.283 

.283 
.284 

.285 

.286 
.287 
.288 

73 
74 
74 

74 

74 
74 
74 

.356 

.357 
•358 

359 
.360 

.361 
.362 

75 
75 
75 

75 

75 
75 
75 

•431 
.432 

^  -433. 

•434 

•435 
.436 
•437 

78 

77 
77 

77 

77 
77 
78 

•509 

•509 
.510 

80 
80 
80 

80 

80 
80 

79 

.589 
.589 
.590 

•591 

84 
84 
83 
82 

82 
82 
82 

.673 
.673 
•673 

.673 

47 
48 

49 

+  50 

51 
52 

53 

5" 
.512 

.513 
.515 

•592 
.593 
•594 

.674 

•675 
.676 

54 
55 
56 

72 
72 
72 

.072 
.072 
.072 

72 
72 
73 

.144 
.144 
.145 

72 
73 
73 

.216 
.217 

.218 

74 
74 
74 

.290 
.291 
.292 

74 
74 
75 

.364 
.365 
.367 

75 
76 
76 

.439 
.44» 
.443 

77 
77 
77 

.516 
.518 
.520 

79 
79 
79 

.595 
.597 
•599 

82 
81 
81 

.677 
.678 
.680 

54 
55 
56 

57 

58 

59 

+  60 

61 
62 

63 

73 
73 
73 

74 

75 

75 
76 

.073 
.073 
.073 

73 
74 
75 

75 

75 
76 
76 

.146 

.147 
.148 

.150 
.151 
.152 

74 
74 
74 

75 

75 
76 

77 

.220 
.221 
.222 

74 
74 
75 

75 

76 
76 
76 

.294 

.295 
.297 

.299 

.301 

.3"3 
.305 

75 
76 
76 

76 

76 
77 
78 

.369 
•371 
.373 

76 
76 
76 

•445 
•447 
.449 

77 
77 
78 

78 

78 
78 
79 

.522 
.524 
.527 

530 

.532 
.535 
•539 

79 
79 
79 
78 

79 
79 
79 

.601 

•603 
.606 

81 
81 
80 

81 

80 
80 

79 

.682 
.684 
.686 

57 
58 

59 

+  60 

61 
62 

63 

.074 

.075 

.075 
.076 

.225 
.227 
.229 

.375   77 

.377   77 
•380   77 

•383   77 

•452 

.608 

.611 
.614 
.618 

.689 

•454 

.457 
.460 

.691 

.694 
.697 

64 

65 
66 

77 
77 
78 

.077 
.077 
.078 

77 
78 
78 

.154 
.155 
.156 

77 
78 
79 

.231 

•233 
.235 

77 
77 
78 

.308 
.3>o 
.313 

77 
78 
78 

.385 
.388 

.391 

79 
79 
79 

.464 
.467 
.470 

78 

79 

80 

•542 
.546 
■550 

79 
79 
79 

.621 
.625 
.629 

80 

79 
79 

.701 

.704 
.708 

64 

65 
66 

67 
68 

69 
+  70 

79 
80 

80 
81 

.079 
.080 
.080 

79 

79 
81 

82 

.158 

.159 
.161 

.163 

79 
80 

80 
81 

.237 

.239 
.241 

.244 

79 
80 

81 
81 

.316 

•3»9 
.322 

•325 

79 

79 
80 

81 

.395 
.398 
.402 

.406 

79 
80 

80 
81 

.474 
.478 
.482 

•487 

80 
80 
81 

80 

.554 
.558 
.563 
•567 

79 
79 
79 
80 

•633 

.637 
.642 

.647 

79 
80 

80 
80 

.712 

•717 
.722 

.727 

67 
68 
69 

+  70 

.081 

7« 

72 

73 

82 

83 
84 

.082 
.083 
.084 

82 

83 
84 

.164 
.166 
.168 

83 
83 
84 

.247 

.249 
.252 

81 

83 
84 

.328 
•332 
.336 

82 
82 

83 

.400 
.414 
.419 

82 
82 
82 

.492 
.496 
.501 

80 
81 
82 

.572 

.577 
.583 

81 
81 
81 

•653 
.658 

.664 

79 
80 

80 

.732 
.738 
.744 

71 
72 
73 

74 
75 
76 

85 
86 

88 

.085 
.086 
.088 

86 

87 
87 

.171 

.173 
•175 

84 
86 

87 

.255 

.259 
.262 

85 

85 
86 

.340 

.344 
.348 

84 

85 
86 

.424 
.429 
.434 

83 
84 
85 

.507 
.513 
•519 

82 
82 

83 

.589 
•595 
.602 

82 
82 
82 

.671 

.677 
.684 

79 
80 

80 

•750 

•757 
.764 

74 

75 
76 

77 
78 

79 

+  80 

81 
82 

83 

89 
90 
91 

93 

94 

98 

.089 
.090 
.091 

89 
90 
92 

92 

94 
95 
97 

.178 
.180 
.183 

87 

89 
90 

92 

94 
95 
96 

.265 
.269 

.272 
.282 
.286 
.291 

88 

89 
90 

91 
92 
94 

1  95 

1 

.353 
.358 

.363 

.368 

r374 

.380 
.386 

86 

87 
88 

90 

90 
92 

93 

•439 
.445 
•451 

^458' 

.464 

'   ^472 
.479 

86 

87 
87 
88 

89 
89 
91 

•  525 
.532 
.5_38 

.546 

.553 
.561 
.570 

84 

84 
86 

86 

87 
88 

88 

.609 
.616 
.624 

.632 

.640 

.649 
.658 

82 

83 
83 

83 

84 
84 
85 

.691 
.699 
.707 

80 
80 
80 

.771 
•779 
.787 

.796 
.805 
.814 
.824 

77 

78 

79 

+  80 

81 
82 

83 

.093 

.185 

.188 

.191 

!   .195 

.715  '81 

.094 
.098 

.724 

•733 
.743 

81 
81 
81 

84 

85 
86 

99 

lOI 

103 

.099 
.101 
.103 

99 

lOI 

103 

1   .198 
!   .202 

.206 

98 

99 
101 

1 
.296  96 

.301  '  98 
.307  99 

.392  ,  95 

.399  '  96 
.406  ;  98 

.487- 

.495 

•504 

92 
93 
94 

•579 
.588 

.598 

89 
90 

91 

.668 
.678 
.689 

85 
86 

86 

•753 
.764 

•775 

81 
81 
82 

.834 
•845 
.857 

84 

85 
86 

87 
88 

89 
+  90 

105 
107 
1 10 

112 

.105 
.107 
.110 

105 
107 
108 

III 

1   .210 

.214 
.218 

.223 

1 

103 

105 
108 

no 

.313  loi 
.319  103 
v326  ,105 

.333  107 

•414  99 
.422  lOI 

•43»  1102 

.440  103 

'   .513 
.523 
.533 

1   ^543 

95 
96 
98 

100 

.608 

.619 

i   .631 

•643 

1 

92 
93 
93 

94 

.700 
.712 
.724 

•737 

87 
88 

89 
90 

•787 
.800 

.813 
.827 

82 
82 
82 

82 

.869 
.882 

.895 
.909 

87 
88 

89 
+  90 

.112 

o- 

d. 

5- 

d. 

1 
10* 

d. 

1 
15"*   ;  d. 

20'' 

d. 

1 

d. 

30° 

d. 

1 
35'   d^ 

1 

40**  d. 

'      1 
1 

45° 
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TABLE  V. 
Y 


(5\ 

0"     1 

d. 

5" 

• 

d. 

1 
lo' 

1 

d,        15"  d,       20"   d,       25'  d.       30*  d. 

i 
1 

1 
35"   d. 

40- 

d. 

45" 

-40- 

• 

1 

1 
1 

-40- 

39 
38 
37 

i 
1 

1 

39 
38 

37 

36 

35 

-34 

+  3.055 

19 

+  3074 

59 

+  3.133 

' 

1 
1 

! 

36 
35 

-34 

33 

32 

31 

-80 

29 

28 

27 

2.883 
2.729 
2.588 

+  2.459 

18 

15 
14 

14 

13 
II 

10 

2.901 

2.744 
2.602 

+  2.473 

2.354 
2.244 
2.142 

53 
49 
44 

40 

37 
34 
32 

2.954 

2.793 
2.646 

95 
85 
78 

70 

64 
60 

55 

+  3.049 
2.878 

2  724 

+  2.583 

2.455 
2.338 
2.229 

130 
118 

108 

99 
90 

83 

+  3.008 
2.842 

+  2.691 

170 

154 
140 
128 
118 

+  3.012 

+  2845 
2.694 
2.556 
2.430 

219 

198 
181 
165 

1 

+  3.064 

2.892 

2.737 
2.595 

282 
254 
231 

1 

+  3-159  ' 

33 

32 

31 

-80 

29 
28 

27 

+  2.513 

2.391 
2.278 

2.174 

2.341 

2.233 
2.132 

2.554 
2.428 

2.312 

+  3-174 

2.991 
2.826 

333 

26 

25 
24 

2.038 

1.952 
I.87I 

10 

9 

8 

2.048 
I. 961 

1.879 

30 

27 
26 

2.078 
1.988 

1.905 

51 
48 

44 

2.129 
2.036 

1.949 

77 
71 
67 

2.206 
2.107 
2.016 

109 

lOI 

93 

2.315 
2.208 

2.109 

151 

139 
129 

2.466 

2.347 
2.238 

211 
194 
178 

2.677 

2.541 
2.416 

300 

273 
249 

2.977 
2.814 

2.665  i 

1 

363 

+  3.028 

26 

25 
24 

23 
22 

21 

1.795 

1.723 
1.656 

8 
8 

7 

1.803 

I. 731 
1.663 

23 
22 

21 

1.826 

1.753 
1.684 

42 
39 
37 

1.868 
1.792 
1. 721 

62 

58 
55 

1.930 
1.850 

1.776 

87 
82 

76 

2.017 

1.932 
1.852 

120 
III 
104 

2.137 
2.043 
1.956 

165 

153 
142 

2.302 
2.196 
2.098 

228 
210 
104 

2.530 
2.406 
2.292 

329 
301 
276 

2.859 
2.707 

2.568 

23 
22 

21 

-20 

19 
18 

17 

+  1.592 

7 

7 

5 
6 

+  1599 

1-539 
1.481 
1.427 

20 

'9 
18 

17 

+  1.619 

1.558 

1.499 
1.444 

35 
32 
31 
29 

+  1.654 

1.590 
1.530 
1.473 

52 

49 
46 

44 

+  1.706 

1.639 
1.576 
1.517 

71 

68 

64 
60 

±  ^:777 

1.707 
1.640 

1.577 

98 

91 
87 
83 

+  1.875 

1.798 
1.727 
1.660 

132 

124 
116 
109 

+  2.007 

1.922 

1.843 
1.769 

180 
168 

157 
147 

+  2.187 

2.090 
2.000 
1. 916 

254 

234 
216 

201 

+  2.441 

2.324 
2.216 
2.117 

-20 

19 
18 

17 

1.532 
1.476 
1.42  I 

16 

>5 
14 

1.370 
I.32I 

1.274 

5 
5 
5 

1.375 
1.326 

1.279 

17 
16 

15 

1.392 
1.342 
1.294 

27 
26 

25 

1. 419 
1.368 

1.319 

42 
40 
38 

1. 461 
1.408 

1.357 

57 
54 
52 

1. 518 
1.462 

1.409 

78 
73 
69 

1.596 
1.535 
1.478 

103 
98 
93 

1.699 

1.633 
1.571 

138 

»30 
122 

1.837 
1.763 
1.693 

188 

176 
166 

2.025 
1-939 
1-859 

16 

15 
14 

13 
12 

II 

1.229 
I. 186 

I.  145 

5 
5 
5 

1.234 
1. 191 
1. 150 

14 
13 

1.248 
1.204 
1. 163 

24 

24 
22 

1.272 
1.228 
1.185 

37 
34 

1.309 
1.262 

1. 218 

49 
48 

45 

1.358 
1.310 
1.263 

66 

63 
60 

1.424 
1-373 
1.323 

88 

83 
80 

1. 512  '116 
1.456  110 
1.403  iio4 

1.628 
1.566 
1.507 

156 
147 
139 

1.784 

1.713 
1.646 

13 
12 

-10 

9 

8 

7 

+  I.IO6 

1.068 
I.O3I 
0.996 

4 

4 
4 
3 

+  i.iro 

1.072 
1.035 

0.999 

12 

12 
II 
II 

+  1.122 

1.084 
1.046 
1. 010 

22 

20 
20 
20 

+  1.144 
1. 104 
1.066 
1.030 

31 

31 
30 
28 

+  1175_ 

I  135 
1.096 

1.058 

43 

41 
40 

38 

+  1.218 
1. 176 

1.136 
1.096 

58 
56 
53 
51 

+  1.276 

1.232 
1.189 

1.147 

76 
72 
69 
67 

+  1.352  99 

+  1.451 

1.398 
1.348 
1.300 

132 

126 

119 
114 

+  1.583 

:  -10 

9 
8 

7 

1.304 
1.258 
1. 214 

94 
90 
86 

1.524 
1.467 

1.414 

6 

5 
4 

0.961 
0.928 
0.896 

4 
4 
4 

0.965 
0.932 
0.900 

II 
10 
10 

0.976 
0.942 
0.910 

18 
18 

17 

0.994 
0.960 

0.927 

28 

27 
26 

1.022 

0.987 
0.953 

36 
35 
34 

1.058 
1.022 
0.987 

50 
48 
46 

1.108 
1.070 

1033 

64 
61 

59 

1. 172 

1. 131 
1.092 

82 

79 
76 

1.254 
1. 210 

1. 168 

109 
104 

99 

1.363 
1.314 
1.267 

6 

5 
4 

3 

2 

I 

0.865 

0.835 
0.806 

4 
4 
3 

0.869 

0.839 
0.809 

9 
9 
9 

0.878 
0.848 
0.818 

17 
16 

16 

0.895 
0.864 

0.834 

25 
24 
24 

0.920 
0.888 
0.858 

33 
33 
31 

0.953 
0.921 

0.889 

44 
42 

41 

0.997 

0.963 
0.930 

57 
55 
53 

1.054 
1.018 

0.983 

74 

71 
68 

1. 128 
1.089 
1. 05 1 

95 

91 
88 

1.223 
1. 180 

1139 

3 

2 

I 

0 

+  0.778 

3 

+  0.781 

9 

+  0.790 

15 

+  0.805 

23 

+  0.828 

30 

+  0.858 

40 

+  0.898 

51 

+  0.949 

66 

+  1.015 

85 

+  1.100 

1 

0 

6  / 
yt-a 

o' 

d. 

5' 

\d. 

10* 

i 

'       1   '. 

d.           15"    d,.        2d' 

1    1 

'•                     1 

d.       25'   d.       30^ 

d. 

'   35'   d. 

t 

40^ 

1 

d. 

45' 

Y  =  tan  (J  -  S), 
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TABLE  V. 


\j-nr 

d" 

d, 

1 

5- 

1 
d.\ 

10" 

d. 

15"       d, 

1 
1 

1 

2if       i  d.  1 

1 

1 
25' 

d. 

30-      ''^.l 

35-      \d,\ 

1 

40**      1 

1 

d.       45° 

( 
t 

O"* 

I 

2 

3 

+  0.778 

0.750 
0.723 
0.697 

3 

3 
3 
3 

+  0.781 

"0.753 
0.726 
0.700 

9 

9 

9 
8 

+  0.790 

15 

15 
14 
14 

+  0.805 

0.777 

0.749 
0.722 

23 
22 
22 
21 

+  0.828 

0.799 
0.771 

0.743 

30 

29 

28 

28 

+  0.858 

~  0.828 

0.799 
0.771 

40 

39 
38 

37 

+  0.898  ,51 
0  867  j  50 

0.837    48 
0.808    47 

+  0.949 
0.917 
0.885 
0.855 

66 

63 
62 

59 

+  i.o£5 
0.980 

0.947 
0.914 

85 
82 
78 
76 

+ I. 100 

1.062 
1.025 
0.990 

0' 

I 
2 

3 

0.762 

0.735 
0.708 

4 

5 
6 

0.671 
0.646 
0.622 

3 

3 

2 

0.674 
0.649 
0.624 

8 
8 
8 

0.682 

0.657 
0.632 

14 
13 
13 

0.696 
0.670 

0.645 

20 
20 
20 

0.716 
0.690 
0.665 

28 

27 
26 

0.744 

0.717 
0.691 

35 
35 
34 

0.779  1  46 
0.752  144 
0.725     43 

0.825 
0.796 
0.768 

58 
56 
54 

0.883 
0.852 
0.822 

73 
72 
70 

0.956 
0.924 
0.892 

4 

5 
-     6 

7 
8 

9 

0.598 
0.574 
0.551 

2 

3 
3 

0.600 

0.577 
0.554 

8 

0.608 
0.584 
0.561 

13 
13 
13 

0.621 

0.597 
0.574 

19 
18 

18 

0.640 
0.615 
0.592 

25 
25 
24 

0.665 
0.640 
0.616 

33 
33 
32 

0.698    42 

0.673  I41 
0.648  ,  40 

0.740 
0.714 
0.688 

54 
52 
50 

0.794 
0.766 

0.738  ; 

67 
65 

64 

0.861 
0.831 

0.802 

- 1 

7 
8 

9 

+  10 

II 
12 

13 

+  0.529 

2 

2 
2 
2 

+  0.531 

+  0.538 
0.516 
0.494 
0.473 

13 
12 
12 
II 

+  0.551 
0.528 
0.506 
0.484 

17 

17 
17 
17 

+  0.568 

0.545 

0.523 
0501 

24 

24 
23 
23 

+  0.592 

0.569 
0.546 
0.524 

31 

30 
30 
29 

+  0.623     39 

0.599  '  38 
0.576     37 
0.553     36 

+  0.662 

0.637 
0.613 

0.589 

50 

49 

47 
46 

+0.712 1 62 1+0.774 

+  10 

II 
12 

13 

0.507 

0.485 
0.464 

0.509 
0.487 
0.466 

0.686 1 60 
0.660 '  59 
0.635  58 

0.746 
0.719 
0.693 

14 
16 

0.442 
0.422 
0.401 

3 

2 

3 

0.445 
0.424 
0.404 

6 

0.452 

0.431 
0.410 

II 
II 
II 

0.463 
0.442 
0.421 

16 
16 
16 

0.479 
0.458 

0.437 

23 
22 

21 

0.502 
0.480 
0.458 

28 

28 
28 

0.530 
0.508 
0.486 

36 
35 
35 

0.566 

0.543 
0.521 

45 
45 
43 

0.61 1 1 56 
0.588 1 55 

0.564  |54 

0.667 
0.643 
0.618 

14 

15 
16 

17 
18 

19 

0.381 
0.361 
0.342 

2 

3 

2 

0.383 
0.364 

0.344 

7 
6 

6 

0.390 
0.370 

0.350 

II 
II 
II 

0.401 
0.381 
0.361 

16 

15 
15 

0.417 
0.396 

0.376 

21 
21 
21 

0.438 
0.417 
0.397 

27 

27 
26 

• 

0.465 

0.444 
0.423 

34 
33 
33 

0.499 
0.477 
0.456 

43 
42 

41 

0.542  152 
0.519  152 
0  497  1  5' 

0.594 
0.571 
0.548 

17 
18 

19 

+  20 

21 
22 

23 

+  0.322 

0.303 
0.284 

0.266 

3 

2 
2 
2 

+  0325 

0.305 
0.286 

'  0.268 

6 

6 
6 
6 

0.31 1 
0.292 
0.274 

10 

II 
II 
10 

+  0.341 
0.322 
0.303 
0.284 

15 

15 
14 
14 

+  0.356 

20 

20 
20 
20 

+  0.376 

0.357 

0.337 
0.318 

26 

25 

25 
25 

+  0.402 

0.382 
0.362 

0.343 

33 

33 
32 
31 

+  0.435 

0.415 
0394 
0.374 

41 

39 
39 
39 

+  0476  |50 

+  0.526 

~  0.503" 
0.482 
0.460 

+  20 

21 
22 

23 

0.337 
0.317 
0.298 

0.454 
0433 
0.413 

49 
49 

47 

24 

25 
26 

0.247 
0  229 
0.210 

2 
2 
2 

0.249 
0.231 
0.212 

6 

5 
6 

0.255 
0.236 
0.218 

10 
10 
10 

0.265 
0.246 
0.228 

14 
15 
14 

0.279 
0.261 
0.242 

20 

19 
19 

0.299 

0.280 
0.261 

24 
24 
24 

0.323 
0.304 

0.285 

31 
31 
31 

0.354 

0.335 
0.316 

39 

38 
37 

0.393    46 

0.373  ; 46 

0.353    45 

0.439 
0.419 
0.398 

24 

25 
26 

27 
28 

29 
+  80 

31 
32 

33 

0.192 

0.174 
0.156 

+  0.138 

2 
2 
2 

2 

2 
2 
2 

0.194 
0.176 

0.158 

+  0.140 

0.122 
0.105 
0.087 

6 
6 
6 

6 

6 

5 
6 

0.200 
0.182 
0.164 

10 

9 
9 

9 
10 
10 

9 

0.210 
0.191 

0.173 

+  0.155 
0.138 
0.120 
0.102 

14 
15 
14 

14 

13 
14 
14 

0.224 
0.206 
0.187 

+  0.169 

O.I5I 

0.134 
O.I16 

18 
18 
20 

20 

20 

19 
18 

0.242 
0.224 
0.207 

+  0.I89 

0.17J 

0.153 
0.134 

25 
24 
22 

22 

22 
22 

23 

0.267 
0.248 
0.229 

29 
30 
30 

0. 296  1  37 
0.278    36 
0.259    36 

0.333    45      0.378 
0.314    44  1     0.358 
0.295  1  44      0.339 

+  0.276  1  44  i  +0.320 

0.257  I  43      0.300 
0.239  !  42      0.281 
0.220    43]     0.263 

i       1 

27 
28 

29 

+  30 

31 
32 

33 

+  0.146 

0.128 
0.1 10 

0.093 

+  0211     29 

+  0. 240 

0.222 
0.204 
0.186 

36 

35 
35 
34 

0.120 
0.103 
0.085 

0.193 
0.175 
0.157 

29 
29 

29 

34 
35 
36 

0.068 
0.050 
0.033 

2 
2 
2 

0.070 
0.052 
0.035 

5 
6 

5 

0.075 
0.058 
0.040 

10 

9 
10 

0.085 
0.067 
0.050 

13 
14 
13 

0.098 

o.o8t 
0.063 

18 
18 
18 

0.116 
0.099 
0.081 

23 
22 

23 

0.139 
0.121 

0.104 

29 

29 

28 

0. 168 
0.150 
0.132 

34 
34 
34 

1 

,     0.202 

0.184 

1     0.166 

42 
42 

41 

1 

i     0.244 
0.226 
0.207 

34 
35 
36 

37 

3» 

39 

+  40 

0.015 
-0.002 
-0.020 

2 
2 
2 

2 

0.017 
+  0.000 
-0.018 

-0.035 

6 

5 
6 

5 

0.023 
+  0.005 
-0.012 

-0  030 

9 
10 

9 
10 

0.032 
+  0.015 
-0.003 

-  0.020 

14 
13 
i4 

13 

0.046 

0.028 

+  0.01  r 

-0.007 

18 
18 

17 
18 

0.064 
0.046 
0.028 

+  0.011 

22 

23 
23 

23 

0.086     28 
0.069  '  28 
0.051   1  28 

+  0.034  '  27 

1 

0.114 
0.097 
0.079 

+  0.061 

34 
33 
34 

34 

0.148 
1     0.130 

+  0095 

1 

41 
41 
40 

41 

0.189 
0.171 

0.153 
+  0.136 

37 

38 

39 

+  40 

-  0.037 

o' 

^. 
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i 
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25''   !  d. 
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41 
42 

43 
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2 
2 

2 

2 

i 

-0.035  1  5 
0.053   6 
0.070   5 
0.088   6 

1 
-  0.030  10 

0.047   9 
0.065  1 10 

0.082   9 

-  0.020 

-  0.038 
0.055 
0.073 

13 

14 
13 
14 

-0.007 

0.024 
0.042 
0.059 

18 

18 
18 
18 

I 
+  0.011  23 

-0.006  22 
0.024  23 
0.041  22 

+  0.034 
+  0.016 

-O.OOI 

0.019 

27 
28 

27 
28 

1 
+  0.061  34 

0.044  i  34 
0.026  '34 

+0.009  '33 

+  0.095  4» 

0.078  ,  40 
0.060  1  40 
0.042  41 

+  0.136 

+  40' 

41 
42 

43 

O.II8 

O.IOO 

0.083 

44 

45 
46 

0.107 
0.125 
0.143 

2 
2 
2 

0. 105   5 

0.123   5 
0.141   6 

O.IOO 

0.1 18 
0.135 

10 
10 

9 

0.090 
0.108 
0.126 

13 
14 
14 

0.077 
0.094 
0.112 

18 
18 
18 

0.059  23 

0.076  ;  22 
0.094  '  23 

0.036 
0.054 

0.071 

28 

28 
28 

-0.008  33 
0.026  34 
0.043  33 

0.025  40 
+  0.008  40 
-0  010  1  40 

0.065 
0.048 
0.030 

44 
45 
46 

47 
48 

49 

0.161 
0.179 
0.197 

2 
2 
2 

0.159   6 
0.177  1  6 
0.195   6 

0.153  1  10 
0.171  10 
0.189  ^0 

0.143 
0.161 

0.179 

13 
14 
14 

0.130 

0.147 
0.165 

iS 
18 
18 

0.112  I  23 
0.129  23 
0.147  23 

0.089 
0.106 
0.124 

28 

28 

28 

0.061  34 
0.078  33 
0.096  34 

0.027  40 
0.045  40 
0.062  40 

+0.013 

-0.005 

0.022 

47 
48 

49 

+  50 

-0.215 

2 

-0.213   6 

-0.207  10 

-0.197 

14 

-0.183 

18 

-  0. 165  1  23 

-  0. 142 

28 

-0.114  34 

-  0.080  i  40 

-0.040 

+  50 

51 
52 
53 

0.233 

0.252 

i  0270 

2 
2 

0.231   6 
0.250   6 
0.268   6 

0.225   9 
0.244  10 

0.262  i  10 

0.216 
0.234 
0.252 

15 
14 
14 

0.201 
0.220 
0.238 

18 

19 
19 

0.183 
0.201 
0.219 

23 
23 
23 

0.160 
0.178 
0.196 

29 
29 
29 

0.131 
0.149 
0.167 

33 
34 
34 

0.098 
0.1 15 

0.133 

41 
40 
41 

0.057 
0.075 

0.092 

51 
52 
53 

54 
55 
56 

0.289 
-0.30S 

0327 

2 
2 
2 

0.287   6 
0.306  I  6 

0.325  1  6 

1 

0.281  ; 10 
0.300  10 
0.319  1  10 

0.271 
0.290 
0.309 

14 
15 
15 

0.257 

0.275 
0.294 

19 
19 
19 

0.238 
0.256 
0.275 

24 
24 
24 

0.214  29 
0.232  29 
0.251  30 

0.185 
0.203 
0.221 

34 
35 
35 

0.151 
0.168 
0.186 

41 
40 
41 

O.I  10 
0.128 

0.145 

54 
55 
56 

57 

58 

59 

+  60 

61 
62 

63 

0.347 
0.366 

0.3K6 

-0.406 

0.427 
0.448 
0.469 

2 
2 
2 

2 

2 
2 
2 

0  345  :  7 
0.364   6 

0.384   6 

0.338  10 
0.358  10 
0.378  II 

0.328 
0.348 
0.367 

-  0.387 

15 
16 

15 

15 

15 
16 

17 

0.313  19 
0.332  19 
0.352  ,  20 

0.294 

0.313 
0.332 

-  0.352 

0.371 
0.391 

0.412 

25 
25 
25 
26 

25 
26 

27 

0.269  29 

0.288  30 
0.307  30 

-  0.326  30 

0.346  31 
0.365  31 
0.385  31 

0.240 

0.258 

-0.277 

35 
35 
36 

36 

36 
36 

37 

0.205 
0.223 
0.241 

-0.260 

0.270 
0.298 

0.317 

42 
42 
42 

42 

43 
44 
44 

0.163 
0.I8I 
0.199 

-0.218 

57 
58 

59 

+  60 

61 
62 

63 

-0.404 

0.425 
0.446 
0.467 

6 

-0.398 

0.418 

0.439 
0.460 

II 

II 
II 

II 

-0.372 

20 

-0.296 

0.407 
0.428 

0.449 

0.392 
0.412 
0.432 

21 
21 
20 

0.315 
0.334 
0.354 

0.236 
0.254 
0.273 

64 

65 
66 

0.490 
0.512 

0.535 

2 
2 

3 

0.488 
0.510 
0.532 

0.481 

0.503 
0.525 

II 
12 
12 

0.470 
0.491 
0.513 

17 
16 

17 

0.453 
0.475 
0.496 

21 
22 
22 

0.432 
0.453 
0.474 

26 

27 
27 

0.406 
0.426 

0.447 

32 
32 

33 

0.374 
0.394 
0.414 

38 
39 
39 

0.336 
0.355 
0.375 

44 
44 
45 

0.292 
0.31 1 

0.330 

64 

65 
66 

67 
68 

69 
+  70 

71 
72 
73 

0.557 
0.580 

0.604 

-  0.628 

0.652 
0.678 
0.704 

2 
2 

3 

3 

2 

3 
3 

0.555 
0.578 
0.601 

-0.625 

0.650 

0.675 
0.701 

7 
8 
8 

9 

0.548 
0.571 
0.594 

-0.618 

13 
13 
13 

13 

'3 
13 
13 

0.535 
0.558 
0.581 

-0.605 

17 
18 

18 

19 

19 
20 

20 

0.518 

0.540 

0.563 

-0.586 

0.610 
0.634 
0.659 

22 
22 

23 

23 

24 
24 
25 

0.496 
0.518 
0.540 

-0.563 
0.586 
0.610 
0.634 

28 

29 
29 
30 

30 
31 
31 

0.468 

0.489 
0.5 1 1 

-  0.533 
0.556 
0.579 

0.603 

33 
34 
34 

35 

36 
36 
38 

0.435 

0.455 
0.477 

-0.498 

0.520 

0.543 
0.565 

40 
39 
41 

41 
42 
43 
43 

0.395 
0.416 

0.436 

-  0.457 

0.478 
0.500 
0.522 

45 
47 
47 

47 

48 

49 
50 

0.350 
0.369 
0.389 

67 
68 

69 
+  70 

71 

72 

73 

-0.410 

0  642 
0.667 
0.692 

0.629 
0.654 
0.679 

0.430 

0.451 
0.472 

74 
75 
76 

0.730 

0.757 
0.785 

3 
3 
3 

0.727 

0.754 
0.782 

8 

9 
9 

0.719 

0.745 
0.773 

14 
14 
15 

0.705 

0731 
0.758 

21 
21 
21 

0.684 
0.710 

0.737 

26 
26 

27 

0.658 
0.684 
0.710 

31 

33 
34 

0.627 
0.651 
0.676 

38 
39 
39 

0.589 
0.612 

0.637 

45 
45 
46 

0.544 
0.567 
0.591 

50 
51 
53 

0.494 

0.516 

0.538 

74 

75 
76 

77 

78 

79 

+  80 

81 
82 

83 

0.813 

0.843 

0.873 

-0.904 

0.937 
0970 
1.004 

3 
3 
3 

3 
4 
4 
3 

0.810 
0  840 

-0.901 

0.933 
0.966 

I.OOI 

9 
10 
10 

10 

10 
10 
II 

0.801 
0.830 
0.860 

-0.891 

0923 

0.956 
0.990 

15 
16 

16 

17 

17 
18 

19 

0.786 
0.814 
0.844 

22 
22 

23 

23 

25 

25 
26 

0.764 
0.792 
0.821 

28 
28 

29 

31 

31 
32 
33 

*  0.736 
0.764 
0.792 

-  0.820 

0.850 
0.881 
0.912 

34 
35 
36 

37 

38 
40 

40 

0.702 

0.729 
0.756 

-  0. 783 

0.812 
0.841 
0.872 

40 
42 
43. 
43 

45 
46 
48 

0.662 
0.687 

0.713 
-0.740 

0.767 

0.795 
0.824 

48 
48 
49 
51 
52 
53 
55 

0.614 
0.639 
0.664 

-0.689" 

53 
55 
57 

57 

59 
61 

62 

0.561 

0.584 

0.607 

77 
78 

79 

+  80 

81 
82 

83 

0.906 

0.938 
0.971 

-0.851 

0.881 

0.913 
0.945 

-  0.632 

0.715 
0.742 

0.769 

0.656 
0.681 
0.707 

84 

86 

1.040 
1.077 
1. 116 

4 
4 
5 

1.036 

1073 

I. Ill 

II 
12 
12 
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1.061 
1.099 

19 
20 

21 

1.006  27 
1.041  27 
1.078  28 

0.979 
1. 014 

1.050 

34 
36 
37 

0.945 
0.978 
1.013 

42 
43 
45 

0.903 

0.935 
0.968 
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51 
52 

0.854 
0.884 
0.916 

57 
58 
60 

0.797 
0.826 
0.856 

63 
65 
67 

0.734 

0.761 

0.789 

84 

85 
86 

87 
88 
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1. 241 
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4 
5 

5 
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14 
14 

15 
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21 
22 

23 

24 
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58 

61 
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66 

68 
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71 
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38  13  ' 
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38    50  J 
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39  7  5 

39    16^0 
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40  12  ^ 
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40  52  * 
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66 

67 
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57"i"6^^ 

"58" -4: 
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116 
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125 
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129 
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90 

91 
92 

93 
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96 

97 

98 
00 
01 

02 
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06 
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08 
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II 
12 

13 

14 

15 
16 

17 
18 

19 

20 
21 
21 

22 

2y 

24 

25 

25 
26 

27 

27 
28 

28 


77 
77 
77 

77 

76 
75 

75 

75 
73 

73 

72 

71 
70 

69 

67 
67 

65 
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^^57 
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51 
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24 
39 

54 
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22 

35 

47 

58 

8 
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31 

24 


54 
53 
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16 

56^^ 

16^ 
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43 
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29 

30 
30 

3' 

31 
32 


44 
22 

5? 

34 

9 
43 
15 

46 
17 


43 

42 
40 

39 

38 
37 

35 

35 
34 
32 

31 
31 


S-a 


35 
36 

37 
38 
39 
140 

41 
42 

43 

44 

45 
46 

47 
48 

49 

150 

51 
52 
53 

54 
55 
56 

57 
58 
59 
160 

61 
62 

63 

64 

65 
66 

67 
68 

69 

170 

71 
72 
73 

74 

75 
76 

77 
78 

79 

180 


s-a 


32     17^ 

32  46"^ 

28 

33  14,8 
35    42 


37 
25 

25 
24 


34  9 

34  34 

34  59 

35  23 

35  46^ 

33 

36  8 
36  29 

36  50 

37  10 
37  29 
37  47 


3X 
21 


30 


19 
18 

17 


38 

38  ^S'fi 

38  37  6 

38  53''' 

15 

39  8 
39  22 
39  35 

39  48 

40  I 

40  13 

40  24 

40  34 

40  44 

40  53 


14 
13 

13 

13 

13 


II 


10 
10 


8 


41  2 

41  10 

41  17    7 

7 

41  24    ^ 

41  31    I 

41  37  ^ 

41  42  5 

41  47  \ 

41  52 
41 


56^ 


41  59  2 

42  I   , 
42      3 


42 
42 
42 
42 


8 


TABLE  VII. 
.V  cos  {^  —  S)' 

X  cos  (J-<5)  has  sign  of  (j-a).      It  is  therefore  positive 
when  center  of  plate  is  west  of  meridian. 


s-a 


0 

I 
2 

3 

4 

5 
6 

7 
8 

9 
10 

II 
12 

13 

14 

15 
16 

17 
18 

19 
20 

21 
22 

23 

24 

25 
26 

27 
28 

29 
30 

31 
32 

33 

34 
35 
36 

37 
38 

39 

40 

41 
42 

43 

44 
45 


log:  A' cos 


A'co* 


s-a 


-  X 

8. 139 
8.440 

8.616 

8.74' 
8.839 

8.918 

8.985 

9-0435 
9.0949 

9:14" 

9.1830 
9.221 1 

92563 


.  I ._ 


0.000 

"14 
28 

41 

55 
0.069 

83 

97 
no 

ili 

0^138 

152 
166 
180 


9.2890  I  195 
9.3195  0.209 
9.3482  i     223 

9- 375 1  I  237 
9.4006  I  252 
9.4248  '     266 

9.4478  I  0.280 

9-46(98 
9.49^ 
9.5^0^ 

95302 
9-5488 
9.5668 

9.5842 
9.6009 
9  6172 


9.6330 

9.6484 

96633 
9.6778 

9.6919 

9-7057 
9.7192 

9.7323 
97452 
_?-7578_ 
9^7700 
9.7821 

9.7938 
9.8054 

9.8167 
9.8278 


180 

79 
78 

77 

76 
75 
74 

73 

72 

71 
170 

69 
68 

67 

66 

65 
64 

63 
62 

61 

160 

59 
58 

57 

56 
55 
54 

53 
52 

51 

0.430  1 150 

446  j  149 
461  I  148 

477  I   '47 


294 

309 
324 

339 

0.354 

369 

384 
399 
414 


492 
0.508 

524 

540 

556 

572 

OJ89 

606 
623 
640 

656 
0.673 


46 
45 
44 

43 
42 

41 

140 

39 
38 
37 

36 

35 


-         llogA'cosI  A'cos  ,'     _^ 


s-a 


45 
46 

47 
48 

49 

50 

5' 
52 
53 

54 
55 
56 

57 
58 

59 

60 

61 
62 

63 

64 

65 
66 

67 
68 

69 
70 

71 
72 
73 

74 

75 
76 

77 
78 

79 

80 

81 
82 

83 

84 

85 
86 

87 
88 

89 
90 


log  X  cos 


9.8278 

98387 

9.8494 
9.8599 

9.8702 

9.8804 
9.8903 

9.9001 
9.9096 

9.9190 

9.9282 

9.9372 
9.9461 

9-9547 
99633 


_?:?7i6 

9.9796 
99875 
9.9952 

0.0028 
0.0103 
0.0175 

0.0243 
0.0310 
0.0375 

0.0438 


0.0498 

0.0555 
0.0610 

0.0663 
0.0713 
0.0760 

0.0804 
0.0845 
0.0883 

0.0920 

0.0952 
0.0981 
0.1007 

o.  1029 
0.1048 
0.1064 

o.  1076 
0.1085 
0.1091 

0.1093 


A-co* 


s-a 


_        .log  A' cos 


0.673 
690 

707 

725 

742 


0.759 

777 
795 
812 

830 

0.848 

866 

884 
901 
919 


0.937 


.954 
.972 

.989 

.007 
.024 
.041 

.058 

074 
.090 


106 


.122 
.136 

.>5i 

.165 
.178 
.192 

.203 
.215 

.236 

.245 
.254 
.260 

.266 
.273 
.278 

.281 
.284 
.286 


.286 


35 

34 

33 
32 

31 

180 

29 
28 

27 

26 

25 

24 

23 
22 

;2i 

120 

19 
18 

17 

16 

15 
14 

13 
12 

II 
110 

09 
08 

07 

06 

05 
04 

03 
02 
:oi 

100 

99 

98 
97 

96 
95 
94 

93 
92 

91 

90 


A' cos 


s-a 


tan  ^  =s  tan  <p  sec  (j  -  a). 


X  cos  (^  -  5)  =  tan  (s  -  a)  cos  J. 


I  ^o 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY, 


TABLE  VIII. 

For   Conversion   of   Dbgrbbs 
INTO  Radians. 


•7 
.8 

•9 
1.0 

I.I 

1.2 

1-3 

1.4 

1-5 
1.6 

1.7 
1.8 

1-9 
2.0 

2.1 
2.2 

2.3 

2.4 

2-5 
2.6 

2.7 

2.8 
2.9 

3.0 

3.1 
3-2 

3-3 

34 

35 
36 

37 

3.» 

39 

4.0 

4.1 
4.2 

4-3 

4.4. 
4.5 
4.6 

4.7 
4.8 

4.9 
5.0 


1222  ,.^ 

1396  ,15 

1571 
-\    174 

1920  ,7, 

2094,75 
2269 

174 

2443  175 

2618  ,;^ 

2793 
174 

2967 ,75 
3142 ,7, 

3316 

175 


0.03491 


»74 


3f  5  ,75 
3840  ,7^ 

4014 

175 

4189,74 
4363  ,75 
4538 


»74 


4712 

4887 
^061 

0.05236 


175 
174 

175 

175 
54 1 1  ,74 

5585  ,75 
5760 
174 

6934  ,75 

61^9  ,74 
6283 

»75 

^^^^  '74 
6632  ,75 

6807    ^^ 

J74 
0.06081 

,  175 
7 '56  ,74 

7330  ,75 

7505 

174 

7854  ,75 
8029    ^^ 

174 

8203 

8377  ,75 

8552    ^^ 
---     175 

0.08727 


VA 


57.296 


174 

I 

17.4 

2 

34.8 

3 

52.2 

4  1 

69.6 

5 

87.0 

6 

104.4 

7 

121.8 

8 

«39  2 

9 

156.6 

175 

I 

17.5 

2 

35.0 

3 

52.5 

4 

70.0 

5 

87.5 

6 

105.0 

7 

122.5 

8 

140.0 

9 

157.5 

TABLE  IX. 
Giving  jr*  +  y  with  arguments  x  and^. 

The  quantities  are  expressed  in  radians.     The  tabulated  values  are  given 
in  units  of  the  fourth  decimal  place. 


X 

V 

\ 

.00 

.01 

.02 

.03 

.04 

1 
.05 

.06 

1 

.07 

1 

.08 

.09 

.10 

0.00 

0 

I 

4 

9 

16 

25 

36 

49 

1 

64 

81 

too 

I 

I 

2 

5 

.  10 

17 

26 

37 

50 

65 

82 

lOI 

2 

4 

5 

8 

13 

20 

29 

40 

53 

68 

85 

104 

3 

9 

10 

13 

18 

25 

34 

45 

58 

73 

90 

109 

4 

16 

17 

20 

25 

32 

41 

52 

65 

80 

97 

116 

0.05 

25 

26 

29 

34 

41 

50 

61 

74 

89 

106 

125 

6 

36 

37 

40 

45 

52 

61 

72 

85 

too 

117 

136 

7 

49 

50 

53 

58 

65 

74 

85 

98 

113 

130 

149 

8 

64 

65 

68 

73 

80 

89 

100 

113 

128 

145 

164 

9 

81 

82 

85 

90 

97 

106 

117 

130 

145 

162 

181 

0.10 

100 

lOI 

104 

109 

116 

125 

136 

149 

164 

1 

181 

200 

TABLE   X. 
D 


xX  +  K  K 


D 


.00 

I 

2 

3 

4 

5 
6 

7 
8 

9 
.10 

II 
12 

13 

14 

15 
16 

17 
18 

19 
.20 

21 
22 

23 

24 
25 


+  .0000 
.0101 


lOI 


.0204 

.0309 


103 
105 


107 


.0416 
.0526  * 
.0638 


10 

112 


115 

117 
119 


12a 


•0753 
.0870 

.0989 
+  .IIII 

.1364 
.1494 


.1628 
.1765 
.1905 


130 
134 

»37 
MO 

M3 


.2048 

.2195 
.2346 

+  .2500 

' .2658 
.2820 

.2987 

171 

.3333 


147 
151 

154 

158 
162 
167 


xX  -^yV 


D 


-25 
26 


27 

28 

29 
.30 

31 
32 

33 

34 
35 
36 

37 

38 

39 

.40 

41 
42 

43 

44 
45 
46 

47 
48 

49 
.50 


+  .3333 


181 


•3514 

185 

•3699,90 

.4084  ^ 
+  .4286 


aoa 


207 


•4493  2,3 
.4706 

.4925 


.5152 


2x9 
227 

.5385  240 
.5625 

248 

•5873  256 

•6129264 

.6393  _ . 

+  .6667  ^* 
--  -    282 

•6949292 
•7241  303 

.7544 
313 


.7857 
.8182 

.8519 


325 
337 


349 
•8868353 

•9231  377 

.9608^^ 

39a 
+  1. 0000 


xX  +  vl' 


/; 


LrA'+jl' 


D 


xX  ->(■  yV 


D 


+  .00 

I 

2 

3 

4 

5 
6 

7 
8 

9 
+  .10 

II 
12 

13 

14 

15 
16 

17 
18 

19 
+  .20 

21 
22 

23 

24 
25 


-  .0000 

99 

.0099 _ 

.0196^' 

95 
.0291  ^ 

94 

.0476^ 
.0566^ 

88 
.0654 


87 
85 

83 
82 

•^'80 
.1071 


.0741 
.0826 

-  .0909 


.1150 

.1228 
•1304 

.»379 

.1453 
•1525 


79 

78 

76 
75 

74 

72 
72 


.1597 
-.16677° 


.1736 


69 


.1803^ 
. 1870  ^ 
66 

•'936, 
.2000^ 


xX  +  y  y 


D 


xX  ^yy\ 


D 


+  25 
26 

27 
28 

29 
+  .80 

3J 
32 
33 

34 
35 
36 

37 

3« 

39 

+  .40 

41 
42 

43 

44 

45 
46 

47 
48 

49 
+  .50 


-  .2000 

.2064^ 

62 
.2126 


.2188 
.2248 


-.2308 


62 
60 

60 

.2366^ 

.2424  „ 
.2481  ^^ 

56 
.253756 

•2^^  54 
.2647^ 

54 

.2701 


S3 
5a 

51 

51 
50 
49 


.2754 
.2806 

-.2857 
.2908 

.2958 

•3007 

•    49 

.3056.. 

.3103 2 

.3151 

46 

•3W,6 

.3289^ 


-•3333 


44 


xX^yY         D 


D  = 


I   +  xX  +  y ) 


,  -  I 


TABLES  FOR  THE  REDUCTION  Oh  PHOTOGRAPHIC  MEASURES. 


'3^ 


TABLE  XI. 
For  Zenith  Distance  of  Center  of  Plate. 


X  and  Y  are  expressed  in  units  of  radius,  Z  in  degrees. 


+  y 


0.0 

0.5 

1.0 

1 
1-5 

1 
2.0 

1 

1 
1 

2.5 

1 

30 

3.5 

1 
4.0  , 

4.5 

5.0 

5-5 

6.0 

R 

o.o 

e 
0. 

0   1 
27. 

0 
45. 

0 
56. 

63-4 

0   1 
68.2 

71.6 

74^1 

75*97  , 

77*47 

78:69 

79^70 

8o!54 

0.5 

1.0 

1.5 

27. 

45. 
56. 

35. 
48. 
58. 

48. 

55. 
61.0 

58. 

61.0 

64.8 

64.1 

659 
68.2 

68.6 
69.6 
71. 1 

71.8 
72.4 
73-4 

74.2 
74.6 

7529 

• 

76.07 

76.37  i 
76.82  1 

77.55 
77.76 
78.10 

78.75 
78.90 
79.16 

79.74 
79.86 
80.05 

80.57 
80.67 

2.0 

2.5 

3-0 

63.4 

68.2 
71.6 

64.1 
68.6 
71.8 

65.9 
69.6 

72.4 

68.2 
71. 1 
73.4 

70.5 
72.7 

74.5 

72.7 
74.2 
75.63 

74.5 

75.63 

76.74 

76.07 
76.91 
77.76 

1 

77.40 
78.03 
78.69 

78.52 
79.00 

79.53 

79.48 
79.86 
80.27 

80.30 

3-5 
4.0 

4.5 

74.1 

75.97 

77.47 

74.2 
76.07 

77.55 

74.6 

76.37 
77.76 

75.29 
76.82 

78.10 

76.07 
77.40 
78.52 

76.91 
78.03 
79.00 

7776 
78.69 

79-53 

78.58 

79.34 
80.05 

79.34 
79.97  1 
80.57  1 

80.05 

5.0  * 

5.5 
6.0 

78.69 
79.70 
80.54 

78.75 
79.74 
80.57 

78.90 
79.86 
80.67 

79.16 
80.05 

79.48 
80.30 

79.86 
80.60 

80.27 

1 

Table  for  Transformation  of  Decimals  of  a  Degree  to  Minutes  and  Seconds  of  Arc  or  Time, 

and  the  Converse. 


0 

.1 

.2 
.3 

6 
12 
18 

0. 
0. 
0. 

m 
0 

I 

s 

24. 

48. 

12. 

.4 
.5 

.6 

24 
30 
36 

0. 
0. 
0. 

I 

2 
2 

36. 
0. 

24. 

•7 
.8 

•9 

42 
48 
54 

0. 
0. 
0. 

2 

3 
3 

48. 
12. 

36. 

0 
.01 

.02 
•03 

0 

I 
I 

36! 
12. 

48. 

• 

s 
2.4 
4.8 

7-2 

.04 

2 

3 
3 

24. 
0. 

36. 

9.6 

12.0 

14.4 

.07 
.08 
•09 

4 
4 
5 

12. 

48. 
24. 

16.8 

19.2 

21.6 

.001 

3^6 

.002 
.003 

7.2 
10.8 

.004 
.005 
.006 

14.4 
18.0 
21.6 

.007 
.008 

25.2 

28.8 

• 

.009 

32.4 

10 
20 

30 
40 

50 

!i666667 

•3333333 
.5000000 

.6666667 
•8333333 

I 

2 

3 

.0166667 

•0333333 
.0500000 

4 

5 
6 

.0666667 
.0833333 
.1000000 

7 
8 

9 

.1166667 

.1333333 
.1500000 

10 
20 

30 
40 
50 

.0027778 

.»'55556 
•0083333 
.011 II II 
.0138889 

I 
2 

3 

.0002778 
.0005556 
.0008333 

4 

5 
6 

.OOIIIII 

.0013889 
.0016667 

7 
8 

.0019444 
.0022222 

9 

.0025000 

m 

e 

I 

.2500000 

2 

.5000000 

3 

.7500000 

s 

10 

.0416667 

20 

.0833333 

30 

.1250000 

40 

.1666667 

50 

.2083333 

8 
I 

.0041667 

2 

.0083333 

3 

.0125000 

4 

.0166667 

5 

.0208333 

6 

.0250000 

7 

.0291667 

8 

.0333333 

9 

.0375000 

INVESTIGATION  OF  THE  REPSOLD  MEASURING 

APPARATUS. 


By  BURT  L.  NEWKIRK, 
Bbrkblby  Astronomical  Dbpartmbnt. 


r 
I 


f*         ■! 


I, 
I 


I 
I, 

i    • 

I;  ■■• 


ii-3 


r. 


\ 

I 

f^ROPORTlONAL  PARTS. 


8 


II 


12 


13 


14 


15 


16 


17 


18 


19 


I   -7 
=  1.4 

2.1 

I 

2.8 

;3-5 

'4.2 

j 

•49 

5.6 

!6.3 


.8 
I  6 

2.4 

3-2 
4.0 
48 

5.6 

6.4 
7.2 


•9 
1.8 

2.7 

3.6 
4.5 
54 

6.3 

7.2 

8.1 


I.I 
2.2 

3.3 

4.4 

5.5 
6.6 


7.7 
8.8 

9.9 


1.2 

2.4 
3.6 

4.8 
6.0 
7-2 

8.4 

9.6 

10.8 


1.3 
2.6 

3.9 

5.2 

6.5 

7.8 


9.1 
10.4 

11.7 


1.4 
2.8 

4.2 

5.6 
7.0 
8.4 

9.8 
II. 2 

12.6 


1.5 
3.0 
4.5 

6.0 

.7.5 
9.0 

10.5 
12.0 

13.5 


1.6 

3-2 

4.8 

6.4 

8.0 

9.6 

II. 2 
12.8 

14.4 


1-7 

3.4 

5-1 

6.8 

8.5 
10.2 

11.9 
13.6 
15.3 


1.8 
3.6 
5.4 

7.2 

9.0 

10.8 

12.6 
14.4 
16.2 


1.9 
3.8 

5.7 

7.6 

9.5 
11.4 

13.3 
15.2 
17.1 


s. 


:27 


28 


29 


31 


32 


33 


34 


35 


36 


37 


38 


39 


p. 4 
te.  I 

P.2 

*i.9 
(.6 

14-3 


47 


D.I 

3.8 

:5 

5.2 

5.9 

;.6 
3-3 


h 


I 


2.8 

56 

8.4 

II. 2 
14.0 
16.8 

19.6 
22.4 
25.2 


48 


2.9 

5-8 
8.7 

11.6 

14.5 
17.4 

20.3 
23.2 
26.1 


49 


3.1 
6.2 

9.3 

12.4 

15.5 
18.6 

21.7 
24.8 
27.9 


51 


3.2 
6.4 
9.6 

12.8 
16.0 
19.2 

22.4 
25.6 
28.8 


52 


3.3 
6.6 

9.9 

13-2 
16.5 
19.8 

23.1 
26.4 

29.7 


53 


3.4 
6.8 

10.2 

136 
17.0 
20.4 

23.8 
27.2 
30.6 


54 


3-5 
7.0 

10.5 

14.0 

17.5 
21.0 

245 
28.0 

31.5 


55 


3.6 

7.2 

10.8 

14.4 
18.0 

21.6 

25.2 
28.8 

32.4 


56 


3.7 

7.4 

II. I 

14.8 
18.5 
22.2 

25.9 
29.6 

33-3 


57 


3.8 

7.6 

1 1.4 

15.2 
19.0 
22.8 

26.6 

30.4 
34.2 


58 


6.8 

13.6 
20.4 

27.2 

34.0 
40.8 

47.6 

54.4 
61.2 


88 


6.9 
13.8 
20.7 

27.6 

34.5 
41.4 

48.3 
55.2 
62.1 


89 


7-1 
14.2 

21.3 

28.4 

35.5 
42.6 

49.7 
56.8 

639 


91 


7.2 
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INVESTIGATION  OF  THE  REPSOLD  MEASURING  APPARATUS. 


By  BURT  L.  NEWKIRK. 


n. 


In  the  winter  of  1903-4  the  Students'  Observatory  received  from  the  firm  of 
Repsold  Sons  of  Hamburg  a  measuring  apparatus  of  the  type  described  page  i48fF 
Scheiner's  ^^  /^holographie  der  Gestirney  The  following  investigations  of  this 
instrument  have  been  made: 

1.  Division  errors  of  the  scales; 

2.  Irregularities  of  the  micrometer  screw  used  in  measuring  the  X  coordinate; 

3.  Straightness  of  the  bar  which  guides  the  movable  (A^)  microscope; 

4.  Straightness  of  the  cylinder  which  guides  the  plate  carriage  in  its  motion, 
determining  the  Faxis; 

5.  Perpendicularit}^  of  these  two  directions  of  motion; 

6.  Parallelism  of  the  plate  with  the  two  scales; 

7.  Distortion  of  field  of  objective  of  X  microscope. 

The  following  remarks  will  throw  light  upon  the  order  of  accuracy  which  it  is 
desirable  to  attain  in  each  of  these  investigations. 

The  apparatus  is  so  constructed  that  it  may  be  used  to  determine  either  posi- 
tion angle  and  distance  or  rectangular  coordinates.  Position  angle  and  distance 
measures  can  be  advantageously  used  in  determining  the  parallax  of  any  star,  the 
line  determined  by  the  image  of  the  star  under  investigation  and  the  companion 
star  being  made  as  nearly  as  possible  parallel  to  the  direction  of  the  X  scale,  and 
the  distance  directly  measured,  the  position  angle  being  read  off  roughly  for  the 
purpose  of  future  identification,  and  the  computation  of  refraction  and  aberration 
corrections.  For  this  purpose  it  is  desirable  to  know  the  corrections  for  the 
division  lines  of  the  X  scale  and  the  corrections  due  to  irregularities  of  the 
micrometer  screw  to  within  a  few  ten-thousandths  of  a  mm.  It  is  also  necessary 
to  ascertain  that  the  field  of  the  object  glass  of  the  microscope  is  not  subject  to 
any  distortion  which  would  affect  by  so  much  as  two  or  three  ten-thousandths  of 
a  mm.,  measurements  of  distances  up  to  i  mm.  made  with  the  micrometer  screw. 

Measures  of  position  angle  might  be  carefully  made  so  as  (in  combination 
with  Uie  distance  measures)  full}^  to  determine  the  position  of  one  star  with  refer- 
ence to  another,  or  w^ith  reference  to  the  center  of  rotation  of  the  plate,  the  right 
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ascension  and  declination  of  which  wonld  be  determined  in  the  reduction.  The 
position  angle  measures  would  however  not  be  as  thoroughly  independent  of 
changes  in  relative  position  and  length  of  various  parts  of  the  instrument,  due  to 
temperature  variation  or  mechanical  strains  and  inaccuracies  of  construction,  as 
are  the  measures  of  distance,  and  would,  therefore,  be  less  trustworthy.  Positions 
determined  by  measurements  of  angle  and  distance  would  be  subject  to  the  same 
degree  of  inaccuracy  as  the  measures  of  position  angle.  The  division  errors  of 
the  circle,  by  means  of  which  the  position  angles  are  measured,  and  the  irregulari- 
ties of  the  micrometer  screws  used  in  making  the  settings  on  the  circle  have  not 
been  investigated,  the  accuracy  of  their  construction  being  presumed  to  be 
commensurate  with  the  accuracy  obtainable  in  the  measures  of  position  angle. 
Measures  made  in  this  way  would  be  subject  to  errors  of  altogether  inadmissible 
magnitude  if  the  bar  which  carries  the  movable  microscope  were  not  made  with 
particular  care  to  insure  its  freedom  from  curvature.  The  straightness  of  this 
bar  has  therefore  been  tested  and  found  to  be  free  from  curvature  or  irregularities 
large  enough  to  introduce  errors  of  a  thousandth  of  a  mm.  in  a  position  determined 
from  measures  of  position  angle  and  distance. 

Rectangular  coordinates  can  be  measured  either  by  setting  on  a  star  and 
reading  off  both  coordinates  on  the  ^and  Y  scales  respectivelj^,  or  by  measuring 
the  X  coordinate  only,  in  the  first  position  of  the  plate,  and  then  rotating  the 
plate  through  90°  so  that  the  incoordinate  also  may  be  determined  b}''  comparison 
with  the  ^  scale. 

The  latter  method  recommended  by  Bakhuyzen  (Scheinkr  Photographie  der 
Gestirne)  is  considered  more  reliable,  the  former  being  open  to  objections  similar 
to  those  attached  to  the  measurements  of  position  angle.  In  the  measurement  of 
rectangular  coordinates  by  the  latter  method,  the  limit  of  negligible  error  might 
be  placed  at  about  one  thousandth  of  a  mm.  This  necessitates  in  addition  to  the 
determination  of  scale  corrections  and  corrections  due  to  the  irregularities  of  the 
micrometer,  an  investigation  of  the  straightness  of  the  cylinder  which  guides  the 
plate  carriage  in  its  motion  in  the  direction  of  the  K  coordinate,  and  the  effect  of 
temperature  variation  upon  the  straightness  of  this  cylinder. 

The  former  of  these  two  methods  can  be  used  when  extreme  accuracy  is  of 
secondary  importance.  For  this  purpose  it  is  desirable  to  know  the  corrections 
for  the  division  lines  of  both  scales  to  wathin  a  few  thousandths  of  a  mm.,  to 
ascertain  that  the  two  scales  are  approximately  parallel  to  the  plate  and  perpen- 
dicular to  each  other  and  that  the  two  directions  of  motion  (of  the  movable 
microscope  determining  the  A^axis,  and  of  the  plate  carriage  determining  the  Y 
axis)  be  straight  and  approximately  perpendicular.  The  investigation  shows  that 
errors  introduced,  into  the  measures  by  maladjustment  in  the  above-mentioned 
particulars  will  not  exceed  five  thousandths  of  a  mm. 


INVESTIGATIONS  OF  THE  REPS  OLD  MEASURING  APPARATUS. 


^2>7 


DIVISION  ERRORS  OF  THE  TWO  SCALES. 


The  two  scales  used  in  measuring  X  and  V  coordinates  are  designated 
respectively  as  N.  E.  K.  10-1903  and  N.  E.  K.  11-1903.  I  shall  refer  to  thein  as 
''scale  10"  and  ''scale  11."  The  division  errors  of  these  two  scales  were  investi- 
gated and  tabulated  by  the  A'ormal  Aichungs  Institute  of  Beilin,  Values  were 
given  to  thousandths  of  a  millimeter,  accompanied  by  a  note  to  the  effect  that  they 
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FIG.  1. 

were  probably  reliable  to  within  about  .0015  mm.  Inasmuch  as  sittgle  settings  made 
with  ordinary  care  upon  a  scale  line  differ  from  each  other  on  the  average  by  an 
amount  considerably  less  than  .0015  mni.,  it  seemed  to  me  that  a  more  accurate 
determination  of  the  division  errors  was  essential  if  the  instrument  were  to  be 
used  in  work  requiring  the  highest  accuracy  of  which  it  is  capable.  I  have  there- 
fore made  an  investigation  of  the  division  errors  of  some  of  the  lines  in  the 
middle  of  each  scale  and  Jabulated  the  results  to  ten-thousandths  of  a  mm.  The 
tabulated  values  are  probably  reliable  in  the  case  of  scale  10  to  within  three  or 
four  units  of  the  last  place.  The  tabulated  corrections  for  lines  near  the  center  of 
scale  II  seem  to  be  about  five  ten-thousandths  of  a  mm.  t.oo  small.  It  would  not  be 
difficult  to  remove  this  gradually  accumulated  error  but  it  does  not  seem  desirable 
to  do  so  at  the  present  time.     See  page  149. 
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The  method  employed  was  used  by  Gill  in  investigating  the  scales  of  the  Cape 
heliometer  and  the  scales  of  his  Repsold  measuring  apparatus.  The  two  scales 
are  each  approximately  130  mm.  long  and  are  made  as  nearly  alike  as  possible 
except  for  the  numbering  of  the  division  lines.  The  divisions  of  scale  10  are 
numbered  from  i  to  130,  and  those  of  scale  11  from  200  to  330.  The  first  step  was 
to  determine  the  correction  for  each  tenth  division  line  on  both  scales.  By  the 
correction  corresponding  to  any  division  line,  is  meant  that  fraction  of  the  unit  of 
length  which  it  is  necessary  to  add  to  the  number  of  the  division  line  (less  200  in 
the  case  of  scale  11)  in  order  to  obtain  the  distance  of  that  line  from  the  zero  line 
of  the  scale,  the  unit  of  length  being  one  one-hundred-and-thirtieth  of  the  interval 
between  the  first  and  last  lines  of  the  scale.  For  example,  the  tabulated  correction 
for  line  263  of  scale  11  is  +  .0196,  and  its  distance  from  the  zero  line  is  there- 
fore ^^  of  the  distance  between  lines  200  and  330.    These  corrections  for  each 

tenth  division  line  of  both  scales  were  deduced  from  a  comparison  of  each  10  mm. 
interval  of  scale  10  with  each  10  mm.  interval  of  scale  11,  the  two  scales  being 
placed  side  by  side,  on  the  stage  designed  for  the  A' scale,  in  the  successive  posi- 
tions indicated  in  Figure  i. 

Eight  settings  were  made  for  the  determination  of  the  micrometer  reading  of 
a  line.  Let  a^  represent  the  micrometer  reading  of  line  o  of  scale  10  and  b^  the 
reading  of  line  210  of  scale  11,  the  two  readings  having  been  taken  without 
moving  the  micrometer  carriage  in  the  meantime.  Then,  ^, —  ^,=  r,  represents 
the  distance  of  the  line  210  to  the  left,  let  us  say,  of  the  line  o.  If  now  the 
microscope  carriage  be  moved  through  an  interval  of  approximately  10  mm.,  and 
a  similar  series  of  readings  be  taken  on  lines  10  and  200,  designating  the  corre- 
sponding quantities  by  the  sub.script  2,  the  quantity  c^  —  c^—d  represents  the 
amount  by  which  the  interval  200-210  of  scale  11  is  larger  than  the  interval  o-io 
of  scale  10.  The  comparison  of  each  of  the  thirteen  10  mm.  intervals  of  scale  10 
with  each  10  mm.  interval  of  scale  11  yields  13^  quantities  such  as  d.  Let  these 
be  designated  by  double  subscripts,  the  first  subscript  referring  to  the  interval 
of  scale  10,  the  second  to  the  interval  of  scale  11. 


</. . 

r/,  , 

^3  1 

d\z  I 

d,. 

d,. 

di  t 

du  i 

d\  3 

d,. 

dz  3 

dn  3 

* 

*                   * 

*         * 

« 

d\  13 

di  13 

d^  1:, 

dv,\  i% 

Now  let  Z>',,  D\  ....  Z>',3  represent  the  means  of  the  quantities  in  the  columns. 
D\  is  the  amount  by  which  the  interval  o-io  of  scaie  10  is  shorter  than  one- 
thirteenth  of  the  total  length  of  scale  11.  ^D\  represents  the  total  amount  by 
which  scale  10  is  shorter  than  scale  11.  The  amounts  by  which  the  successive 
ten  mm.  intervals  of  scale  10  are  shorter  than  one  one-thirteenth  of  its  own  total 
length  are  obtained  by  applying  with  the  opposite  sign  I  SZ^'j  to  each  D\ 
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Let:  D,  =  D\  -  ^  XU, ,  A  =  D\  -  ^^3  ^H, ,  etc. 

The  correction  for  the  wth  line  of  scale  10  as  defined  above  is: 

Correction  to  wth  line  =  —  (/^i  + A+^3  .  •  •  •  -H/?n)-  The  correction  to  the 
thirteenth  line  is  -2/^i  =  o. 

To  obtain  the  corrections  for  the  lines  at  10  ram.  intervals  of  scale  11,  repre- 
sent the  raeans  of  the  quantities  in  the  rows  by  -.^V 

Let  ^,  =  ^\  -  4  S^'i ,  etc. 

The  ^'s  are  the  araounts  by  which  the  successive  intervals  of  scale  11  are 
longer  than  one-thirteenth  of  the  total  length  of  the  scale.     We  have,  therefore, 

Correction  to  n\\\  line  =  ^,  +  -.^^  -[-•••  •  -^n- 

The  observations  were  made  with  the  high  power  microscope,  10  revolutions 
of  the  micrometer  being  equivalent  to  one  scale  division.  The  readings  were 
made  to  thousandths  of  a  revolution  so  that  the  quantities  c  were  obtained  directly 
in  units  approximately  equal  to  .0001  of  a  scale  division.  Settings  were  made 
upon  the  scale  line  on  that  side  of  the  line  running  the  length  of  the  scale  which 
is  nearest  the  other  scale  in  the  positions  indicated  (see  figure)  and  the  attention 
was  fixed  upon  that  portion  of  the  scale  line  about  one-twentieth  mm.  distant  from 
the  long  line.  The  intervals  c  measured  by  the  micrometer  were  small  and  nearly 
uniform,  so  that  the  quantities  rf  were  also  small  and  the  error  of  run  was  negligible 
throughout  most  of  the  investigation.  The  same  portion  of  the  micrometer  was 
used  in  measuring  all  the  intervals  c  in  any  one  position  of  the  scales  so  that  the 
irregularities  of  pitch  or  eccentricity  of  the  head  would  not  affect  the  results. 

The  following  is  an  array  of  the  quantities  d  with  the  values  of  the  Z?'s  and 
^^s.     When  d  is  positive  the  interval  of  scale  1 1  is  larger. 


TABLE  I. 


90-ICX)    I  lOO-IIO  I  IIO-I2O  I  120-130;  2  '2/i3=J'i. 


1 
I 

00077-. 

1 
001 10 

148  + 

30 

162 -f 

17 

8- 

142 

205  + 

31 

119  - 

64 

174  + 

34 

1411  - 

266 

86  - 

63 

870.  + 

673 

28!- 

174 

138  - 

34 

3891  - 

1 

4029 

-  .00202  + 

-  5  + 

-  62  + 

-  181  + 
+    12  -f 

42 1 + 
7  + 

-  434  - 
203  + 

+  652  > 
236  + 
102 1  + 

-  4137I- 


.00046 
268 
166 

87 
197 

135 

254 

78 

84 
902 

47 
227 

3849 


+  .02622 
+  04457 
+ .05040 
+  .02513 
+  .05049 
+.04461 
+ .04817 
+  .00468 

+ .03348 
+  .13183 
+ .02255 

+ .04351 
- .48066 


-2  +.49169  -.05068  -.01269  -.12780  -.01458  -.00708  -.03245  -.03527  -.04041  -.02017  -.04097 

2/,3  =  Z?'i.   +.03782  -.00390  -.00098  -.00983  -.00112  -.00054  -.00250  -.00271  -.00311  -.00155  -.00315 

^D\^^  J'i  =  +  .OD345 


.04947  -.01514 
.00381   -.00117 


13 


=  +.000265 


+  .00202 
+  .00343 
+  .00387 
+  .00193 
+  .00388 
+  .00343 
+  .00371 
+  .00036 
+ .00257 
+  01014 
+  .00173 
+  .00335 
- .03698 


The  unit  is  i  mm. 
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TABLE  11. 
Table  for  check  see  p.  146. 

' 

\.    ymiltf  i 

j 

i 
1 

1                                                   1                          ! 

1 

1 

1 

htiniNJj- '•• 

o-io        10-20  ]    20-30 

30-40       40-50       50-60       60-70       70-80  I    80-90  '  90-100     lOO-IIO 

II0-I20       120-130 

•rscii.  \ 

1                            1 

1                 1 

1 

;          1                    : 

i 

1 

200-2IO 

+  -03958'  - 

1 
.00214'  +  . 

00078 

1 

- .00807  + .00064  +  .00122  - .00074  -  .00095  -  • 

00135  +. 

00021  -. 

00139 

-.00205    +.00059 

2IO-220 

4099  - 

73'  + 

219 

666+       205+       263+        67+        46,+ 

6  + 

62  + 

2 

64    +         200 

220-230 

4143  - 

29  + 

263 

622+      249+      307+       III  +        90  + 

50  + 

206  + 

46 

20    +         244 

230-240 

3949  - 

223  + 

69 

816+        55+       113-        83-       1041 - 

144  + 

12  - 

148 

-          214+            50     1 

240-250 

4144  - 

28  + 

264 

621+       250+      308+       112+        91  + 

51  + 

207  + 

47 

19    +         245 

250-260 

4099  - 

73'  + 

219 

666  +       205  +       263  +        67  +        46'  + 

6  + 

162  + 

2 

64    +         200 

260-270 

4127  - 

55,+ 

247 

638+      233+       291+        95+         74  + 

34  + 

190  + 

30 

36    +         228 

270-280 

3792  - 

380!- 

88 

-      973-       102-        44-       240-       261I- 

301  - 

145  - 

305 

-         371     -          107     , 

280-290 

4013  - 

159  + 

133 

-       752  +       119  +       177  -         I9|-        40|- 

80  + 

76- 

84 

150    +         114 

290-300 

4770  + 

598  + 

890 

+          5+      876+      934+       738+      717  + 

677  + 

833  + 

673 

+         607    +         871 

300-310 

3929  - 

243  + 

49 

-       836  +        35 

+        93  -       103  -       1241  - 

164  - 

8  - 

168 

-         234    +            30 

310-320 

4091  - 

81  + 

211 

-       674  +       197!  +       255  +        59  +        38  - 

2  + 

54  - 

6 

72    +         192 

320-330 

1 

+        58- 

4114  - 

1 

3822 

-     4707  -     3836  -     3778  -     3974  -     3995  - 

1 

4035  - 

3879  - 

4039 

-      4105    -      3841 

The  unit  is  i  mm. 

The  D\  and  the  ^'s  with  the  determination  of  the  corrections  to  the  scale 
lines  follow. 

A 
A 
A 
A 
A 


+  .037555 

D^ 

-  .000805 

Ai  j 

-  .00341., 

^l 

+  .001755 

^« 

+  .003165 

A, 

+  .001465 

-  .00416.S 

D, 

-  .002765 

Av 

-  .004075 

^, 

+  .003163 

-^^ 

+  .003445 

A. 

+  .003085 

-.001245 

n. 

-  .002975 

A3 

-  .001435 

^3 

+ .003605 

^8     . 

+  .000095 

^,S 

-  .037245 

-  .010093 

D^ 

- .003375 

^4 

+  .001665 

^. 

+  .OO23O5 

-.OOI38.S 

Ac 

-  .OOI8I5 

^5 

+  .0036 1 5 

A. 

+  .009875 

Corrections  for  Links  of  Scale  10. 


Corrections  for  Lines  of  Scale  ii. 


le. 

Cor. 
-  375.6 

Line 
60 

Cor. 
-  198.7 

Line. 

i 

no 

Cor. 
-     55-2 

1 

Line. 

! 

1 
210 

Cor. 
+     17.6 

1 
Line.  ^ 

Cor. 

Line. 

1 

Cor. 

10 

260  ! 

1 

+  169.7 

310 

+  341.6 

20 

"  334  0 

70 

-  171.0 

120 

1 

-     14.4 

220 

+    49.2 

270 

+  204.2 

320 

+  372.4 

30 

-  321.5 

80 

-  141. 3 

130 

.0 

230 

+     85.3 

280  1 

+  205.1 

330 

.0 

40 

-  220.6 

90 

-  107.5 

240 

+  101.9 

290 

+  228.2 

50 

-  206.7 

100 

-     89.4 

250 

+  138. 1 

300  1 

+  326.9 

The  unit  is  one  ten-thousandth  of  a  scale  interval. 

These  tables  of  corrections  form  the  basis  of  the  following  determination  of 
corrections  for  intermediate  lines. 

When  corrections  for  the  lines  at  the  beginning  and  end  of  any  10  mm.  interval 
are  known,  corrections  for  the  intervening  lines  are  as  follows. 

Correction  for  n\\\  line  =  Correction  for  first  line 


-jh-^^^-]-h^^'-]-^----^h+ 


(^)i  \ 


10  J ) ) 

where  {U)  —  amount  by  which  the  lo  mm.  interval  is  smaller  than  one-thirteenth 
of  the  whole  scale,  /?,,  D^y  etc.  =  amounts  by  which  successive  mm.  intervals  are 
smaller  than  one-tenth  of  the  whole  interval. 

Since  Z>„  -  D\  -  /„  2  o\ 

Correction  for  «th  line  =  Correction  for  first  line 


-|[- 


.  +  -----•]  +  [^■. 


^  iOJ- 


lO  J 


+ 


+ 


\d\ 


^  (D)-2D\ 


lO 


n 
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The  corresponding  formula  for  the  correction  of  a  line  of  scale  11  is: 
Correction  for  «th  line  —  Correction  for  first  line 


+ 1  h + "^-' To^'-1  +  h  -  *^o^~]  + 


etc. 


where  (^)  represents  the  amount  by  which  the   10  mm.  interval  is  larger   than 
one-thirteenth  of  the  whole  scale. 

Corrections  were  next  determined  for  lines  35  and  95  of  scale  10  and  for  lines 
235  and  295  of  scale  11,  and  these  were  made  the  basis  for  a  determination  of 
corrections  for  the  intervening  lines  at  intervals  of  10  mm.  The  corrections  for 
lines  35  and  295  were  obtained  by  comparing  the  intervals  30-35-40  with  the 
intervals  290-295-300  of  the  other  scale  and  also  by  a  comparison  of  the  intervals 
20-35-50  with  the  intervals  280-295-300.  Similar  comparisons  were  used  to 
determine  the  corrections  for  lines  95  and  235.  The  adopted  values  are  means  of 
three  investigations. 

First  adopted  values  of  correction  for  line:  35=  — 310.4 

95=  —105.2 

235  =  +  1050 
295=  +315.7 

,  A  second  series  of  comparisons,  made  some  months  later,  yielded  the  following 
results: 

Correction  for  line:  35=  — 3140 

95  =  — 106.2 
235  =  +  105.5 

295=  +313.8 

The  largest  discrepancy  is  3.6  ten-thousandths  of  a  mm. 

There  is  a  very  serious  objection  to  the  plan  of  using  the  corrections  for  the 
lines  at  10  mm.  intervals  between  lines  35  and  95  in  conjunction  with  the  correc- 
tions previously  obtained  for  the  lines  30,  40,  50,  etc.,  as  the  basis  for  the  deter- 
mination of  corrections  for  the  lines  within  the  successive  5  mm.  intervals.  This 
objection  arises  from  the  fact  that  the  error  of  the  determination  of  scale  correc- 
tion by  this  method  is  cumulative  toward  the  center  of  the  portion  of  the  scale 
under  investigation.  Thus  we  should  expect  the  error  of  the  first  determination 
to  accumulate  in  the  neighborhood  of  lines  60  and  70  and  the  error  of  the  second 
determination  to  accumulate  toward  the  line  65.  If  the  two  cumulative  errors 
have  opposite  sign,  the  table  of  corrections  would  show  the  interval  60-65  ^^  ^^ 
considerably  shorter  than  it  really  is,  and  the  interval  65-70  correspondingly  too 
long  or  vice  versa.  This  is  a  serious  matter  in  the  measurement  of  short  distances 
in  which  cumulative  error  of  scale  correction  ought  to  be  eliminated. 

To  guard  against  such  error  in  the  assumed  lengths  of  the  5  mm.  intervals 
two  other  determinations  were  made  of  corrections  for  lines  at  5  mm.  intervals 
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from  35  to  95  of  scale  10,  and  from  235  to  295  of  scale  11.  In  the  first  of  these, 
corrections  were  determined  for  lines  at  5  mm.  intervals  from  40-60  and  from 
60-90  of  scale  10,  and  from  240-260  and  from  260-290  of  scale  11.  In  the  second, 
corrections  were  determined  for  lines  at  5  mm.  intervals  from  35  to  60  and  from 
70  to  95  of  scale  10,  and  from  235  to  260  and  270  to  295  of  scale  1 1.  The  method 
ordinarily  used  in  determining  corrections  for  any  lines  within  an  interval  of  the 
scale  bases  these  corrections  upon  the  corrections  already  determined  for  the  lines 
at  the  beginning  and  end  of  that  interval.  In  this  case  the  method  was  so  modi- 
fied as  to  base  the  work  upon  the  corrections  obtained  in  the  first  investigation  for 
the  lines  40,  50,  60,  70,  80,  90  of  scale  10  and  lines  240,  250,  260,  270,  280,  290  of 
scale  II  and  upon  these  lines  only.  The  way  in  which  this  was  accomplished  may 
best  be  explained  by  reference  to  a  particular  example.  In  determining  the  cor- 
rections for  the  lines  from  35  to  60  inclusive  the  Z?"s  were: 

Interval:        35-40;         40-45;  45-5^;         50-55;         55-6o 

D\  — 62.4         +11. 1  +    22.3         +18.5        4  18.6 

Assumed  correction  for  line  35  —  310.8         H-  5-r 

Assumed  correction  for  line  60  — 198.7         +  57 

{D)  — 112.1— 5  {y—x) 

^D\  +     8.1 

{D)-:^D\  _x2o.2-5  0'-^) 

(_^1-_^'^J  -  24.0-    {y-x) 
5 


Interval:  35-40;  40-45;  45-5o;  50-55;  55-6o 

D',     —62.4  +11. 1  +22.3  +18.5  +18.6 

/)'^4.  (^)-_?\^j  r-86.4  1     r-12.9   1     r-  1.7   1     r-  5.5   ]     r-  5.4   1 


Correction  to  Line: 


Line:   35  40  45  50  55  60 

■ —  310.8']  \ — 224.4 1  r — 21 1.5  "I  f — 209.8 "]  \ — 204. 


1  r— 224.4 1  [""^^^-5]  r— 209.8 1  r— 204.3"!  r— 198.9] 

J    L+jH-4-^J    L+2/+3d    L+ar+2^J   L+4;>'+^J    L+ar   *J 


The  corrections  given  in  the  table  for  lines  40,  50,  60  were; 

Line  40  —  220.5 
Line  50  —  206.7 
Line  60    —  198.7 

This  leads  to  the  equations: 

j+  4.r=  +  224.4—220.5  =  -f  3.9 

2iy  -\-  2x=  -\-  209.8  —  206.7  =  4-3.1 

^r  =  -f  198.9  —  198.7  =  -I-    .2 
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Taking  the  sum  of  the  second  and  third  minus  the  first,  and  the  sum  of  the 
first  and  second  minus  the  third,  and  solving,  we  have 


ly- 

■  2X       —     .6 

y- 

-6^— —  6.8 

X—  +  1. 18 

:>'  =  "+    -25 

Giving  as  the  result  of  the  determination: 


Line     .     .     . 

35 

40 

45 

50 

55 

60 

Correction 

304.9 

219.4 

207.5 

—  206.7 

—  202.1 

197.7 

The  final  table  of  corrections  for  lines  at  5  mm.  intervals,  between  lines  30  and 
100  of  scale  10  and  lines  230  and  300  of  scale  i  j,  is  obtained  by  taking  the  average 
of  the  results  of  the  three  determinations  just  described.  These  results  with 
their  averages  are  inserted  here  in  tabular  form.  These  corrections,  with  those 
for  the  lines  30,  100,  230,  300,  given  page  140,  form  the  basis  of  the  determination 
of  corrections  for  the  intervening  lines  at  intervals  of  i  mm. 


SCALE  10. 

\Line. 

\         35 
Cor.  X 

40           45            50 

I 
I 

-220.5    -213.5    -206.7 
-219.7    -209.0    -208.4 

1 
-219.4  1-207.5    -206.7 

55 

-206-3 
-200.6 

-202.1 

60 

65            70 

75 

80 

1 
85            90 

95 

-310.7 
-  304.9 
-307.8 

-  198.7 

-  197.9 

-  198.5 

-  197.7 

-  188.7 

-  187-6 

-171.0  ' 

-  171.3  ' 
- 169.3 

-159.4    -141.3    -135.6 

-161.0  [-143-6  |- 131.5 
-158.4    -141-4    -134.0 

-159.6  I-142.1    -133.7 

1 

-  107.5    -  105.2 

-105. 1 

-  105.7  1  -  104.0  , 

1 

-  106. 1  \-  104.6 

1  Aver. 

-219.8    -210-0    -207.2    -203.0 

1 

-198.2 

-  188.2 

-170.5 

9 

SCALE  11. 

\Linc- 

Cor.\, 

235 

1               '               '               ■ 
240     j     245          250          255          260 

1                                             ,   • 

265 

270 

275 

280          285 

1 

290 

1 
295 

1 
i 

1 

Aver. 

1 

i                                      ; 

+  105.0    +101. 9    +130.0    +138. 1 

+  103.9   1+133-2     +136-5 

+  I0I.0    +104.0    +133.6    +138.3 

1                           1 
+  103.0  ,  +  103.3  1  + 132.3  +137.7 

1                    \ 

1 
+  162.3    +169.7    +195.5 
+  159. 1    +170.3  i  + 195.4 

+  159.3    +168.3 

+  160.2    +169.5  i  + 195.4 

+  204.2 
+  203.6 
+  204.4 
+  201.2 

+  203.4 

1 
+  202.6    +205.1 

1 

+  207.2  1  + 205.8 
+  202.2    +205.9 

1 

1 

+  204.0  1  +  205.7 

+  215.8 

+  221.3 
+  217-2 

+  217.8 

+  228.2 

+  228.5 
+  225.9 

+  227.6 

+  315.7  1 

1 

+  315.5 
+  315.6 

The  unit  is  one  ten-thousandth  of  a  scale  interval. 
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I  insert  here,  as  an  example,  the  array  of  d's  for  the  interval  45-50  of  scale  10 
and  281-5  of  scale  11,  with  the  check  array  as  described  on  page  146,  and  the 
determination  of  the  corrections  to  the  lines  of  the  two  scales. 


LINES  46-50,  281-s). 


Interval. 


280-1 
281-2 
282-3 

283-4 
284-5 


45-6 


.+ 


I  Cor 


+     133 


-  58 
12 

-  34 
-206.6 


52  :  + 

22  !  + 

23  + 
138  - 


+ 


46-7 

i 

32 

+ 

15 

+ 

21 

+ 

77 

+ 

157 

+ 

+    148 
30 

8 


+ 
+ 


+ 


-207.4  ;  -213. 1 


-  202.4  !  -  207.3 


47-8 

48-9 

1 
49-50 

97 

-   73 

+ 

39 

48 

-   79 

+ 

41 

64 

-   79 

+ 

87 : 

20 

-  215 

- 

22 

167 

4-   22 
-  424 

+ 

212 

396 

+ 

357 

79 

-   85 

+ 

71 

57 

-  107 

+ 

49 

Cor.  for  line  45 -  2100 

Cor.  for  line  50 -  2072 

{D) ^:~"28 

2Z?'i +     83 


(D)-SD\ 


Sum  =  +  83 


-       22 


Int. 

45-6 

46-7 

47-8 

48-9 

49-50 

I 
1 

280-1 

1 
-  20 

+  22 

+  71 

-  93 

+  63  , 

281-2 

-  20 

-  22 

+  71 

-  93 

+  63  1 

282-3 

-  »5 

+  27 

H-  76 

-  88 

+  68 

283-4 

-115 

-  73 

-  24 

-188 

-  32 

284-5 

+  109 

+  151 

+  200 

+  36 

+  192 

Cor.  for  line  280 +  2057 

Cor.  for  line  285 +2178 

(^) +121 

^^'1 +83 

5 


Interval. 


45-  6 

46-  7 

47-8 
48-9 

49-50 


Cor. 


280-1 


+ 
+ 


+ 
+ 


281-2 


283-4 


284-5 


52 

+ 

22 

— 

32 

+ 

15 

|4- 

97 

+ 

48 

;  4- 

73 

— 

79 

— 

39 

+ 

41 

+ 

43 

+ 

47 

;  + 

9 

+ 

9 

+ 

70    !  -       432 


14  I-      86 

+    17  +    17  !+    22  -    78 
+  207.4  +209.1  ,+211.3  +203.5 


23 

-  138 

+  133 

21 

-   77  +  157 

64 

+   20 

+  167 

79 

-  215 

+   22 

87 

22 

+  212 

+    691 

+   138 

+    146 
+  2I8.I 


Sum  =  +  84 
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Following  are  the  tables  of  corrections  so  far  as  they  have  been  determined: 


Units 
X 
Tcns/^ 


^, 


CORRECTIONS  FOR  SCALE  10. 

Subtract  the  correction  from  observed  reading. 
The  unit  is  one  ten- thousandth  of  a  scale  division. 


0 

0 

10 

376 

20 

1   334 

30 

322 

40 

220 

1 

50 

\       207 

1 

60 

'   19S 

1 

70 

'   170 

80 

1   142 

90 

1   106 

100 

i    89 

no 

1    55 

120 

14 

316 

213 
199 

»95 

167 
144 
105 


305 
220 

208 

197 

172 
144 

lOI 


318 
219 

208 


181 
128 
107 


311 
214 
204 


193        188 


168 
134 

lOI 


308 

210 

203  1 

188  I 

160  I 

134  I 

105  i 


310 
207 
2UI 

192 

162 
122 
100 


3^ 
207 

194 

202 

146 
113 

lOI 


8 


290 
213 
210 

169 

151 
112 

lOI 


UniU^'-'l 

9 

10 

/Tens. 

376 

1 
0 

334 

10   1 

322 

20   ' 

288 

220 

30   1 

202 

207 

40 

205 

198 

50   ' 

182 

170 

60 

140 

142 

70 

110 

106 

80   1 

90 

89 

90 

55 

100 

14 

no 

0 

120 

1 

CORRECTIONS  FOR  SCALE  11. 

Add  the  corrections  to  the  observed  reading. 
The  unit  is  one  ten-thousandth  of  a  scale  division. 


N.UniU. 

Units^ 

N^^ 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

y^ 

Tcn»/\ 

XTens- 

200 

0 

t 
1 

1 

1 

18 

j 

'   200 

210 

18 

' 

49 

1   210 

220 

1 

49 

85 

220 

230 

85 

89 

94 

107 

99 

103 

103 

107 

106 

109 

103 

230 

240 

103 

in 

120 

n8 

121 

'  132 

131 

137 

158 

155 

160 

240 

250 

160 

143 

142 

146 

155 

160 

173 

177 

174 

166 

170 

250 

1 

360 

1 

170 

178 

172 

196 

194 

195 

192 

200 

195 

201 

204 

260 

'   270 

204 

203 

214 

202 

206 

204 

208 

210 

205 

199 

206 

270 

a8o 

206 

207 

209 

2n 

204 

218 

212 

227 

233 

224 

228 

280 

290 

228 

288 

299 

320 

317 

316 

307 

324 

314 

326 

327 

290 

300 

327 

342 

300 

310 

342 

372 

310 

320 

1 

372 

1 

0 

320 
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METHODS  OF  CHECKING  WORK  AND  ACCURACY  OF 

DETERMINATION. 


The  quantities  D^y  D^^  D^^  etc.,  are  the  amounts  by  which  the  successive  10 
mm.  intervals  of  scale  10  are  found  to  be  smaller  than  one-thirteenth  of  that  scale. 
The  quantities  -^'„  ^\y  -^'3,  etc.,  are  the  amounts  by  which  the  successive  10  mm. 
intervals  of  scale  11  are  found  to  be  larger  than  one-thirteenth  of  scale  10. 
Di  +  J'^{  =  clij)  is  therefore  the  amount  by  which  the  iM  interval  of  scale  10  is 
smaller  than  the  jM  interval  of  scale  it,  according  to  our  determination  This 
affords  a  convenient  method  of  checking  the  observation  and  reduction  as  far  as 
the  formation  of  the  table  of  values  of  the  rf\s,  given  page  139.  The  table  for  check 
(p.  140)  is  formed  by  adding  each  J'  to  each  D,  Disagreement  between  numbers 
in  this  table  and  corresponding  numbers  in  the  table  of  ^s  is  due  to  error  in 
observation  or  reduction.  The  unit  employed  being  approximately  one  mm.,  it  is 
seen  that  no  single  d  is  in  error  by  as  much  as  one  thousandth  of  a  mm.  When 
this  check  was  first  applied,  several  larger  discrepancies  were  found.  After  investi- 
gation, one  value  of  cl  was  discarded,  being  affected  with  a  large  error,  the  cause 
which  could  not  be  determined.  This  and  five  otlier  intervals  were  recompared, 
the  mean  of  the  original  and  newly  determined  values  of  fl  being  taken  in  the 
other  five  cases. 

Another  check  is  given  by  the  relation: 

:^  D'  =  ^  J\ 

Similar  checks  were  applied  in  the  determination  of  corrections  for  the  lines 
at  intervals  of  10  mm.  from  line  35  to  line  95  and  from  line  265  to  line  295,  and  in 
the  investigation  of  the  intervening  lines  in  each  of  the  5  mm.  intervals. 

Several  different  tests  have  been^applied  with  a  view  to  determining  the 
extent  to.  which  the  final  results  can  be  trusted,  and  all  point  to  the  conclusion 
previously  stated  that  they  are  reliable  to  within  three  or  four  ten-thousandths  of 
a  mm.  in  the  case  of  scale  10  and  only  slightly  less  reliable  in  the  case  of  scale  11. 
The  values  of  D  at  the  foot  of  Table  I,  page  139,  are  the  arithmetic  means  of  thirteen 
quantities  each.  Inasmuch  as  the  thirteen  values  of  each  column  result  from  a 
comparison  of  one  of  the  intervals  of  scale  10  with  thirteen  different  intervals  of 
scale  II  it  would  not  do  to  regard  the  differences  between  one  of  the  Z?\s  and  the 
thirteen  quantities  of  which  it  is  the  average  as  the  residuals  from  which  to  obtain 
a  probable  error  of  the  value  of  D.  However,  the  differences  between  the  quanti- 
ties in  the  body  of  Table  I  and  the  corresponding  quantities  of  Table  II  may  be 
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regarded  as  residuals  due  to  errors  of  observation.  This  would  be  rigorously  true 
if  the  values  of  the  D's  and  the  -^'s  used  in  building  up  Table  II  were  absolutely 
correct.  They  are  undoubtedly  correct  to  within  a  few  ten-thousandths  of  a  mm., 
so  that  the  errors  with  which  they  are  affected  are  negligible  as  compared  with  the 
error  of  a  single  comparison.  An  estimate  of  the  probable  error  of  one  of  the  Z?'s 
may  therefore  be  obtained  by  applying  the  formula: 


V  « («  —  I ) 


V  representing  the  difference  between  corresponding  values  in  Tables  I  and  II. 
This  yields  for  the  following  intervals  taken  at  random: 

Interval  /.  e, 

230-240  0.84  ten-thousandths  of  a  mm. 

260-270  0.55 

290-300  1.05 

The  probable  error  of  one  of  the  Z^'s  is  therefore  about  eight-tenths  of  a 
ten-thousandth  of  a  mm. 

The  probable  error  of  S  D\  would  be  \i3  X  ^0.00008)*  mm.  =  .0003  mm. 
S  D\  is  the  difference  in  length  of  the  two  scales,  which  can  be  directly  observed. 
A  comparison  with  the  directly  observed  value  yields  the  following: 

Computed  value  =  ^  D' ,  =^  +0.0034  mm.  (scale  11  longer). 
Directly  observed  =      0.0036  mm.  (scale  11  longer). 

Thus  the  actual  difference  between  the  computed  and  observed  values  is  some- 
what less  than  the  probable  error  of  the  computed  value. 

The  values  of  the  corrections  are  obtained  in  such  a  way  that  the  accumulated 
error  is  zero  at  the  extremities  of  the  interval.  The  probable  errors  are  therefore 
largest  for  the  lines  near  the  center  of  the  interval  and  are  symmetrical  on  both 
sides  of  the  center.  The  largest  actual  errors  are  therefore  to  be  expected  in  the 
neighborhood  of  lines  65  and  265.  I  have  made  an  independent  determination  of 
the  corrections  for  lines  65  and  265  by  comparing  one  half  of  each  scale  with  each 
half  of  the  other  scale.  The  mean  of  two  separate  determinations  yields  the 
following  results: 

Correction  to  line. 
65  265 

Independent  determination  — .0190  -f  .0193  mm. 

Tabulated  value  — .0188  +.0195 

In  the  investigation  of  the  lines  at  intervals  of  i  mm.  in  groups  of  five,  only 
four  settings  were  made  on  each  line  instead  of  eight,  as  in  the  case  of  the  lines  at 
intervals  of  10  mm.  the  corrections  for  which  form  the  basis  of  the  subsequent 
work.     I  have  found  values  of  the  probable  errors  of  the  Z?'s  used  in  determining 


148 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


corrections  for  lines  in  the  group  45-50  by  the  method  employed  in  finding  the 
probable  errors  of  the  Z?'s  in  the  investigation  of  the  lines  at  10  mm.  intervals. 
They  are  as  follows : 


p.  e. 


Dy 

D. 

Z):, 

z?. 

D, 

0.7 

0-3 

0.8 

0.6 

0.7 

unit  =  o.oooi  mm., 


the  average  being  0.6.     The  probable  accumulated  error  in  any  5  mm.  interval  is 
therefore  less  than  one  ten-thousandth  of  a  mm. 

As  a  final  and  most  searching  test  of  the  order  of  accuracy  of  the  tabulated 
corrections,  I  have  made  an  essentially  independent  determination  of  the  correc- 
tion for  certain  lines  in  the  center  of  each  scale.  Corrections  were  first  determined 
for  lines  at  intervals  of  26  mm.,  /.  ^.,  one-fifth  of  the  scale  length,  using  the  method 
of  comparing  each  26  mm.  interval  of  one  scale  with  each  26  mm.  interval  of  the 
other  scale  as  described  above.  In  order  to  guard  against  accumulated  error  four 
independent  determinations  were  made  and  the  averages  taken.  The  results  are 
as  follows: 

SCALE  10.  SCALE  11. 


Line. 

26 

52 

78 

104 

1 

Line. 

1 
1 

226 

252 

278 

104 

336.3 
333-6 

332.9 
330.8 

206.9 
206  7 
212.7 
211. 1 

153-1 
151-9 
151-8 
1500 

80.9 

79-0 

83.9 
83.8 

1 

1 
( 

81.3 

79.3 
82.2 

78.8 

145-7 

.   145-8 

148.4 

141. 2 

210.5 

214  5 
211.3 
209.2 

343-6 
342.8 
340.6 

341.7 

Ave. 

333.4 

209.4 

151. 7 

81.9 

Ave. 

80.4 

145-3 

211.4 

342.2 

Corrections  for  the  lines  77  and  277  were  derived  from  the  corrections  for 
lines  78  and  278  by  comparing  the  interval  77-78  with  each  one  mm.  interval 
from  line  230  to  line  235  of  scale  11,  and  the  interval  277-8  with  each  i  mm.  interval 
between  lines  30  and  35  of  scale  10.  In  thus  determining  the  amounts  by  which 
the  intervals  77-78  and  277-8  are  larger  or  smaller  than  one  one-hundred-and- 
thirtieth  of  their  respective  scales,  use  is  made  of  the  previously  determined  value 
of  the  amount  by  which  the  5  mm.  intervals  used  in  the  comparison  diflfer  from 
one  twenty-sixth  of  the  length  of  their  respective  scales.  Inasmuch,  however,  as 
any  error  of  the  previous  determination  (probably  not  exceeding  three  ten- 
thousandths  of  a  mm.)  enters  into  the  present  determination  divided  by  five,  this 
circumstance  does  not  vitiate  the  essential  independence  of  this  test,  of  the 
previous  determinations  of  scale  corrections.  The  resulting  values  of  the  correc- 
tions for  lines  77  and  277  are: 

Correction  for  line    77  =  —  145. 
Correction  for  line  277  ==  -f  217. 

Corrections  were  next  determined  by  the  ordinar}^  method,  described  on  page  140, 
for  lines  at  5  mm.  intervals  from  52  to  77  and  from  252  to  277,  basing  the  determi- 
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nation  ou  the  values  given  by  this  independent  investigation  of  the  corrections 
for  lines  52,  77,  252,  277.  The  comparison  of  the  tabulated  values  of  scale  correc- 
tions with  the  values  obtained  by  this  independent  determination  follows. 


SCALK  10. 

Comparison  of  tabulated  with  independently  determined  corrections. 


Line. 

52 

57 

62 

67 

72 

77 

78 

Tabulated     .     . 
Independent     . 

-208 
-209 

-194 
-196 

-197 
-196 

-  202 
-205 

- 172 
-168 

-  146 
-145 

-151 
-152 

T-I 

+  ' 

+     2 

-      I 

+     3 

-     4 

-     I 

i 

+     I         1 

SCALE  11. 

Line. 

252 

257 

262 

267 

272 

277 

278 

Tabulated     .     . 
Independent     . 

+  142 

+  145 

+  177 
+  181 

+  172 
+  180 

+  200 
+  207 

+  214 
+  222 

+  210 

+  217 

+  205 
+  211 

T-I 

-     3 

-     4 

-     8 

-     7 

-     8 

-     7 

-     6 

The  unit  is  one  ten-thousandth  of  a  scale  division. 

In  the  case  of  scale  10,  the  discrepancies  do  not  exceed  four  ten-thousandths 
of  a  mm.,  of  which  a  part  may  reasonably  be  supposed  to  be  due  to  error  in  each  of 
the  two  values.  A  constant  correction  of  six  ten-thousandths  of  a  mm.  to  the  tabu- 
lated values  of  the  corrections  for  scale  11  would  make  the  agreement  better 
than  it  is  in  the  case  of  scale  10.  This  accumulated  error  in  the  tabulated  values 
of  the  corrections  for  scale  11,  amounting  in  the  maximum  to  about  six  ten- 
thousandths  of  a  mm.,  being  constant  throughout  an  interval  of  26  mm.,  would  not 
aflfect  the  measurement  of  distances  shorter  than  26  mm.  if  the  center  of  the  scale 
were  used.  Further  investigation  might  be  made  to  determine  the  amount  of  this 
error  affecting  the  tabulated  corrections  for  lines  outside  the  interval  252-278  and 
corrections  applied  to  the  tabulated  quantities.  This  does  not  seem  worth  while, 
however,  in  view  of  the  fact  that  the  errors  of  the  present  tabulated  values  are 
entirely  negligible  in  most  investigations  in  which  the  measuring  apparatus  is  to 
be  employed,  and  measurements  requiring  the  highest  degree  of  accuracy  are 
made  dependent  upon  scale  10  alone,  which  is  to  be  used  as  the  ^  scale.  In  fact, 
the  investigation  of  the  V  scale  would  have  been  omitted  altogether  were  it  not 
for  the  fact  that  to  include  it  in  the  investigation  required  no  more  observations 
and  only  a  little  more  numerical  work  in  reduction  than  would  have  been  required 
for  the  investigation  of  the  A'  scale  alone. 
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This  final  test  therefore  confirms  the  indications  of  probable  error  given  by 
various  tests  mentioned  at  the  beginning  of  this  section:  Namely,  that  the  tabu- 
lated corrections  for  scale  10  are  probably  reliable  to  within  three  or  four  ten- 
thousandths  of  a  mm. 

At  various  times  during  this  investigation,  the  scales  were  carefully  cleaned, 
notably  before  the  final  test  just  described. 

The  accumulation  of  particles  of  dust  about  any  scale  line  might  cause  an 
error  in  the  determination  of  the  correction  for  that  line  but  would  not  produce 
such  a  cumulative  error  as  seems  to  affect  the  tabulated  corrections  for  scale  11. 

Comparisons  of  the  total  lengths  of  the  two  scales  at  various  times  while 
the  scales  were  under  investigation  aroused  a  suspicion  that  changes  had  occurred 
in  the  length  of  one  or  both,  of  the  order  of  magnitude  of  the  changes  in  length 
of  the  pendula  used  in  determinations  of  the  force  of  gravity.  If  such  a  change 
were  due  to  a  uniform  expansion  or  contraction  of  the  metal  throughout  its  entire 
length,  the  values  of  the  tabulated  corrections  would  be  unaffected,  since  each 
interval  would  be  changed  in  the  same  proportion  as  the  whole  scale  which  is  the 
unit.  (See  definition  of  "Correction  for  Scale  Line,"  p.  138.)  If,  however,  the 
change  in  the  length  of  the  scale  were  due  to  a  local  expansion  or  contraction  of 
the  metal,  the  effect  would  be  to  produce  an  apparent  accumulated  error  such  as 
appears  in  the  case  of  scale  11.  It  should  be  remarked  in  this  connection  that  the 
independent  determination  of  the  correction  for  line  265,  mentioned  on  page  147, 
was  made  about  July  i,  1904,  soon  after  the  determination  of  corrections  for  lines 
at  intervals  of  10  mm.  throughout  the  scales.  This  measure  indicates  that  the 
tabulated  correction  was  at  that  time  certainly  not  too  small.  The  final  check 
which  seems  to  indicate  that  the  tabulated  values  of  the  corrections  for  lines  near 
the  middle  of  scale  1 1  are  all  too  small  was  made  about  a  year  later,  and  it  is  during 
this  time  that  the  relative  length  of  the  two  scales  may  have  changed. 

Temperature  changes,  if  not  too  rapid,  do  not  affect  this  determination,  the 
two  scales  being  made  of  the  same  material  and  having  the  same  coefficient  of 
expansion. 


IRREGULARITIES  OF  THE  MICROMETER  USED  IN  MEASURING 
THE  A'  COORDINATE.  The  method  employed  in  this  investigation  is  that 
described  in  Brunnow's  Sph'drsche  Astronomie  (p.  426  vierte  Auflage,  Part  7,  Par.  5). 
The  two  scales  were  placed  side  by  side  so  that  division  line  50  of  scale  10  was 
about  one-tenth  mm.  (=^  rev.)  distant  from  line  276  of  scale  11.  This  interval 
was  then  measured  with  each  succeeding  portion  of  the  screw  corresponding  to 
one-tenth  mm.  from  10.0  to  13.0,  /.  ^.,  through  three  revolutions.  The  measures 
were  then  repeated  in  the  reverse  order.  The  means  of  the  two  measures  of  the 
interval  made  with  the  same  portion  of  the  screw  were  taken,  there  being  thirty 
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such  values.     Briinnow  designates  these  means  by  the  letters  a\  a\   .    .    .  ^°  and 
sets. 


a  = 


;/ 


The  corrections  which  must  be  applied  to  the  readings  of  the  micrometer  head  are 
then 

Reading         Correction 


10.0 

0 

lO.I 

a 

10.2 

2a 

10.3 

3^ 

a 


a  —  a 


tt 


—  a' 


a 


-a 


tt  t 


13.0 


30a  —  a  —  a 


or  =  0 


Eight  series  of  observations  were  made  and  combined  by  averaging  the 
resulting  corrections  into  two  sets  of  four  each.  These  values  of  the  corrections 
were  plotted  on  coordinate  paper  and  two  curves  constructed  through  the  plotted 
points.  This  was  done  to  determine  whether  the  smaller  waves  that  characterize 
the  curves  are  real  or  accidental  and  therefore  to  be  disregarded  in  making  up  a 


/«^        ^         •«        •»         .»        .r        .*         ^        .fr        .f     // *        V         .X  i  f 


i        ^        *■         f      ti.4       •*         a-        3        t         »r;^     4        ^        v       ^      /ji^ 


FIG.  2. 


table  of  corrections.  The  two  curves  were  found  to  agree  surprisingly  well,  the 
waves  corresponding  without  exception.  See  Figure  2.  A  third  curve  was  drawn 
representing  the  mean  of  the  eight  determinations  and  a  table  of  corrections  read 
oflFfrom  this  curve.  It  is  proposed  to  make  measurements  of  star  plates  in  such 
a  way  that  the  reading  on  the  scale  line  shall  lie  about  ii.o.  The  table  of  cor- 
rections has  been  so  constructed,  therefore,  that  the  correction  is  zero  for  the 
micrometer  reading  ii.o.  Below  are  given  the  observed  corrections  and  the 
table  constructed  from  them  with  the  help  of  the  plotted  curve.  The  unit  is  one 
tenrthousandth  mm. 

14b 
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Unit  -  I  ten-thou&an<1tli  mm. 


MIc. 

RndiDB- 

obHn 

A,..^. 

li'^. 

10.0 

■3 

+  11 

+  ,4 

-i8 

-4 

:i 

+  i6 

+  i8 
+  i3 

i 

■9 
11.0 

+  19 

+  13 

■3 

+  19 

+  z8 

+   6 

.4 
■5 

+  30 

+  36 

t   \ 

OtMcrved  Cor. 

RMdlDg. 

Ave.iiH 

ATI.  Id  4 

1 

11-5 

+     3 

.6 

+  23 

+  20 

"     ' 

i 

+  33 

+  33 

-     I 

■9 

12.0 

+  31 

+  18 

-  4_ 

-  A 

+  33 

-    3 

■3 

-   3 

■4 

+  19 

+  18 

-   4 

■5 

-   8 

.6 

+   7 

+   9 

-14 

■7 

+  4 

+   5 

-'7 

.8 

-19 

■9 

IS.O 

" 

° 

-34 

STRAIGHTNESS  OF  THE  GUIUING  BAR  OF  THE  MOVABLE 
MICROSCOPE.  The  bigh  power  microscope  (used  ordinarily  in  measuring  the  I' 
coordinate)  which  gives  an  enlargement  of  about  38  diameters  was  placed  in  the 
movable  microscope  carriage,  and  the  ^Y  scale,  designated  as  N.  E.  K.  10  was 
placed  on  its  stage  below.  Microscope  and  scale  were  so  adjusted  that  the  double 
hairs  of  the  micrometer  were  parallel  to  the  direction  of  the  line  which  luus  the 
entire  length  of  the  scale,  cutting  the  millimeter  division  lines  at  right  angles, 
and  this  line  was  nearly  parallel  with  the  direction  of  the  bar  (carrying  the  micro- 
scope) whose  straightuess  was  to  be  tested.  Settings  were  made  upon  the  long 
scale  line  at  its  points  of  intersection  with  the  millimeter  division  Hues  at  intervals 
of  13  mm.  throughout  its  entire  length,  the  scale  being  in  the  position  "numbers 
down"  as  seen  through  the  microscope.  The  scale  was  then  turned  end  for  end 
so  as  to  be  in  the  position  "numbers  up"  and  the  settings  were  repeated.  The 
table  below  gives  in  columns  two  and  three  the  means  of  the  readings.  The 
number  of  settings  combined  in  each  mean  varies  from  eight  to  twelve.  From 
each  of  these  readings  I  have  subtracted  the  reading  taken  at  the  division  130 
and  then  applied  a  further  correction  proportional  to  the  distance  of  the  division 
where  the  setting  was  made  from  division  130,  to  remove  the  eflfect  of  the  incliua- 
tiou  of  the  liue  to  the  direction  of  the  bar.  The  readings  so  corrected  are  given 
in  columns  four  and  five.  Column  six  is  the  sum  of  these  two  colunlns.  The 
values  of  column  six  are  thus  freed  from  the  effect  of  symmetrical  curvature  of 
the  line  upon  which  the  settings  were  made.  The  unit  throughout  is  the  ten- 
thousandth  of  a  millimeter.     The  values  of  column  six  show  no  regular  variation 
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such  as  would  be  due  to  a  curvature  of  the  bar  under  investigation  and  they  may 
be  regarded  as  due  to  accidental  errors  of  the  settings. 

Results  of  investigation  of  straightness  of  bar  carrying  X  microscope. 


Div. 

1 

Settings. 

1  Cor.  for  Incl. 

Sum. 

.        _  — 

1 

Nos. 

Nos. 

1  Nos. 

Nos. 

Down. 

Up. 

1  Down. 

Up. 

0 

530 

582 

+  6 

1 

-  10 

-  4 

13 

510 

596 

-  II 

+  12 

+  I 

26 

i   497 

591 

-18 

+  15 

-  3 

39 

506 

569 

-  9 

0 

-  9 

52 

517 

575 

+  6 

+  14 

+  20 

65 

522 

537 

+  15 

-16 

-  I 

78 

500 

540 

-  4 

1-  -  6 

-10 

91 

506 

530 

+  5 

-  8 

-  3 

1   104  ' 

505 

532 

+  7 

,   +  2 

+  9 

117 

498 

520 

+  4 

-  3 

+  I 

130 

491 

515 

0 

0 

0 

The  unit  is  .0001  mm. 


IRREGULARITIES  OR  CURVATURE  OF  CYLINDER  WHICH 
GUIDES  THE  PLATE  CARRIAGE  IN  ITS  MOTION  IN  THE  DIREC- 
TION OF  THE  V  COORDINATE.  The  cylinder  is  of  steel  and  has  evidently 
been  ground  into  its  present  shape.  It  is  34  era.  long  and  3.3  cm.  in  diameter,  and 
therefore  very  rigid.  Slight  local  irregularities  such  as  dents  or  kinks  of  any 
considerable  size  are  not  to  be  expected.  The  plate  carriage  bears  upon  the 
cylinder  by  means  of  two  K  supports  21  cm.  apart  and  each  in  contact  with  the 
cylinder  along  two  lines  for  a  distance  of  i  cm.  The  eflfect  of  scratches  or  very 
slight  local  irregularities  upon  the  motion  of  the  plate  carriage  would  be  reduced 
by  the  contact  of  the  supports  along  these  lines. 

A  defect  much  more  to  be  feared  is  curvature  of  the  bar,  by  which  its 
middle  portion  is  displaced  laterally  with  respect  to  the  two  ends.  This  might  arise 
if  the  bar  were  in  a  state  of  pressure,  due  either  to  faulty  construction  or  unequal 
temperature  expansion.  Let  us  suppose  that  the  axis  of  the  cylinder  is  an  arc, 
the  projection  of  which  on  the  plane  of  the  plate  is  the  circular  ark  ab  (See 
Figure  3)  with  center  at  C.  Let  c  and  d  represent  the  two  points  of  the  cylinder 
at  which  the  two  supports  of  the  plate  carriage  are  in  contact  with  it.  As  the  plate 
carriage  moves  along  the  guiding  cylinder  in  the  general  direction  of  the  Kaxis, 
the  line  rrf  remaining  fixed  as  regards  the  plate,  every  point  of  the  plate  instead  of 
suflFering  a  rectilinear  displacement,  as  it  should  if  the  cylinder  were  straight, 
moves  in  an  arc  of  a  circle  whose  center  is  at  C.  The  points  that  fall  successively 
under  the  cross  lines  of  the  microscope  as  the  plate  carriage  is  moved  in  the  V 
direction  lie  on  such  a  circular  arc,  and  all  measured  J\r  coordinates  are  measured 
along  radii  of  this  arc.     (See  definition  of  coordinate  .system,  next  paragraph.) 


154 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY 


Let  the  origin  of  a  rectangular  coordinate  system  ou  the  plate  be  some  arbi- 
trarily chosen  point  which  remains  approximately  fixed  when  the  plate  is  rotated,  and 
let  the  K axis  be  a  line  tangent  at  this  point  to  an  arc  of  the  circle  with  radius  /^and 
center  at  C.  It  is  assumed  that  the  axis  determined  by  the  direction  of  motion  of 
the  X  microscope  is  perpendicular  to  this  line.  Inasmuch  as  only  small  values 
of  X  are  to  be  measured  in  tliis  investigation,  this  condition  need  be  only  approxi- 


mately fulfilled.  Let  P  represent  any  point  on  the  plate,  and  aOb  the  locus  of 
points  of  the  plate  which  fall  successively  under  the  cross-hairs  of  the  microscope 
when  the  plate  is  moved  in  the  V  direction.     Then  if: 

MP  =  £,  OM  =  V 
O'P  ^  X  ^  measured  coordinate 

S  =  angle  OCP 
DC  ^=  R  (regarded  as  negative  if  C  lies  to  the  left  of  f ) 


we  have 


=  X  QQS  0  +Rvers  t 


{S  and  X  being  positive  or  negative  respectively  according  as  P  lies  to  the  right 
or  left  of  the  lines  OM  and  00'). 

If  the  plate  be  rotated  through  i8o°  +  <p  and  the  new  coordinates  of  /-'  be  denoted 
by  the  subscript  tt 

£„  =  —  £  +  a  /%  +  />  ,/ 
=-.  A'n  COS  f^w  +  A't  vers  W, 
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we  have,  approximately :  '* 

R  =  R^,  6>  =r  —  ^»  =.  -^  (since  OM  =  OMn  =00'  approximately) 

g  ^  Sn  =  X  COS  (i  +  Xn  cosO  +  2  R  vers  ff 

=^x+x,-i  (X + X.  -  2  R)  {^y 


—  S.= 


X  —  X,  -i(X  -  Xn  )    {-^\ 


X  +  Xn^aS  +  dt/  +  i  {X  +  X.  —  2  /?)  (-J^y 


X  —  X.—  2g=—aS—btf+i{X 


-'-'(l) 


a  and  6  are  small  if  q>  is  made  small,  and  if  we  choose  points  for  which  ^  is  small, 
the  term  a  ^  may  be  dropped.  /?  will  amount  to  some  hundreds  of  meters.  For 
points  for  which  ^  is  small,  we  write,  therefore: 


X  +  Xn  =  dv-  ^  if 


and  determine  R  with  the  help  of  this  equation  by  observing  the  X  coordinates  of 
points  near  the  rj  axis  at  the  upper  and  lower  edges  of  the  plate.     The  quantity 


X  —  X.  —  2e,=^  —  aa  —  hr}  -\-  \{X 


-  '•  >  ( Jf ) 


represents  the  error  in  the  assumption  ordinarily  made  in  reduction  that 

*\       ^  \  IT  w 

2 

and  that  part  of  the  error  of  the  ^  coordinate  which  is  due  to  curvature  of  the 
cylinder  is: 

The  investigation  for  the  determination  of  curvature  was  made  as  follows: 
With  a  needle,  well  defined  marks  were  made  in  the  gelatine  of  a  photographic 
plate  near  the  7  axis  and  at  the  top,  middle,  and  bottom  of  the  plate,  and 
at  two  intermediate  stations.  The  A'  coordinates  of  nine  or  fifteen  such  points  in 
groups  of  three  were  accurately  measured  in  two  positions  of  the  plate,  differing 
in  orientation  by  180°.  The  Y  coordinates  were  read  off  to  the  nearest  tenth 
millimeter.  The  measures  of  the  group  of  three  points  at  the  middle  of  the  plate 
were  used  to  determine  the  scale  reading  of  the  zero  of  the  AT  coordinates,  and 
the  groups  at  the  top  and  bottom  of  the  plate  yielded  the  absolute  terms  of  the 
two   equations    of  conditions    necessary    to    determine    b  and   \IR  in    the    above 
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expression  for  X  +  Xn .     Four  determinalions  of  curvature  were  made  at  widely 
different  tempera  Hires.     The  results  are: 

Thermometer— F.  R 


937  m 

Center  to  right 

555  m 

Center  to  right 

> 

1,000  m 

Center  to  left 

> 

1,000  m 

Center  to  left. 

The  last  two  determinations  are  probably  much  more  trustworthy  than  the  other 
two,  greater  care  having  been  taken  to  secure  sharply  defined  marks  for  the 
pointings. 

Substituting  A*  =  500  m.  in  the  above  expression  the  error  in  the  ^  coordinate 
due  to  such  curvature  of  the  cylinder  is  found  to  be  altogether  negligible. 

PERPENDICULARITY  OF  THE  TWO  DIRECTIONS  OF  MOTION. 
If  observations  are  to  be  made  according  to  the  second  method  as  described  on  page 
136,  the  four  constant  method  of  reduction  being  used,  it  is  essential  that  the  direc- 
tions of  motions  which  define  the  A"  and  J' axes  be  perpendicular  to  each  other. 
The  following  plan  was  adopted  for  the  accomplishment  of  this  adjustment.  Two 
crosses  were  scratched  in  the  gelatine  of  a  plate  about  10  ram.  apart.  The  plate 
was  then  placed  in  the  machine  and  oriented  in  such  a  way  that  the  two  crosses 
fell  successively  under  the  cross-hairs  of  the  microscope  when  the  plate  was  moved 
in  the  J'  direction.  The  plate  was  then  turned  through  90°  (which  angle  was 
measured  with  the  circle)  and  the  arm  which  carries  the  movable  microscope 
adjusted  so  that  the  two  crosses  fell  successively  under  the  cross-hairs  when  the 
microscope  was  moved  along  its  track,  /.  e.  in  the  direction  of  the  X  axis.  After 
this  adjustment  had  been  made,  its  accuracy  was  tested  by  taking  circle  readings 
in  the  two  positions  of  the  plate.  The  two  directions  were  found  to  be  perpen- 
dicular to  each  other  within  about  20".  The  maximum  error  introduced  into  any 
measured  coordinate  by  the  lack  of  perpendicularity  of  the  directions  of  motion 
defining  the  two  axes  is,  for  the  -Y  coordinate:  I' sin  20",  or  for  the  }' coordinate; 
X  sin  20".  The  scale  being  130  mm.  long,  the  maximum  value  of  X  or  F  is  65 
mm.,  so  that  the  greatest  error  due  to  this  source  would  be  ,0001  X  65  mm,  =  0.006 
mm.  The  use  of  the  six  constant  method  of  reduction  would  eliminate  errors  due 
to  this  cause. 


PARALLELISM  OF  SCALES  TO  PLATE.  It  is  only  necessary  that  the 
two  scales  make  equal  angles  with  the  plate  so  that  the  scale  values  may  be  the 
■  same  in  both  coordinates.  This  has  been  tested  by  measuring  the  coordinates  of 
well  defined  points  on  a  plate  in  two  positions,  differing  by  90''  in  orientation,  so 
that  the  same  distances  were  compared  with  both  scales.  The  result  indicates 
that  a  distance  of  a  hundred  mm.  when  measured  as  an  A' coordinate  yields  a  value 
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larger  by  about  .0058  mm.  than  the  value  obtained  when  the  same  distance  is 
measured  as  a  K  coordinate.  Two  determinations  were  made,  nine  distances 
being  used  in  each.     Following  are  the  results  in  the  form  ^measure  —  Fmeasure. 

-V  Measure   -    Y  Measure. 


ist.  No. 

ist  Deter. 

2d  Deter. 

I 

+  .0080 

+.0099 

2 

— 

90 

+       87 

3 

— 

96 

+      73 

4 

+ 

80 

+     121 

5 

+ 

90 

+     109 

6 

+ 

96 

H       95 

7 

51 

+    118 

8 

-\- 

59 

+    116 

9 

+ 

65 

+      92 

Mean    .     .     .     .     +      79  +     loi 

Average  of  two  determinations  .0090  mm 

Applying  a  correction  of  —  .0023  for  difference  in  length  of  scales,  and 
reducing  to  a  value  corresponding  to  100  mm.  of  distance  (the  actual  measured 
distance  was  about  1 16  mm.  in  every  case)  we  have  the  value  .0058  mm.  given  above. 

DISTORTION  OF  THE  FIELD   OF    THE  OBJECT   GLASS   OF  THE 

-rY  MICROSCOPE.     The  micrometer  is  to  be  used  only  in  the  measurement  of 

distances  less  than  i  mm.      Consequently,  little  is  to  be  feared  from  distortion  of 

the  field  of  the  objective.     A  short  investigation  of  the  matter,  however,  has  been 

made.     The  two   scales   were   placed  side  by  side  on  the  stage  and  so  that  the 

division  lines  of  the  one  scale  about  bisected  the  intervals  of  the  other  scale.    The 

interval  between  line  278  of  scale   11  and  line  14  of  scale  10  was  then  measured 

with  different  portions  of  the  micrometer  screw,  thus  utilizing  different  portions  of 

the  field  of  the  objective  along  the  line  of  a  diameter  pf  the  field.     The  results  are 

given  below  and  indicate  that  no  serious  distortion  exists  but  that  the  pitch  of  the 

screw  varies,  which  indication  is  borne   out  by  the  results  of  the  more  extended 

investigation,  pages  150-152. 

r  =  distance  in  mm.  from  part  of  field  corresponding  to  11  revolutions; 

D=  measured  distance; 

V  is  expressed  in  ten-thousandths  of  a  mm. 


r 

V 

V 

—  2.0 

0.5001  mm. 

7 

—  1.5 

6 

—    2 

—    I.O 

6 

—    2 

•5 

0 

8 

.0 

12 

+    4 

-f-     .5 

II 

+     3 

-f-  1.0 

8 

0 

4   1.5 

18 

+  10 

—  2.0 

14 

+     6 

Mean      .     .     .     0.5008 
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ON  ASTRONOMICAL  REFRACTION. 
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PREFACE. 


That  the  tables  for  computing  refractions  need  modification  has  long  been  a 
recognized  fact.  It  has  been  evident  from  observations  made  at  the  Lick  Observa- 
tory that,  not  only  are  BessePs  refractions  too  large,  but  that  the  Pulkowa  refrac- 
tions are  also.  Consequently,  in  March,  1899,  Dr.  Keeler,  late  Director  of  the 
Lick  Observatory,  suggested  that  I  should  undertake  to  reduce  a  series  of  obser- 
vations that  had  been  made  for  refraction  by  Professor  Schaeberle,  to  discuss 
them  completely,  and  to  construct  therefrom  refraction  tables  for  the  Lick 
Observatory.  This  was  to  be  done  for  a  dissertation  in  partial  fulfillment  of 
the  requirements  for  the  degree  of  Doctor  of  Philosophy  in  the  University  of 
California. 

After  consultation  with  him,  and  with  his  advice  and  consent,  it  was  decided 
to  forego  the  reduction  of  Professor  Schaeberle'S  observations  and  to  investi- 
gate the  Constant  of  Refraction  from  observations  to  be  made  by  myself,  and  to 
be  reduced  according  to  the  method  hereinafter  set  forth. 

RUSSELL  TRACY   CRAWFORD. 
Berkeley  Astronomical  Department, 

March,  1907. 
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INTRODUCTION. 


1.  The  observations  for  this  investigation  were  made  with  the  6.4-inch 
Meridian  Circle  of  the  Lick  Observatory.  A  detailed  account  of  this  instrument 
and  the  room  in  which  it  is  housed  has  been  given  by  Astronomer  Tucker  in 
Volume  IV  of  these  Publications^  1900. 

Two  independent  sets  were  made  under  different  meteorological  conditions; 
one  during  the  summer  months  June  and  July,  the  other  during  the  autumn 
months  October  and  November.  The  summer  series  comprises  observations  of  31 
stars  on  se>?enteen  nights,  the  autumn  43  stars  on  ten  nights.  Other  stars  were 
also  observed  for  the  purpose  of  determining  bisection  error.  The  detailed  reduc- 
tion of  the  summer  series  has  already  been  published  as  No.  8,  Vol.  I,  Third 
Series  ^^Proceedings  of  the  California  Academy  of  Sciences^  This  will  not  be  dupli- 
cated, but  the  reduction  of  the  autumn  series  is  here  given  in  full.  The  final 
solution  is  based  upon  both  series. 

2.  Meteorological  Obseiifations  and  Conditions,  To  make  quite  sure  of  the  con- 
dition of  the  atmosphere  at  any  time  during  the  observations,  the  thermometers 
were  read,  on  the  average,  three  times  an  hour  (at  nearly  equal  intervals);  and  the 
barometer  was  observed  every  hour.  The  reading  of  the  wet-bulb  thermometer 
was  also  taken  when  the  dry  was  read.  The  relative  humidity  has  not  been 
introduced  into  the  reductions,  but  it  was  thought  desirable  to  have  it  for  possible 
future  reductions. 

The  barometer,  Green  2839,  hangs  on  the  north  wall  of  the  observing  room. 
The  least  reading  of  its  vernier  is  one  two-hundredths  of  an  inch.  The  dry  and 
the  wet-bulb  thermometers  (F.)  hang  in  the  air-space  between  the  north  walls. 
The  dry-bulb  thermometer,  used  to  indicate  the  external  temperature,  is  Green  494. 
This  thermometer  has  been  calibrated  at  the  Yale  Observatory.  The  corrections 
which  have  been  applied  to  all  the  readings  have  been  taken  from  the  following 
table  sent  from  Yale  Observatory: 


t(F.) 

Cor. 

0 

0 

0 

4  0.1 

32 

0.2 

52 

-  0.1 

72 

—  0.2 

112 

—  0.1 
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The  table  which  follows  contains  the  uncorrected  temperatures  (t),  the  readings 
of  the  attached  thermometer  (T),  of  the  barometer  (B),  and  tlie  times  at  which 
the}'  were  taken.  The  readings  of  the  wet-bulb  thermometer  are  not  given.  The 
unit  of  B  is  one  two-hundredths  of  an  inch. 

TABLE  OF  BAROMETER  AND  THERMOMETER  READINOvS. 


vSid.  T 

October 

17- 

October 

24. 

o< 

*tober 

26. 

October 

31. 

N. 

>veiiiber 

■  I. 

h 

t 

T 

B 

i 

t 

r 

B 

t 

T 

u 

t 

T 

n 

t 

T 

B 

0 

a 

0 

<> 

0 

0 

0 

0 

0 

0 

23-9 

53.6 

53 

5155 

.  45-6 

45 

5187 

50.8 

5ii 

5194 

44.8 

45 

5185 

51.5 

53 

5181 

0-3 

53.0 

46.0 

50-9 

45.8 

51.6 

1 

0.7 

535 

46.6 

509 

46.3 

5>.9 

I.O 

530 

53 

5153 

46.3 

46 

5186 

50.2 

51 

5192 

46.0 

45 

5184 

51.7 

53 

5181 

1.4 

52.8 

'  46.5 

50.2 

45.8 

51.6 

. 

1.9 

52.4 

53 

5»53 

1  46.1 

46 

5187 

50.7 

51 

5i9«^ 

46.0 

45 

5183 

52.0 

53 

5181   , 

2.3 

51.9 

46.1 

50.8 

46.5 

52.0 

2.7 

520 

1  45-9 

50-2 

50.8 

51.6 

30 

52.9 

52 

5i5> 

46.0 

46 

5187 

50.0 

51 

5189 

51.7 

47 

5177 

51.5 

53 

5180   , 

35 

53-2 

46.1 

49.8 

52.8 

5«-6 

3.8 

530 

,  45-9 

49.0 

509 

48i 

5185 

51  0 

43 

53." 

45  4 

49-5 

505 

4.6 

53.0 

53 

5148 

45-0 

46 

5186 

499 

50i 

5185 

50-" 

52 

5180 

1 

Sid.  T 

No 

vember  6. 

November 

22. 

Novemi.er 

23. 

December 

I. 

Decern be  1 

r6. 

1 

h 

t 

T 

B 

t 

T 

B 

t 

T 

B 

t 

T 

B 

t 

T 

'"1 
B 

1 

,   23.9 

47-0 

0 
47 

5183 

405 

0 
41 

5158 

44°o 

44 

5172 

56^2 

0 

54 

5186 

49-0 

46i 

5167 

'    0.3 

47.1 

41. 1 

44.2 

55-4 

49  9 

07 

47.1 

41  5 

449 

56.0 

49-9 

1.0 

47.4 

47i 

5182 

41.5 

41 

5160 

45  •« 

45 

5175 

55-6 

54i 

5185 

49.8 

47i 

5167   . 

1.4 

48.2 

41.2 

,  45.3 

55-5 

50.0 

1    '9 

48.0 

48A 

5183 

42.0 

4oi 

5i6o 

45-5 

45i 

5178 

56.3 

54i 

5185 

50.8 

48 

5166 

2.3 

478 

42.0 

45.8 

55.8 

50.8 

1    2.7 

48.0 

41.8 

■  46.5 

56.0 

50-4 

30 

48.5 

48i 

5183 

41.2 

4()i 

5164 

45.4 

46 

5178 

55-9 

54i 

5185 

50.2 

484 

5161 

3.5 

48.9 

41.0 

47.0 

55.6 

50.0 

3.8 

48.9 

41.6 

47.5 

55-3 

49.5 

4.3 

48.8 

42.3 

47.0 

550 

49-3 

4.6 

48.5 

49 

5185 

42.8 

41 

5163 

47.0 

474 

5178 

54.7 

54  i 

5184 

49' 

50 

5159 

1 

The  maximum  temperature  of  the  two  series  was  74°.o,  July  3;  the  minimum 
was  40°. 5,  November  22,  giving  a  range  of  33°. 5.  The  total  range  of  the  barometer 
for  the  two  series  was  one-quarter  of  an  inch. 

Besides  the  regular  thermometers  in  the  air-space  between  the  north  walls, 
three  other  thermometers  were  suspended  from  the  ceiling  of  the  observing  room. 
All  three  were  swung  under  the  observing  slit,  near  the  plane  of  the  meridian. 
One  was  directly  over  the  instrument,  and  three  or  four  feet  from  the  ceiling. 
The  other  two  were  hung,  one  north  and  one  south,  al)out  halfway  between  the 
instrument  and  the  north  and  south  walls  respectively,  and  at  such  a  distance 
above  the  floor  that  the  plane  of  the  axis  of  the  instrument  and  the  line  of  sight 
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of  the  telescope,  pointed  at  about   83°  zenith   distance  (north  and  south  respec- 
tively), would  intersect  the  thermometers  near  their  bulbs. 

Before  being  thus  placed,  these  thermometers  were  compared  with  Green  494, 
so  that  their  readings  could  be  reduced  for  comparison  with  those  of  the  external 
thermometer  (Green  494). 

During  the  course  of  an  evening's  observations  these  three  thermometers  were 
read  just  after  reading  the  regular  thermometer.  The  average  difference  between 
the  inside  and  the  outside  thermometers  was  found  to  be  the  same  for  all  three, 
and  is  0^.3  (F.)  for  the  summer  series,  and  even  less  for  the  autumn.  It  is  nearly 
always  the  case  (in  this  hemisphere)  that  the  southern  part  of  a  room  is  a  trifle 
warmer  than  the  northern.  But  this  is  not  the  case  on  Mount  Hamilton.  The 
temperature  of  the  air  inside  is,  on  the  average,  very  uniform  and  but  very  little 
(o°.3)  warmer  than  the  air  outside.  In  his  "^Utiterstichun^  iiber  die  Astronomische 
Refraction  u,  s.  zc;.,"  Dr.  Bauschingkr  notes  that  the  southern  part  of  his  observing 
room  in  Munich  was  warmer  than  the  northern,  and  that  at  night  the  average 
difference  between  the  inside  and  the  outside  temperatures  is  t°.3  (C).  From  his 
investigations,  he  concludes  that  the  temperature  of  the  air  within  the  observing 
room  should  be  taken  into  account. 

Because  of  this  difficulty,  manj^  observers  have  seriously  considered  the  idea 
of  mounting  their  instruments  under  a  movable  house,  so  that  when  at  work  the 
instrument  may  be  entirely  out  of  doors.  But  this  would  needlessly  endanger  the 
instrument.  To  accomplish  the  same  purpose,  the  Meridian  Circle  house  built  at 
Kiel  is  constructed  in  the  shape  of  a  cylinder  whose  axis  coincides  with  the  axis 
of  the  instrument.     This  is  undoubtedlv  the  best  form  of  construction. 

For  the  efficiency  of  the  Meridian  Circle  house  on  Mount  Hamilton,  the  differ- 
ence between  the  inside  and  the  outside  thermometers  can  speak.  As  has  been 
noted,  the  average  difference  (in  the  sense  Inside  -  Outside)  is  +  0^.3  (F.)  for  the 
summer  series,  and  even  less  for  the  autumn.  F'or  the  first  series  the  maximum 
difference  observed  is  -h  r°.i  (F.).  It  may  be  noted  further  -that  this  observation 
was  made  a  few  minutes  before  the  sun  had  set.  JViis  maximum  is  less  than  half 
the  average  at  Munich,  For  the  other  series  the  maximum  difference  is  +  2^.\  (F.), 
which  is  less  than  the  average  at  Munich.  There  w^as  one  still  larger  difference, 
viz.,  —  3^.7  (F.),  which  may  be  discarded  for  it  6ccurred  on  a  poor  night,  immediately 
after  observing  had  been  stopped  because  of  clouds  and  poor  '* seeing.^'  The  hot 
wave,  which  caused  the  outside  temperature  to  rise  suddenly,  undoubtedly 
destroyed  the  ** seeing."  It  is  safe  to  assume,  therefore,  that  after  the  observing 
room  has  been  completely  opened  for  an  hour  and  a  half,  the  temperature  inside  is 
practically  the  same  as  it  is  outside. 

3.  Plan  for  Observing,  The  method  of  determining  the  refractions  may  be 
stated  as  being  a  quasi  converse  to  Talcott's  method  of  determining  latitude. 
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Instead  of  eliminating  the  refractions  to  get  the  latitude,  the  method  is  to  deter- 
mine the  refractions  b\'  eliminating  the  latitnde,  as  follows: 

Let 

z^  =  the  zenith  distance  of  a  southern  star, 

z„  =  the  zenith  distance  of  a  northern  star, 

z',  =  the  apparent  zenith  distance  of  the  southern  star, 

z'„  -    the  apparent  zenith  distance  of  the  northern  star, 

rt\  -  -  the  declination  of  the  southern  star. 

<V„  -     the  declination  of  the  northern  star, 

r,         the  refraction  of  the  southern  star, 

r„   — :  the  refraction  of  the  northern  star, 

q*    -    the  latitude  of  the  Meridian  Circle. 

Then 

^^,  =-  <^^  +  z„  =  </>  +  (z'..  +  r,.)  ( I ) 

rf,  =  </>  -   z,  =-  </>  -  (zA  +  r. )  (2) 

0;   -  '>\-   z\-f  z'..+  r.  -l-r..  (3) 

Let  A  =  rf„-    f>\  (4) 

B-z\  +  z/„  (5) 

Then  A  =--  B  +  r.  +  r„  (6) 

or  r.  -  r,.-- A-    B  (7) 

If  now,  the  southern  and  northern  zenith  distances  were  the  same,  and  if,  at 
the  times  of  observing  I  hem,  the  conditions  of  the  atmosphere  were  the  same,  the 
two  refractions  would  be  the  same,  /.  t\ 

In  this  case  we  have                                2r=  A  —  B  (I) 

In  practice  these  ideal  conditions  are  only  approximately  satisfied.     We  therefore 

proceed  as  follows: 

P'rom  (7)  we  have                  2r,    -  n  +  r„  --  A       B  (8) 
whence                                                2r.  ^-  ( A  -   B)  +  (r.  -   rj 
and                                                       r,   =  K>  (A  -  B)  +  »i  (r.-r..)( 
also                                                        r,.  -    i,,  (A  -B)  +  »l>  (r..-    rjl 

In  case  the  northern  star  is  at  lower  culmination  wo  shall  have: 

f>\,  -^  iJ'o"  —  z,.  —  V'  (9) 

f>\  =^  <p-    z,  (10) 

rf..-}    r^,  =-  x«o^-   Z..-Z.  (11) 

-   180^-  [z'„  +  r„  +  7/.  +  rJ.     .  (12) 

Hence                       r..  +  r,  -  i«o°  -    [z'..  +  z'J  -  L^..  4  ^.1  (13) 

and                                     2r.  ---  i«o°       [7/..  ^  z'J  -  [r^..   I-  r>M  +  [r,  -   rJ.  (14) 

Calling                                                       A'--rt\  +  r>\  (X5) 

and  since                                                   B  =--z\  +  z',.  (5) 

we  have                             r,  -  90°  -  v,  [A'  +  B]  +  ].i  [r.  -  rJ  ^  ^jjj ^ 

and  r..  -  90^  -  ,^1>  [A'  +  B]  +  j.  [r..      r.]  \ 
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In  order  to  obtain  the  refractions  from  (II)  and  (III)  it  is  necessary  to  know 
the  declinations  of  the  stars,  their  apparent  zenith  distances  (or  rather  the  sums 
of  the  zenith  distances  of  the  pairs  of  north  and  south  stars),  and  the  diflferences 
between  the  refractions  of  the  pairs.  The  stars  chosen  for  this  work  are  all  funda- 
mental, and  in  a  first  approximation  their  declinations  are  to  be  considered  abso- 
lute. The  list  of  stars,  given  later,  has  been  taken  from  Professor  Newcomb's 
^^Catalogue  of  Fundamental  Stars  for  18^5  and  igoo^  reduced  to  an  absolute  System^ 
The  apparent  zenith  distances,  or  the  sums  of  the  zenith  distances  of  the  several 
pairs,  are  obtained  from  the  Meridian  Circle  observations;  and  the  difiFerences  in 
the  refractions  are  found  by  computing  the  refractions  from  some  standard  table. 
In  this  work  the  Pulkowa  tables  have  been  used.  The  term  yi  (ra  —  r^)  being  of 
the  nature  of  a  diflferential  refraction,  any  error  in  the  constant  of  refraction  of 
the  table  used  will  have  practically  no  effect  upon  this  diflference.  The  more 
nearly  ideal  conditions  (/.  ^.,  when  r^  =  r„)  are  approached,  of  course,  the  better 
the  determination  of  the  refractions  will  be. 

This  method  has  both  its  advantages  and  its  disadvantages.  Among  the 
former,  the  most  important  are:  first,  the  complete  elimination  of  the  latitude  and 
hence  also  of  its  variation;  second,  the  elimination  of  the  nadir,  since  (z\+  z'„)  is 
nothing  more  nor  less  than  the  diflference  between  the  circle  readings,  and  is 
therefore  independent  of  the  zenith  point;  third,  there  is  no  wait  of  twelve  hours 
or  of  six  months  in  order  to  observe  the  same  star  at  both  culminations,  as  is 
usually  done;  fourth,  only  one  half  of  any  error  in  an  observed  zenith  distance 
enters  into  the  observed  refraction;  and  fifth,  the  simplicity  of  the  reductions. 

The  greatest  disadvantage  in  the  method  lies  in  the  fact  that  the  declinations 
of  the  stars  have  to  be  considered  known.  But  by  taking  fundamental  stars,  such 
as  those  whose  places  are  given  by  Professor  Newcomb's  new  Fundamental  Cata- 
logue, and  by  taking  a  large  number  of  these  stars,  this  diflSculty  will  be  nearly 
completely  eliminated.  It  should  be  noted  that  the  stars  observed  at  great 
northern  zenith  distances  are  observed  at  lower  culmination,  and  that  their  posi- 
tions have  been  determined  from  observations  made  at  upper  culmination  when  the 
eflfect  of  refraction  is  small;  and  that  the  stars  observed  at  great  southern  zenith 
distances  are  those  whose  positions  have  been  determined  at  observatories  in  the 
southern  hemisphere  where  they  culminated  near  the  zenith  and  where  again  the 
eflfects  of  refraction  are  small. 

Having  now  the  new  refractions,  the  correction  to  the  constant  of  the  table 
used  (Pulkowa)  is  found  from  the  following  equation  [eq.  (701)  pg.  672,  Vol.  i, 
Chauvenet,  ^^ Spherical  and  P^-actical  Astronomy^^\, 

dr  =  Ada  +  Bd  A 

where  A  =    ^ 

a 

'""^  B  =  sin'z  Al    (f,  -  ^\ 

16  b 
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For  the  Lick  Observatory,  whose  altitude  is  4,209  feet  and  where  the  mean 
annual  pressure  is  less  than  26  inches,  an  investigation  into  the  efiFect  of  the  higher 

^-  =  I  +  ^  (in     Bessel's 


powers  of  A/3  involved  in  the   factor  /?  =  -:^  =  i  H — 


B 
notation  for  r)  was  necessary.     In  his  memoir,  "  Unterstuhungen  Uber  die  Constitution 

der  Atmosphdre  und  die  Strahlenbrechung  in  Derselben^^^  St.  Petersburg,  1866, 
Gylden  has  neglected  the  squares  and  higher  powers  of    g-j    since  for  places  at 

low  altitudes  g-  is  a  very  small  quantity.  This  investigation  was  made  by  Pro- 
fessor CoMSTOCK  (Vol.  I,  ^^Publications  of  the  Lick  Observatory^^  From  his 
investigation  the  conclusion  is  drawn  that  "the  Pulkowa  Refraction  Tables  may 
be  used  for  atmospheric  pressures  as  low  as  25  inches  without  taking  into  account 
the  squares  and  higher  powers  of  Ab,  and  the  quantities  so  neglected  will  not 
be  sensible  at  zenith  distances  less  than  80°."  The  minimum  reading  of  the 
barometer  during  these  observations  was  25.72  inches,  so  that  in  these  reductions 
no  modification  of  the  factor  of  the  refraction  depending  upon  the  barometer  need 
be  made. 

This  question  having  been  disposed  of,  the  assumption  is  here  made  that  all 
of  the  error  in  the  refractions  is  due  to  an  error  in  the  constant  of  refraction.  This 
amounts  to  assuming  the  constant  /?  to  be  correct  or  that  d/3  =  o.  The  equation 
above  then  reduces  to  the  very  simple  expression 


dr  =  Ada  =  —  dtf : 

a 


hence 


dji 
a 


dr 
r  ' 


or 


dloga  =  dlogr. 

Having  dlogr  from  the  reductions,  we  thus  have  dloga,  and  hence  da. 

The  assumption  would  perhaps  seem  somewhat  risky  for  stars  whose  zenith 
distances  are  greater  than  80°.  But  at  the  conclusion  of  the  reductions,  the  Value 
of  dloga  deducted  from  such  stars  was  found  to  fit  in  very  well  with  those 
deducted  from  the  other  stars.  Futhermore,  down  to  85°  zenith  distance  the  "see- 
ing" was  very  good.  In  consequence  of  these  facts  it  was  decided  to  take  into 
account  all  the  stars  observed.  The  zenith  distances  of  the  stars  in  the  list  for 
the  summer  series  range  from  21°  21'  to  89°  12',  and  for  the  other  series  from 
15°  46'  to  87°  49'  (apparent). 

Below  85°  zenith  distance  the  quality  of  the  "seeing"  decreases  quite  rapidly. 
This  can  be  seen  from  the  following  table  of  average  weights.  These  were  derived 
from  the  probable  errors  of  the  individual  determinations  of  dloga. 


Z.  D. 

Av.  Wt. 

Z.  D. 

Av.  wt. 

20°  to  30° 

2.0 

70    to  80° 

11.8 

50   to  60 

7.5 

80   to  85 

14.8 

60   to  70 

7-5 

below  85 

3-6 
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The  small  weight  for  the  small  zenith  distance  is  due  to  the  fact  that  in  the 
expression  for  da  the  refraction  occurs  in  the  denominator.  .  The  small  weight  for 
the  stars  at  zenith  distances  greater  than  85°  is,  of  course,  due  to  uncertainties 
in  observing  at  such  low  altitudes. 

Observations. 

/.  List. — The  following  list  of  43  stars  was  observed  on  ten  nights,  from 
October  17  to  December  6,  1899,  inclusive,  and  have  been  reduced  according  to  the 
plan  outlined  in  the  preceding  section. 

The  numbers  of  the  stars  are  those  of  Newcomb's  *'  Catalogue  of  Fundaviental 
Stars  for  1875  and  igoo^  reduced  to  an  Absolute  System?^ 


1 

i 

No. 

1 

a  (1900). 

1 

S  (1900). 

1 

11 

m 

s 

o 

1 

« 

f 

0 

4 

20 

—  46 

17 

57.15 

9 

0 

6 

39 

35 

41 

34.42 

788 

12 

25 

17 

+  58 

57 

21.47 

793 

12 

29 

13 

+  70 

20 

22.03 

38 

0 

36 

36 

-46 

38 

2.99 

49 

43 

30 

+  7 

2 

27.19 

58 

0 

53 

47 

29 

53 

52.78 

66 

I 

I 

37 

47 

15 

16.03 

76 

8 

30 

+  7 

2 

47-77 

79 

12 

38 

+  3 

5 

16.48 

83 

18 

52 

+  67 

36 

29.32 

89 

22 

33 

+  88 

46 

26.61 

96 

30 

31 

+  72 

31 

49.56 

103 

34 

56 

+  67 

32 

14.25 

108 

I 

40 

7 

+  8 

39 

16.19 

885 

14 

I 

41 

+  64 

51 

13.52 

136 

2 

6 

38 

+  66 

3 

20.75 

139 

8 

3^ 

31 

II 

34.97 

149 

20 

49 

+  66 

57 

10.47 

153 

2 

22 

50 

+  8 

0 

42.99 

911 

14 

27 

44 

+  76 

8 

26.20 

161 

2 

33 

8 

+  21 

31 

44,60 

174 

39 

22 

14 

16 

55.59 

179 

2 

44 

54 

32 

49 

33.16 

944 

14 

51 

0 

+  74 

33 

51.05 

187 

2 

54 

28 

40 

42 

19.13 

190 

2 

57 

33 

+  53 

6 

53.92 

202 

3 

7 

49 

29 

22 

52.49 

210 

3 

15 

56 

43 

27 

7.78 

976 

15 

20 

53 

+  72 

II 

23.33 

216 

3 

22 

37 

41 

59 

15.22 

223 

29 

36 

50 

43 

4.76 

235 

3 

38 

27 

—  10 

6 

6.83 

1002 

15 

45 

8 

+  62 

54 

30.82 

1014 

15 

55 

25 

+  55 

I 

56.23 

1019 

16 

0 

I 

+  58 

49 

56.19 

264 

4 

5 

6 

+  85 

17 

29.06 

270 

4 

10 

41 

42 

32 

27.86 

1034 

16 

13 

40 

+  76 

7 

45.78 

1045 

20 

25 

+  75 

59 

9.05 

1050 

16 

22 

38 

+  61 

44 

25.78 

290 

4 

31 

40 

30 

46 

1.53 

297 

4 

37 

20 

42 

3 

17.36 
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2.  Details  of  Observations. — A  night's  program  consisted  in  observing  the 
above  list,  together  with  three  nadirs,  one  before,  one  during,  and  one  after  the 
observing  of  the  stars.  As  has  been  pointed  out,  the  nadirs  are  not  necessary  for 
the  refraction  determinations,  but  were  taken  for  the  reduction  of  the  latitude, 
which  is  a  problem  practically  inseparable  from  the  main  one  undertaken  here. 

No  transits  were  observed  during  these  observations,  the  whole  attention 
being  devoted  to  the  observations  for  zenith  distance.  The  telescope  was  set  to 
the  nearest  2'  and  not  disturbed  until  the  observation  had  been  completed.  The 
bisection  was  made  (with  but  a  very  few  exceptions)  at  the  central  transit  wire,  by 
means  of  the  declination  micrometer.  For  the  sake  of  uniformity  every  star  was 
bisected  but  once  during  its  transit.  Because  of  unavoidable  circumstances  a  few 
of  the  stars  had  passed  the  meridian  before  the  bisection  could  have  been  made. 
In  the^e  cases  the  readings  have  been  reduced  to  the  meridian. 

For  the  position  of  the  circle  four  microscopes  were  read.  Settings  were 
made  upon  two  scratches  under  every  microscope.  The  circle  microscopes  were 
usually  read  after  the  star  had  been  bisected.  In  a  few  cases,  because  of  a  follow- 
ing star  culminating  very  soon,  the  microscopes  were  read  before  the  bisection. 
In  such  cases  the  position  of  the  circle  was  quickly  checked  after  the  bisection. 

The  correction  for  runs  for  a  night  was  obtained  from  all  of  the  microscope 
readings  of  the  night.  This  correction  has  been  applied  to  all  of  the  observa- 
tions. Its  values  for  the  several  nights  of  observing  are  given  in  the  following 
table : 


Date. 

R. 

October 

17  .     .     . 

+  0" 

.10 

24  .     .     . 

+  0 

.10 

26  .     .     . 

+  0 

.09 

31  •     .     . 

+  0 

.07 

November 

I  .     .     . 

+  0 

.08 

Date. 

November    6  . 

22  . 

23  . 
December     i  . 

6  . 


R. 


+  o".o8 
+  0  .08 
+  o  .10 
+  o  .11 
+  o  .11 


These  corrections  were  applied  to  the  circle  readings  to  reduce  them  to  the 
mean  position  of  the  two  scratches :  so  that  for  a  reading  of  o"  the  correction  is 
+  R,  for  60"  it  is  o,  and  for  120"  it  is  —  R. 

In  the  few  cases  where  the  bisections  were  made  a  little  late  the  reductions 

to  the  meridian  were  computed  from  the  formula, 

» 

.       .,       sin^4  (^  — m)    . 
0z=i6' —    sm  20 


sm  I 


The  horizontal  flexure  in  this  instrument  is  very  small.  In  his  work  pub- 
lished in  Volume  IV  of  these  Publications^  Astronomer  Tucker  adopts  the  correc- 
tion o".i  sin  Z.  D.,  which  was  determined  from  a  series  of  observations  extending 
over  two  and  a  half  years.     In  this  work  the  mean  of  three  determinations  of 
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flexure  being  less  than  the  probable  error  of  a  single  determination,  the  flexure  is 
considered  zero.  The  mean  of  the  values  of  one  revolution  of  the  declination 
micrometer,  determined  at  the  same  time,  is  48".! i.     The  value  adopted  is  48".io. 

For  the  computation  of  the  preliminary  refractions  (called  r'  in  the  reduc- 
tions) the  Pulkowa  tables  have  been  used.  The  reductions  for  the  barometer,  for 
the  attached,  and  for  the  external  thermometers  were  taken  from  Volume  I  of 
these  Publications. 

At  the  time  these  reductions  were  made  the  graduation  errors  of  the  1°  divi- 
sions of  the  fixed  circle  had  been  determined  by  Astronomer  Tucker.  His 
results  are  given  in  Volume  IV  of  these  Publications.  He  says  there,  in  part: 
**The  probable  error  of  a  reading  upon  four  divisions  of  the  fixed  circle  due  to 
graduation  may  be  adopted  as  ±:o".i5.  *  *  *  *  There  is  some  evidence  of 
periodic  character  in  the  errors,  and  it  may  be  assumed,  in  absence  of  further  data, 
that  the  probable  error  due  to  errors  of  graduation  is  not  diminished  by  reading 
upon  two  adjoining  divisions  under  each  microscope.  *  *  *  *  The  largest 
error  measured  is  o".7  for  the  mean  of  four  divisions.''  In  view  of  this  no  correc- 
tions have  been  applied  for  division  error. 

Three  nadirs  were  observed  every  night.  The  changes  during  a  night  were 
usually  very  small.  The  following  table  gives  the  means  of  the  three  determina- 
tions on  the  several  nights: 


Dute. 

Nadir 

! 
t 

Date. 

Nadir 

.0               9 

t 

J  34'    57' 

134     57 

October      17     .     . 

I9".87 

53° 

November    6     .     . 

22".95 

48= 

24     .     . 

21   .71 

46 

22     .     . 

24  .02 

42 

26     .     . 

21   .20 

50       , 

23     .     . 

23  .40 

46 

31     •     • 

22  .52 

47       1 

December     i     .     . 

22  .46 

56 

November    i     .     . 

22  .12 

51       1 

1 

6     .     . 

23  .07 

50 

All  of  the  observations  were  taken  with  the  fixed  circle  west.  Had  more  time 
been  available  the  instrument  would  have  been  reversed. 

Weights,  ranging  from  5,  the  highest,  to  i  (occasionally  )^),  the  lowest,  were 
arbitrarily  assigned  to  all  the  observations.  Judgment  on  a  weight  was  formed 
from  the  steadiness  of  the  image  during  the  observation.  These  weights  have 
been  applied  all  through  the  reductions. 


Reduction  of  Observations. 

/.  Explanation  of  Reduction, — The  first  thing  done  on  the  reductions  was  to 
take  the  means  of  the  microscope  readings  and  to  apply  the  micrometer  correc- 
tions, giving  the  circle  readings  (called  C  in  the  tables  following).  The  means 
of  the  microscopes  were  checked  by  taking  the  difference  of  every  microscope 
reading  from  the  mean  of  the  four.     If  the    sums  of  these   diflferences  for  the 
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two  opposite  pairs  of  microscopes  were  the  same,  the  mean  was  correct.  The 
corrections  for  the  micrometers  were  checked  by  duplicating  this  part  of  the 
work. 

From  the  readings  C  the  quantity  B  [equations  (II)  and  (III)]  is  obtained. 
The  terms  A  and  A'  of  these  equations  are  obtained  from  the  declinations. 

'The  declinations  have  been  reduced  to  1899.0  by  means  of  the  data  furnished 
in  Newcomb's  Catalogue.  The  reductions  to  apparent  places  were  computed 
by  using  the  Besselian  Star  Numbers  from  the  American  Ephemeris.  The 
factors  a',  b',  c'  and  d'  were  computed  from  the  American  Ephemeris  data.  The 
reductions  to  apparent  places  for  the  first  night  (October  17)  were  computed  by 
means  of  the  Independent  Star  Numbers  also.  The  places  for  the  remaining 
nights  were  checked  by  diflfereuces.  The  apparent  declinations  are  placed  in 
the  columns  8  of  the  tables  given  later. 

The  following  table  exhibits  the  stars'  approximate  zenith  distances  and  the 
stars  with  which  they  are  grouped  in  the  reductions  for  the  refractions: 


Grouped 

Grouped 
with  SUr 

Star  No. 

Z.D.  South. 

Z.  D.  North. ! 

with  Star 

SUr  No. 

Z.D.  South. 

Z.  D.  North. 

1 

I 

No. 

No. 

5  . 

83   31 

0    / 
•   .   ■ 

i  788 
I1019 

0    * 

e      t 

'   58 
139 

9  • 

72   59 

... 

793 
(   5 

944  ..  . 

•   .   . 

68    4 

« 

179 
202 

788  . 

•     •     • 

83   36 

]  38 

.  290 

(  66 

187  ..  . 

77   59 

... 

885  1 

793  ■ 

•     •     • 

72   17 

i   179 

190  ..  . 

•   .   . 

15   46 

161 

'  911 

38  . 

83   51 

i   788 
I1019 

202  .  .  . 

66   41 

•     •     • 

• 

944 
1034 

49 

30   17 

i    83 
i   103 

210  .  .  . 

80   43 

•     •     • 

LI04S 
1002 

58  . 
66  . 

67    12 
84   28 

j  9" 
]   944 
i  788 

• 

976  ..  . 

... 

70   26 

1050 

j  139 
i   179 

76  . 

T 
30       17 

(1019 
i   103 

216  .  .  . 
223  ..  . 

79    15 
87   49 

... 
... 

\1002 

(1050 

1014 

79  . 

34   14 

96 

235    .  . 

47    25 

... 

264 

83 

•     •     • 

30   16 

j  49 
}    76 

210 
216 

89  . 

«     •     • 

51    25 

174 

1002  .  .  . 

79   40 

• 

270 

96  . 

•     •     • 

35    " 

79 

.  297 

103 

•     •     ■ 

30   II 

i  49 
1  76 

1014  .  .  . 

87   24 

223 

(   5 

108 

28   41 

... 

j  136 
(   149 

1019  .  .  . 

83   43 

]     38 
(  66 

885 

•     •     • 

77   45 

187 

264  ..  . 

47   56 

.  235 

136 

•     •     • 

28   43 

(  108 
1  153 

270  ..  . 

79   48 

... 

1002 
jioso 

139 

68   30 

... 

(  911 
]   944 

1034  .  .  . 

66   30 

202 
]  290 

j   149 

•   .   • 

i9   36 

(  976 
j  108 

i   153 

1045  .  .  . 

66   38 

202 
i   290 

r  210 

153 

29   20 

«   ■   • 

i  136 
(   149 
(  58 

1050  .  .  . 

80   50 

< 

216 
270 

I  297 

911 

.   •   ■ 

66   29 

i  139 
(  202 

290  ..  . 

68    4 

... 

(  944 
•^1034 

161 

15   48 

•     •     • 

T 

(1045 

174  ..  . 

51   36 

•     •     • 

89  i 
(  793 

297  ..  . 

79   19 

... 

J1002 
(1050 

179  ..  . 

70    8 

•     ■     • 

i  944 

(  976  1 

1 
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The  following  tables  show  the  reductions  for  the  new  refractions.  The 
column  p  contains  the  means  of  the  weights  assigned  to  the  stars.  The  other 
columns  have  already  been  explained.  In  the  grouping  of  the  pairs  on  the 
several  dates  the  southern  star  is  written  first  and  the  northern  star  below  it. 
The  numbers  of  the  stars  given  at  the  top  of  each  table  are  arranged  in  the  same 
order.  The  pairs  which  have  their  northern  stars  at  upper  culmination  are  placed 
in  the  first  few  tables.  It  will  be  noticed  that  the  headings  for  these  are  slightly 
different  from  those  containing  the  lower  culmination  stars. 

Because  of  very  bad  "seeing,"  or  of  other  circumstances,  some  of  the  stars 
were  not  observed  on  some  nights.  In  such  cases  blanks  appear  after  the  dates. 
No  observations  have  been  rejected. 
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Stars  No 


■I 


49 
88 


2.     Computation  of  Refractions. 


1 

Date. 

d 

A 
B 

C 

r' 

r'  -x' 

2 

A-B 

2 

r 

1899. 

e       1         m 

0      /         m 

0      1         m 

1       m 

m 

/        m 

1        u 

Oct.  17 

+     72    37.32 

60  33  58.91 

345  14  38.89 

0    28.95 

0.00 

0    29.27 

0  29.27 

+  67    36    36.23 

60  33    0.37 

284  41  38.52 

0   28.95 

•         • 

•        • 

0  29.27 

24 

37.45 

34     I. 10 

3964 

29.55 

-f  O.OI 

0   30.09 

0  30.10 

38.55 

33    0.91 

38.73 

29.53 

.    . 

•        ■ 

0  30.08 

26 

37.50 

1.76 

39.68 

29.33 

0.00 

0  29.37 

0   29.37 

39.26 

3.02 

36.66 

29.32 

•        • 

•        ■ 

0  29.37 

31 

37.37 

3.35 

41.00 

2956 

0.00 

0    29.45 

0   29.45 

40.72 

4.45 

36.55 

29.55 

•        • 

•        • 

0   29.45 

Nov.    I 

37.34 

3.65 

40.98 

29.19 

0.00 

0   29.07 

0   29.07 

40.99 

5.51 

35.47 

29.18 

•        « 

•        • 

0    29.07 

6 

37.34 

5.20 

41.26 

29.49 

+  0.03 

0   29.52 

0    29.56 

42.54 

6.15 

35." 

29.42 

*    . 

■        • 

0   29.49 

22 

37.01 

10.02 

42.90 

29.72 

+  0.01 

0   29.86 

0    29.87 

47.03 

10.29 

32.61 

29.70 

•        • 

•        • 

0    29.85 

23 

36.97 

10.31 

42.04 

29.58 

+  0.01 

0    29.76 

0   29.78 

47.28 

10.79 

31.25 

29.55 

•        • 

«    • 

0  29,75 

Dec.    I 

36.45 

11.46 

41.93 

28.98 

0.00 

0  28.91 

0  28.91 

48.91 

13.64 

28.29 

28.98 

•        • 

•      • 

0  28.91 

Dec.    6 

+     72    36.35 

60  34  13.72 

345  14  42.11 

0    29.25 

+  0.01 

0  29.53 

0  29.55 

+  67    36    50.07 

60  33  14.65 

284  41  27.46 

0    29.22 

•        • 

.      • 

0  29.52 

log  r 

P 

.46642 

4 

.46642 

4 

.47857 

li 

.47828 

li 

.46790 

4 

.46790 

4 

.46909 

24 

.46909 

2i 

.46345 

3i 

.46345 

3l 

.47070 

4i 

.46967 

4& 

.47524 

2i 

.47494 

2i 

.47392 

2 

.47349 

2 

.46105 

3 

.46105 

3 

.47056 

3 

.47012 

3 

SUrs  No 


■  I 


49 
108 


Date. 


1899. 
Oct.  17 

24 
26 

31 

Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


+  72  37.32 
+  67  32  19.85 

37.45 
22.15 

37.50 
22.85 

37.37 
24.32 

37.34 
24.59 

37.34 
26.16 

37.01 
30.75 

36.97 
31.02 

36.45 
32.75 

+  72  36.35 
+  67  32  33.97 


A 
B 


60  29  42.53 
60  28  43.75 

44.70 
44.56 

45.35 
46.37 

46.95 
47.49 

47.25 
48.87 

48.82 
49.39 

53.74 
54.15 

54.05 
54.22 

56.30 
57.26 

60  29  57.62 
60  28  58.28 


r»/ 


i(r'.-r'j'    HA-B) 


log  r 


e       I 


345  14  38.89     o  28.95 
284  45  55.14  !  o  28.88 


39.64 
55.08 

39.68 


29.55 
29.45 

29.33 


53.31       •29.24 


41.00 

53.51 

29.56  ' 
29.47 

40.98 

52.11 

29.19 
29.10 

41.26 

51.87 

29.49 
29.32 

42.90 

48.75 

29.72 
29.61 

42.04 
47.82 

29.58 
29.47 

41.93 
44.67 

28.98 
28.88 

345  14  42.11 
284  45  43.83 

0  29.25 
0  29.11 

+  0.03 


+0.05 

•  « 

+  0.04 

•  • 

+  0.04 

.      . 

+  0.04 

•  • 

+  0.08 
+0.05 

.      . 

+  0.05 

•  • 

+0.05 

•  • 

+0.07 


o  29.39 


o  30.07 

■       « 

o  29.49 

.      . 

o  29.73 

•  • 

o  29.19 

•  • 

o  29.71 

•  • 

o  29.79 

•  • 

o  29.91 

.      . 

o  29.52 

.      . 

o  29.67 


o  29.42 
o  29.36 

o  30.12 
o  30.02 

o  29.53 
o  29.45  , 

o  29.77  I 
o  29.69  I 

o  29.23  I 
o  29.15  I 

o  29.79  I 

:  o  29.63 

o  29.84 
o  29.74 

o  29.96 
o  29.86 

o  29.57 
o  29.47 

o  29.74 
o  29.60 


.46864 
.46776 

.47885 
.47741 

.47026 

.46909 

.47378 

.47261 

.46583 

.46464 

.47407 
.47173 

.47480 

.47334 
.47654 

.47509       2 


4 
4 

14 
14 

4 
4 

24 
24 

34 
34 

44 
44 

3 
3 


.47085 
.46938 

.47334 
.47129 


3 
3 

3 
3 
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sure  No.     ^5 

Date. 

6 

60' 
60 

A 
B 

33  38.71 
32  40.26 

C 

345  14  18.78 
284  41  38.52 

r' 

r'  -r' 
2 

A-B 

2 

0  29.22 

•      « 

r 

1 

log  r 

P 

1899. 
Oct.  17 

•        in 

+  72  57.52 
+67  36  36.23 

0  28.97 
0  28.95 

+  0.01 

■        • 

0  29.23 
0  29.21 

1.46583 
1.46553 

4 
4 

24 

57.63 
38.55 

40.92 
41.58 

20.31 
38.73 

2955 
2953 

+  0.01 

•       • 

0  29.67 

•     • 

0  29.68 
0  29.66 

1.47246 
1-47217 

I 
I 

26 

57.68 

39.26 

41.58 
4303 

19.69 
36.66 

2935 
2932 

+  0  01 

•       • 

0  29.27 

•      • 

0  29.28 
0  29.26 

146657 
1.46627 

4 
4 

31 

57.54 
40.72 

43.18 
43.49 

20.04 
36.55 

2957 
2955 

+  0.01 

•        • 

0  29.84 

0  29.85 
0  29.83 

1.47494 
1.47465 

2 
2 

Nov.   I 

57.50 
40.99 

43  49 
45.41 

20.88 
35.47 

29.20 
29.18 

+  0.01 

•       • 

0  29.04 

•      • 

0  29.05 
0  29.03 

1. 463 1 5 
1.46285 

3i 
3i 

6 

57.48 
42.54 

45.06 
46.33 

21.44 
35.11 

29.46 
29.42 

4-0.02 

■       • 

0  2936 

•  • 

0  29.38 
0  29.34 

1.46805 
1.46746 

4 
4 

22 

57.13 
47-03 

49.90 
50.11 

22  72 
32.61 

29.72 
29.70 

+  0.01 

0  29.89 

0  29.90 
0  29.88 

1.47567      2 
1.47538      2 

23 

57-10 
47.28 

50.18 
50.60 

21.85 
31.25 

29.58 
29.55 

+  0.01 

•       « 

0  29.79 

•      • 

0  29.80 
0  29.78 

1.47422      2 
1.47392      2 

Dec.    I 

56.56 

48.91 

52.35 
53.61 

21.90 
28.29 

28.99 
28.98 

■f  O.OI 

•      • 

0  29.37 

•      • 

0  29.38 
0  29.36 

1.46805      3 
1.46776     3 

Dec.    6 

+  72  56.45 

4  67  36  50.07 

60 
60 

33  53  62 
32  55.38 

345  14  22.84 
284  41  27.46 

0  29.24 
0  29.22 

+  0.OI 

0  29.12 

0  29.13 
0  29.11 

1.46434     3 
1.46404     3 

1 

SUreNc 

^'  ]108 

Date. 

S 

A 
B 

C 

r' 

2 
+  0.04 

•         • 

A-B 

2 

0'  29^33 

•     • 

r 

0'  29.37 
0  29.29 

log  r 

P 

1899. 
Oct.  17 

+  7    2  57^52 
+  67  32  19.85 

•    10 
60  29  22.33 

60  28  23.64 

345" 14  18^78 
284  45  55-14 

1       m 
0    28.97 

0    28.88 

1.46790     4 
1.46672  '  4 

.         ^4 

57.63 
22.15 

24.52 
2523 

20.31 
55.08 

2955 
29.45 

+  0.05 

•        • 

0  29.64 

•     • 

0  29.69 
0  2959 

1.47261      I 
1.47114      I 

26 

57.68 
22.85 

25.17 
26.38 

19.69 
53.31 

2935 
29.24 

+  0.05 

•        • 

0  29.39 

0  29.44 
0  29.34 

1.46894     4 
1.46746     4 

31 

57.54 
24.32 

26.78 
26.53 

20.04 
53.51 

29.57 
29.47 

+  0.05 

•        • 

0  30.12 

0  30  17 
0  30.07 

1.47958     2 
1.47813  ,  2 

Nov.   I 

57.50 
24.59 

27.09 
28.77 

• 

20.88 
52.11 

29.20 
29.10 

+  0.05 

0  29.16 

0  29.21 
0  29.11 

1-46553 
1.46404 

3i 
3i 

6 

57.48 
26.16 

28.68 
2957 

21.44 
51.87 

29.46 
29.32 

+  0.07 

•        • 

0  29.55 

0  29.62 
0  29.48 

1. 47159 
146953 

4 
4 

22 

57.13 
30.75 

33.62 
33.97 

22.72 

48.75 

29.72 
29.61 

+  0.05 

0  29.82 

•     • 

0  29.87 
0  29.77 

I  47524 
1.47378 

2i 
2i 

23 

57.10 
31.02 

33.92 
3403 

21.85 
47.82 

29.58 
29.47 

+  0.05 

•        • 

0  29.94 

•     « 

0  29.99 
0  29.89 

1.47698 
1.47553 

2 
2 

Dec.    I 

56.56 
32.75 

36.19 
37.23 

21.90 
44.67 

28.99 

28.88 

+  0.05 

•        • 

0  29.48 

•     • 

0  29.53 
0  29.43 

1.47026 
1.46879 

3 
3 

Dec.    6 

+  72  56.45 
+  67  32  33.97 

60  29  37.52 
60  28  39.01 

1 

345  14  22.84 
284  45  43.83 

0  29.24 

0   29.11 

+  0  06 

•        • 

0  29.25 

•     • 

0  29.31 
0  29.19 

1.46702 
1.46523 

3 
3 

17b 
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Stars  No.  j  J| 


Date. 


C 


i(r;-r',.)  I    i(A-B) 


1 

1899. 

Oct.  17 

9       1        u 

+  35  26.02 
+  72  31  54.96 

0  «  « 
69  26  28.94 

69  25  20.56 

349**  11' 45^74 
279  46  25.18 

0'  33*77 
0  34.97 

m 
-0.60 

•   • 

24 

25.95 
57.37 

31.42 
20.91 

46.93 
26.02 

34.45 
3567 

-0.61 

26 

25.96 
58.10 

32.14 
22.06 

46.01 
2395 

34.21 
35.41 

-0.60   . 

•   • 

31 

2570 
5965 

33  95 
23.82 

48.10 
24.28 

34.47 
35.70 

-0.61 

Nov.  I 

5  25.64 
3«  59.94 

3430 
24.81 

47.57 
22.76 

34.03 
3524 

-0.60 

•   • 

6 

5  2550 
32  1.60 

36.10 
25.65 

47.84 
22.19 

34.33 
35.52 

-0.60 

•   • 

22 

24.81 
6.46 

41.65 
29.81 

49.30 
19.49 

34.64 
35.88 

-0.62 

•   • 

23 

24.76 
6.74 

41.98 
31.46 

49.33 
17.87 

34.47 
35.69 

-0.61 

•    • 

Dec.  I 

24.08 
8.59 

44. 5  ^ 
35.83 

49.94 
14.11 

33.80 
35.00 

-0.60 

Dec.  6 

+  35  23.93 
+  72  32  9.88 

69  26  45.95 
69  25  36.11 

349  II  49.70 
279  46  13.59 

0  34.08 
0  35.27 

-0.60 

Stars 


No.  I 


174 
89 


Date. 


A 
B 


C 


i(r'.--r',.) 


1899. 
Oct.  17 

24 
26 

31 
Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


- 14  16  45.47 
+  88  46  30.76 

46.92 
33.42 

47.14 
34.21 

47.92 
35.96 

48.11 
36.29 

48.90 
38.15 

51.39 
43.65 

51.55 
43.99 

53.06 
46.16 

-14  16  53.71 
+  88  46  47.66 


103    3  16.23 
103     I  11.02 

'  20.34 
12.58 

21.35 
15.28 

23.88 
16.75 

24.40 
19.63 

2705 
20.57 

35.04 
27.95 

35.54 
27.82 

39-22 

34.61 

103    3  41.37 
103    I  35.60 


366  33  28.62 
263  32  17,60 

29.63 
17.05 

30.52 
15.24 

31.90 
15  15 

32.56 
12.93 

33.77 
13.20 

36.71 
8.76 

36.49 
8.67 

38.13 
352 

366  33  38.14 
263  32     2.54 


I  2.62 

I   2.11 

+  0.25 

•   • 

3.85 
3.34 

+  0.25 

3.29 
2.91 

+  0.19 

•   • 

3.21 
3.41 

-O.IO 

•   • 

301 
2.60 

+  0.20 

•    • 

3.53 
3.10 

+  0.21 

•   • 

4.13 
3.74 

+  0.20 

3.68 
3.38 

+  0.15 

2.52 
2.17 

+  0.17 

I   2.96 
I   2.67 

+  0.15 

o' 34*19 


35.25 

•  . 

35.04 

•  • 

3506 

•  • 

34.74 

•  • 

35.22 

•  • 

35.92 

.   . 

35- 26 

•  • 

34.34 

.  • 

3492 


i(A-B) 


I   2.60 


3.88 

•  • 

3.03 

.  . 

3.56 

•  • 

2.38 

.  . 

324 

•  • 

3.54 

•  • 

3.86 

•  • 

2.30 

■   • 

I  2.88 


2.85 
2.35 

4.13 
363 

3.22 
2.84 

3.46 
3.66 

2.58 
2.18 

3.45 
3.03 

3.74 
3-34 

4.01 
3.71 

2.47 
2.13 

3.03 
2.73 


log  r 


/   • 

0  33.59 

0  34.79 

0  34  64 

0  35.86 

0  34.44 

0  35.64 

0  34  45 

0  35.67 

0  34  14 

0  35.34 

0  34.62 

0  35.82 

0  35.30 

0  36.54 

0  34- 65 

0  35.87 

0  33.74 

■* 

0  34.94 

0  34.32 

0  35.52 

.52621 
.54145 

4 
4 

.53958 
55461 

I 

I 

.53706 
.55194 

4 
4 

.53719 
.55230 

2 
2 

.53326 
.54827 

3i 
3i 

.53933 
.55413 

4 
4 

.54777 
.56277 

2i 
2i 

.53970 
.55473 

2 
2 

■52815 
54332 

3 
3 

.53555 
.55047 

3 
3 

log  r 


.79831 
.79484 

.80706 
.80366 

.80085 
.79824 

.80250 
.80387 

.79644 
.79365 

.80243 
.79955 

.80441 
.80168 

.80625 
.80421 

.79567 
.79330 

.79955 
.79748 


4 
4 

14 
li" 

3 
3 

14 
14 

4 
4 

44 
44 

34 
34 

2 

2 

34 
34 

3 
3 


ON  ASTRONOMICAL  REFRACTION. 


177 


Stars  No.  )  g| 

Date. 

1899. 
Oct.  17 

8 

+  8  39  25  41 
+  66    3  23.89 

A 
B 

57°  23  58^48 
57  23    3.79 

343°  3/ 52*54 
286  14  48.75 

r' 

0  27.15 
27.22 

i(r'.--r'„) 
-0.03 

i(A-B) 

r 

0  27.31 

0  27.37 

log  r 

1 

i  1.43632 
'  1-43727 

P 

4 
4 

1       '     « 
'     0  27.34 

1 

24 

25.52 
26.11 

24    0.59 
23    4.79 

54.01 
49.22 

27.69 

27.74" 

-0.02 

27.90 

1 

27.88 
27.92 

1.44529 
1.44592 

I 
I 

26 

25.60 
26.77 

1. 17 
5.99 

52.87 
4688 

27.47 
27.49 

-O.OI 

2759 

■      • 

27.58 
27.60 

1.44059 
1. 44091 

3 
3 

31 

25-51 
28.23 

2.72 

7.72 

54.73 
47.01 

27.70 
27.71 

0.00 

.      * 

27.50 

•      • 

2750 
27.51 

1-43933 
1.43949 

24 
24 

Nov.    I 

25.46 
28.49 

3.03 
8.13 

53.87 
45  74 

27.34 
27.37 

-O.OI 

•     • 

27.45 

27.44 
2746 

1.43838 
1.43870 

34 
34 

6 

25.45 
30.02 

4.57 
8.94 

54.69 
45.75 

27.57 
27.62 

-0.02 

•        • 

27.81 

27.79 
27.83 

1.44389 
1.44451 

4 
4 

22 

1 

25.18 
34.67 

9-49 
12.92 

56.01 
43.09 

27.83 
27.85 

-O.OI 

28.28 

28.27 
28.29 

1.45133 
1.45163 

3 
3 

23 

25.16 
34.96 

9.80 
13.49 

55.13 
41.64 

27.69 
27.72 

-O.OI 

■      • 

28.15 

•      • 

28.14 
28.16 

1.44932 
1.44963 

24 
24 

Dec.    I 

24.66 
36.78 

12.12 
16.97 

55.44 

.38.47 

27.14 
27.18 

-0.02 

.   .    . 

27.57 

•      • 

27.55 
2759 

1. 4401 2 
1-44075 

3 

Dec.    6 

+  8  39  24.60 
+  66    3  38.09 

57  24  13.49 
57  23  17.91 

343  37  55.38 
286  14  37.47 

0  27.35 
0  27.37 

-O.OI 

0  27.79 

0    27.78 
0   27.80 

«.  44373 
1.44404 

3 
3 

; 

Stars  Nc 

'    \  149 

i(A-B) 

0     28.20 

•          • 

r 

0  27.65 
0  28.75 

Date. 

(5 

+  8*39  25^4 1 
+  66  57  12.31 

A 
B 

58' 1 7' 46*90 
58  16  50.49 

C 

343°  3/ 52*54 
285  21     2.05 

r' 

0     27.15 

0  28.25 

4(r\-r'„) 

log  r 

p 

4 
4 

1899. 
Oct.  17 

-0*55 

•  • 

1.44170 
1.45864 

24 

25.52 
14.49 

48.97 
51.90 

54.01 
2.11 

27.69 

28.79 

-0.55 

•     • 

28.53 

•           • 

27.98 
29.08 

1.44685 
1.46359 

14 
14 

26 

25.6b 
15.18 

49.58 
52.56 

37  52.87 
21    0.31 

27.47 
28.53 

-0.53 
•  • 

28.51 

•           • 

27.98 
29.04 

1.44685 
1.46300 

3 
3 

31 

25.51 
16.65 

51.14 
55.12 

37  54.73 
20  59.61 

27.70 

28.70 

-050 

28.01 

•           • 

27.51 
28.51 

1.43949 
1.45500 

14 
14 

Nov.    I 

25.46 
16.91 

51.45 
5568 

53.87 
58.19 

27.34 
28.41 

-0.53 

•      • 

27.88 
.     « 

27.35 
28.41 

1.43696 
1.45347 

34 
34 

6 

25.45 
18.44 

17  52  99 
16  56.26 

54.69 
58.43 

27.57 
28.66 

-0.54 

•     • 

28.36 

•           • 

27.82 
28.90 

1.44436 
1.46090 

4 
4 

22 

25.18 
23.18 

17  58.CO 
17    0.53 

56.01 
55.48 

27.83 

28.90 

-0.53 

•     • 

28.73 

28.20 
29.26 

1.45025 
1.46627 

3 
3 

23  1                  25.16 
23.48 

17  58.32 
17     1.26 

55.13 
53.87 

27.69 
28.75 

"0.53 

•      • 

28.53 

•           • 

28.00 
29.06 

1.44716 
1.46330 

14 
14 

Dec.    I 

24.66 
2538 

18    0.72 
17     5.38 

55  44 
50.06 

27.14 
28.21 

-0.53 

•     • 

27.67 

•           • 

27.14 
28.21 

r.  4336 1 
1.45040 

3 
3 

Dec.    6 

+  8  39  24.60 
+  66  57  26.74 

58  18     2.14 
58  17    5.51 

343  37  55.38 
285  20  49.87 

0  27.35 

0  28.39 

-0.52 

•     • 

0    28.31 

0  27.79 
0  28.83 

1.44389 
1.45984 

3 
3 
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Stars  No. 


(153 

use 


Date. 


<5 


A 
B 


C 


i(r'.-r'„)i    i(A--B) 


1899. 
Oct.  17 

24 
26 

31 
Nov.    I 

6 

Nov.  22  I 

23 
Dec.    I 

Dec.    6 


I 


+   80  51.43 
+  66    3  26.11 

51.46 
26.77 

51-34 
28.23 

51.29 
28.49 

5116 
30.02 

50.75 
34.67 

50.73 
34.96 

50.17 
36.78 

+  80  50.05 
+  66    3  38.09 


58    2  34.68 
58     I  37  97 

35.31 
39.92 

3689 
41.15 

37.20 
42.19 

38.86 
42.83 

43.92 
46.88 

44.23 
47.81 

46.61 
50.99 

58    2  48.04 
58     I  52.56 


344  16  27.19 
286  14  49.22 

26.80 
46.88  . 

28.16  I 
47.01 

27.93 
45.74 

28.58 
45.75 

29.97 
43.09 

29.45 
41.64 

29.46 

38.47 

344  16  30.03 
286  14  37.47 


o  28.45 
o  27.74 

28.20 
27.49 

28.33 
27.71 

28.07 
27.37 

28.33 
27.62 

28.57 
27.85 

28.41 
27.72 

2788 
27.18 

o  28.06 
o  27.37 


log  r 


+  o!35     '    o' 28^35 


+  0.35 

•  • 

+  0.31 

•  • 

+  0.35 

•  • 

+  0.35 

«     • 

+  0.36 

•  • 

+  0.34 

•  • 

+  0.35 

•  • 

+  0.34 


27.69 

•  • 

27.87 

•  • 

27.50 

.  • 

28.01 

•  • 

28.52 

•  . 

28.21 

.  • 

27.81 

•  • 

o  27.74 


t        m 
0  28.70 

0  28.00 

1.45788 
I.447I6 

28.04 
27.34 

1.44778 

1.43680 

28. 18 

27.56 

1.44994 

1.44028 

27.85 

1.44483 

27.15 

1.43377 

28.36 
27.66 

o  00 

1. 4527 1 
I.44I85 

28.88 

28.16 

28.55 

27.87 

28.16 
27.46 

o  28.08 
o  27.40 


1.46060 

1.44963 
1. 45561 

1. 445 14 

1.44963 
1.43870 


li 

2 
2 

2 
2 

3 
3 

41 

^\ 

3 
3 

2 
2 

3 
3 


1.44840  i  3 
1.43775  I  3 

I 


Stars  No. 


il53 
U49 


Date. 


5 


A 
B 


C 


i(r'.-r'„),   4(A-B) 


1899. 
Oct.  17 

24 
26 

31 
Nov.    I 


22 


23 


Dec.    I 


+  80  51.43 
+  66  57  14.49 

51.46 
15.18 

51-34 
16.65 

5T.29 
16.91 

51.16 
18.44 

50.75 
23.18 

50.73 

23.48 

50.17 
25.38 


Dec.    6+80  50.05 
I   +66  57  26.74 


58  56  23.06 
58  55  25.08 

23.72 
26.49 

25.31 
28.55 

25.62 
2974 

27.28 
30.15 

32.43 
34.49 

32.75 
3558 

35.21 
39.40 

58  56  36.69 
58  55  40.16 


344  16  27.19 
285  21     2. 1 1 

16  26.80 
21     0.31 

16  28.16 
20  59.61 

27.93 
58.19 

28.58 
58.43 

29.97 
55.48 

29.45 
53.87 

29.46 
50.06 

344  16  30.03 
285  20  49.87 


o  28.45 
o  28.79 

28.20 

28.53 
28.33 

28.70 

28.07 
28.41 

28.33 

28.66 

28.57 

28.90 
28.41 

28.75 

27.88 
28.21 

o  28.06 
o  28.39 


0.17 


0.16 

•  ■ 

0.18 

•  ■ 

0.17 

•  ■ 

0.16 

•  • 

0.16 

•  • 

0.17 

•  • 

0.16 

•  • 

0.16 


28.61 

28.38 

•  . 

27.94 

•  • 

28.56 

•  • 

28.97 

•  • 

28.58 

•  • 

27.90 

•  • 

28. 26 


r 

log  r 

P 

0'  28!82 

29.16 

1-45969 
1.46479 

1 

2 
2 

28.45 

28.77 

1.45408 
1.45894 

3 
2 

28.20 

28.56 

1.45025 
1.45576 

I 
I 

27.77 
28.11 

1.44358 
1.44886 

3 
3 

28.40 
28.72 

1.45332 
1. 45818 

4i 
4i 

28.81 

29.13 

1.45954 
1.46434 

3 
3 

28.41 

28.75 

1.45347 
1.45864 

I 
I 

27.74  1 

28.06 

1.443" 
1.44809 

3 
3 

0  28.10 
0  28.42 

1.4487 I 
1.45362 

3 
3 
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SUrsNo 


•I 


161 
190 


Date. 


A 
B 


C 


i(r'.-r'J      i(A-B) 


log  r 


1899.  ,     ,     ^ 

Oct.  17  \   +2i'3i  5i!5i 
+  53    6  54.97 


24 
26 

31 
Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


52.05 
56.60 

52.27 
57.14 

52.55 

58.28 

52.58 
58.47 

31  52.88 

6  59.63 

31  5372 

7  3.33 

53.78 
3.58 

53.83 
5.06 

+  21  31  54.07 
+  53     7    6.15 


31  35    3.46     330  45  3984 
31  34  34.35     299  II     5.49 


4.55 
34.91 

4.87 
35.45 

5.73 
34.84 

5.89 
36.57 

6.75 
37.19 

9.61 
39  55 

9.80 
40.87 

11.23 
41.97 

31  35  12.08 
31  34  43.47 


40.12 
5  21 

39.94 
4.49 

41.32 
6.48 

39-73 
3.16 

40.54 
335 

45  41.30 
II     1.75 

45  40.50 
10  59.63 

39.09 
57-12 


i       m 

o  14  07 
o  14.02 

1435 
14.31 

14.22 
14.20 

14.24 
14.13 

14  15 
14.13 

14.28 
14.23 

14.40 
14.40 

14-31 
14.30 

14.05 
14.02 


330  45  39.15  !  o  14.15 
299  10  55.68  ,  o  14.12 


+  0.02 


+0.02 


+0.01 


+0.05 


+  0.01 


+  0  02 


0.00 


0.00 


+  0.01 


+  0.01 


o'  14*55 


14.82 

•  • 

14.71 

•  • 

15-44 

•  • 

14.16 

•  • 

14.78 

•  • 

15.03     I 

•  • 

14.46 

...      I 

14.63 

•  • 

o  14.30 


o 
o 


o 
o 


4.57 
4.53 

4.84 

4.80 

4.72 
4.70 

5.49 
5.39 

4.17 
4.15 

4.80 

4.76 

5.03 
5.03 

4.46 
4.46 

4.64 

4.62 

4.31 
4.29 


.16346 

.16227 

.17143 

.17026 

.16791 
.16732 

.19005 
.18724 

•I5I37 

.15076 

.17026 
.16909 

.17696 


.16017 
.16017 

.16554 
.16495 


4 
4 

li 
14 

3 
3 

li 
li 

3 
3 

41 
44 

34 


.17696     3i 


2 
2 

3 
3 


.15564  I  2i 

.15503       2i 


Stars  No 


■  1 


235 
264 


Date. 

s 

0 
95 
95 

A 

B 

23  16.80 
21  27.77 

0 
362 

267 

22   48^68 
I  20.91 

r' 

4(r'.-r'„)! 

1 

i(A-B) 

r 

log  r 

P 

3 
3 

1899. 
Oct.  17 

0 

-10 

+  8s 

5  57*29 
17  19-51 

0'  53  V 
0  54.86 

-0.48 

0^54*51 

•     • 

0'  54*03 
0  54.99 

1.73263 
1.74028 

24 

58.16 
21.37 

19.53 
27.69 

4986 
22.17 

55.09 
56.11 

-0.51 

•   • 

55-92 

•    • 

55.41 
56.43 

1.74359 
1.75151 

2 
2 

26 

31 

58.31 
22.03 

20.34 
28.90 

50.00 
21.10 

54.69 
55.67 

-0.49 
•  • 

55.72 

•     • 

55.23 
56.21 

1. 74128 
1. 74981 

3 
3 

Nov.  I 

59.19 
23.79 

22.98 
32.70 

52.01 
19.31 

54-41 
55.45 

-052 

•   • 

55.14 

•    • 

54.62 
55-66 

1.73735 
1.74544 

34 
34 

6 

5  59.94 
17  25.28 

25.22 
34.38 

53.24 
18.86 

54.73 
55.72 

-0.49 

55.42 

54.93 
55-91 

1. 73981 
1.74749 

4 
4 

22 

6  2.34 
17  30.62 

32.96  ' 
40.17  1 

55-74 
15.57 

55.39 
56.31 

-0.46 

•   • 

56.39 

•     • 

55.93 
56.85 

1.74764 
1.75473 

44 
44 

23 

2.49 
30.99 

33.48 : 
42.64 

56.00 
13.36 

54.85 
55.84 

-0.49 

•   • 

55.42 

•     • 

54-93 
55.91 

1. 73981 
1.74749 

2 
2 

Dec.  I 

3.96 
33.53 

3749 
47.51 

57.08 
9.57 

54-01 
5501 

-0.50 

1     •  • 

54.99 

• 

•    • 

54.49 
55.49 

1.73632 
1.7442 I 

3 
3 

Dec.  6 

+  85 

6  4.65 
17  35.31 

95 
95 

23  39.96  362 
21  49.77  267 

1 

22  58.54 
I  8.77 

0  54-39 
0  55.40 

-0.50 

•  • 

0  55.09 

•   • 

• 

0  54.59 
0  55.59 

1. 737" 
1.74500 

34 
34 

i8o 


PUBLICATIONS   OF  THE  LICK  OBSERVATORY. 


stars  No.  {738  I.e. 


Date. 


A' 
B 


C 


1899. 

Oct.  17 

1 

!     ... 
-46  17  55.65 

'+58  57  17.38 

1              e       /          « 

12  39  21.73 
167     7  12.73 

398%9    MI 
231  21  48.68 

6  44.57 
6  48.36 

1 

-i!89 
•  * 

24                  57.20 
14.83 

39  17.63 
6  58.23 

28  56.09 
21  57.86 

53.94 
f       57.36 

-1.71 

26 

57-63 
14.07 

39  16.44 
7    5-64 

57.70 
52.06 

'      49.86 
53.38 

-  1.76 

•     • 

1 

31 

58.86 
12.46 

39  1360 
6  58.03 

28  55.12 
21  57.09 

54.30 
57.41 

-1.55  i 

Nov,    I 

17  59" 
57  12.15 

39  13.04 
7  13.41 

29    1.52 
21  48.11 

48.24 
51.75 

-1.75 

•  • 

6 

18    0.06 
57  10.36 

10.30 
2.95 

28  55  65 
21  52.70 

52.49 
56.11 

-1. 81 

•  • 

22 

2.86 
5.08 

2.22 

436 

58.52 
54.16 

56.52 
59.88 

-1.68 
.  * 

23 

301 
4.78 

39    1-77 
7  12.75 

28  57.07 
21  4432 

54.46 
58.22 

-1.88 

Dec.    I 

4.28 
2.67 

38  58.39 
7  34.17 

29  11.22 
21  37.05 

45.15 
4905 

-1.95 

•  • 

Dec.    6 

-46  18    4  67 
+  58  57     I  29 

12  38  56.62 

167   r  28.37 

398  29    6.81 
231  21  38.44 

6  49-41 
6  52.63 

- 1.61 

i  i(r;-r'„);9o'-J(A'  +  B) 

6  42.77 

•  • 

52.07 

.  . 

48.96 

•  • 

54-18 

•  • 

46.77 

•  • 

53.37 

•  • 

56.71 

•  ■ 

52.74 

•  • 

43.72 

•  • 

6  47.50 


6  40.8S 
6  44.66 

50.36 
53.78 

47.20 
50.72 

52.63 
55-73 

45-02 
48.52 

51.56 
55.18 

55.03 
58.39 

50.86 
54.62 

41.77 
45.67 

6  4589 
6  49.11 


log  r 


2.60301 
2.60709 

2.61316 
2.61677 

2.60981 
2.61355 

2.61556 
2.61881 

2.60748 

2.6II2I 

2.61443 
2.61824 

2.61808 
2.62158 

2.61369 
2.61765 

2.60398 
2.60817 

2.60841 
2.61184 


4 
4 

2 
2 

4 
4 

2 
2 

3 
3 

3 
3 

4 
4 

14 
li 

3 
3 


Stars  No.  {^^  J  j^  ^^ 


Date. 

1899. 
Oct.  17 

24 
26 

31 

Nov.  I 

6 

22 

23 
Dec.  I 

Dec.  6 


A' 
B 


C 


i(r'.-r'„)  9o''-i(A'  +  B) 


logr 


-46  17  5565 
+  58  50  8.23 

57.20 
6.34 

57.63 
5.68 


17  59." 
50  3.87 


18 
50 


0.06 
2.29 


18  2.86 
49  56.57 


12  32  12.58  i  398  29  1.41 
167  14  15.47  I  231  14  45.94 


9.14 
59-77 

8.05 
6.36 


28  56.09 
14  56.32 

28  57.70 
14  51.34 


32 
14 


4.76 
15.70 

2.23 
8.72 


31  53.71 
14  10.47 


4.28 
53.40 

-46  18  4.67 
+  58  49  51.45 


49.12 

35.28 

12  31  46.78 
167  14  32.84 


29  1.52 
14  45-82 

28  55  65 
14  46.93 

28  58.52 
14  48.05 


6  44-57 
6  54.51 

6  53-94 

7  4.27 

6  49.86 

7  1-04 


-4*97 


-5-16 


-5  59 


6  48.24 
6  59-09 

6  52.49 

7  1.28 

6  56.52 

7  6.45 


I 


29  11.22 

14  35-94 

398  29  6.81 

231  14  33-97 


6  45-15 
6  55.64 

6  4941 
6  59." 


-5.42 

•  • 

-4.39 

•  • 

-4.96 


6  45.97 


55.54 


52.79 


49.77 


54.52 


57.91 


6  41.00 
6  50.94 


2.60314 
2.61378 


6  50.38  1  2.61319 

7  0.70  I  2  62397 


6  47.20 
6  58.38 


2.60981 
2.62157 


3i 
34 

24 
24 

24 
24 


6  44.35 
6  55.19 

6  50.13 
6  58.91 

6  52.95 

7  2.87 


4-74 


.  .   I 


4.85 


4780 


6  50.19 


6  4306 
6  52.54 

6  45.34 
6  55.04 


2.60676 
2.61825 

2.61292 
2.62212 

2.61590 
2.62621 


34 
34 

24 
24 

4 

4 


2.60537 
2.61547 

2.60782 
2.61809 


3 
3 

2 
2 


ON  ASTRONOMICAL  REFRACTION. 


i8i 


stars  No 


■J 


9 
793  1.  c. 


Date. 

<$ 

A' 
B 

C 

r' 

i(«-'.-r'„) 

go'-HA'  +  B) 

r 

logr 

P 

1899. 
Oct.  17 

-35'*4i  30.86 
+  70  20  16.36 

34"  38  45.'5o 
145  16  2.84 

387*56  37-'38 
242  40  34.54 

1        u 
2   40.20 

2  33-55 

+  3^32 

2  3583 

•  • 

2' 39*15 
2  32.51 

2.20181 
2.18330 

4 
4 

24 

32.17 
13.70 

38  41.53 
15  59  34 

36.14 
36.80 

43.76 
36.82 

+  3-47 

■   • 

3956 

43.03 
36.09 

2.21227 

2.19337 

2 

2 

36 

3251 
12.92 

38  40.41 
16  338 

37.30 
3392 

42.25 
35.44 

+  3-40 

•   • 

38.10 

•   • 

41.50 
34.70 

2.20817 
2.18949 

4 
4 

31 

33.60 
11.23 

37.63 
3.45 

38.11 
34.66 

43-89 
36.83 

+  3-53 

•  • 

39-46 

•   • 

42.99 
35.93 

2.21116 
2.19297 

3 
3 

Nov.  I 

33.82 
10.91 

3709 
8.70 

41.34 
32.64 

41.57 
34.83 

+  3-37 

•  • 

37.10 
• 

40.47 
33-73 

2.20539 
2.18676 

3 
3 

6 

34.66 
9.05 

34.39 
7.80 

4050 
32.70 

43-18 
36.40 

+  3-39 

•  • 

38.90 

•  • 

42.29 
35.51 

2.21029 
2.19176 

3 
3 

22 

37.17 
3  73 

26.56 
14.13 

44.26 
30.13 

44.61 
37.64 

+  3.48 

.  * 

39.65 

43-13 
36.17 

2.21253 
2. 19360 

4 
4 

23 

37-32 
3.43 

26.11 
14. II 

42.33 
28.22 

43-87 
36.97 

+  3.45 

39.89 

.  * 

43.34 
36.44 

2.21209 
2.19435 

Dec.  I 

41  38  55 
20  1.35 

22.80 
24.49 

46.45 
21.96 

40.37 
33-76 

+  3.30 

«  • 

36.35 

•   • 

3965 
33.05 

2.20317 
2.18483 

3 
3 

Dec.  6 

"35  41  38.95 
+  70  19  59.93 

34  38  20.98 
145  16  24.09 

387  56  46.59 
242  40  22.50 

2  41.91 
2  3507 

+  3.42 

2  37.96 

2  41.38 
2  34.54 

2.20785 
2.18804 

3 
3 

SUrs  No 


■  I 


88 
788  1.  c. 


Date. 


8 


1899. 
Oct.  17 

24 
26 

31 
Nov.   I 

6 
22 

23 
Dec.    I 

Dec.    6 


-46  37  59.90 
+  58  57  17-38 

38  1.58 
57  14.83 

2.03 
14.07 

.  3.37 
12.46 

3-65 
12.15 

4.74 
10.36 

7-99 
5.08 

8.17 
4.78 

9.71 
2.67 

-46  38  10.27 
+  58  57  1.29 


A' 
B 


12  19  17.48 
167  26  57.80 

13.25 
38.60 

12.04 
•  49.89 

9-09 
43-77 


19 
27 


8.50 
0.84 


19  562 
26  49.19 

18  57.09 

26  51.22 

18  56.61 

27  0.51 

52.96 
19.48 

12  18  51.02 
167  27  14.06 


c 

r' 

398**  48  46%8 
231  21  48.68 

7   3-22 

6  48.36 

36.46 
57-86 

12.38 
57.36 

41.95 
52.06 

8.69 
53-38 

40.86 

12.62 

57.09 

57.41 

48.95 
48.11 

6.89 
51.75 

41.89 
52.70 

11.45 
56.11 

45.38 
54.16 

1534 
5988 

44.83 
44.32 

13.25 
58.22 

56.53 
37-05 

3.63 
49.05 

398  48  52.50 
231  21  38.44 

7  7.84 
6  52.63 

i(r'.-r'„)  90^-i(A'  +  B) 


log  r 


+  7*43 


+  7.51 

•  • 

+  7.65 

•  • 

+  7.60 

•  • 

+  7.57 

•  • 

+  7-67 

•  • 

+  7-73 

•  • 

+  7.51 

.  . 

+  7.29 

•  . 

+  7.60 


6  52.36 

•  • 

7  4.07 

.  . 

6  59.03 

.  . 

7  3.57 

•  • 

6  55.33 

•  . 

7  2.59 

•  • 

7  5.84 

•  • 

7  1.44 

■  • 

6  53  78 

•  • 

6  57.46 


6  59*79 
6  44.93 

2.62303 
2.60738 

7  11.58 
6  56.56 

2.63506 
2.61968 

7  6.68 
6  51-38 

2.63010 
2.61424 

7  II  17 
6  55.97 

2.63465 
2.61806 

7  2.90 
6  47.76 

2.62624 
2.61040 

7  10.26 
6  54.92 

2.63373 
2.61796 

7  13-57 
6  58.11 

2.63606 
2.62129 

7  8.95 
6  53-93 

2.63241 
2.61693 

7  1-07 
6  46.49 

2.62435 
2.60905 

7  506 
6  49.86 

2.62845 
2.61264 

4 
4 

2 
2 

4 
4 

3 
3 

3 
3 

3 

3 

3i 
34 

2 
2 

3 
3 

2 
2 


l82 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


Stars  No.  j  ^g  ,_  ^^ 


Date. 

1899. 

Oct.  17 

24 
26 

31 

Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


A' 
B 


C 


4(r'.-r'„)    9o''-i(A'  +  B) 


logr 


-47  15  11.67 
+  58  57  17.38 

13.45 
14.83 

13.94 
1407 

15.34 
12.46 

1563 
12.15 

16.84 
10.36 


20.63 
4.78 

22.38 
2.67 

-47  15  23.07 
+  58  57     1.29 


II  42    5.71 
168    3  31.03 

1.38 
13.34 

42    0.13 
3  23.32 

41  57-12 
3  16.86 

56.52 
32.46 

53.52 
26.56 


44.15 
33-45 

40.29 
51.04 

II  41  38.22 
168    3  48.51 


399  25 
231  21 

19*71 
48.68 

7  42.68 
6  48.36 

11.20 
57.86 

52.71 
5736 

15.38 
52.06 

49.11 
53-38 

13.95 
57.09 

52.94 
57.41 

20.57 
48.11 

46.63 
51-75 

19.26 
52.70 

51.34 
56.11 

17.77 
44.32 

53.34 
58.22 

28.09 
37.05 

43.22 
4905 

399  25 
231  21 

26.95 
38.44 

7  47-73 
6  52.63 

+  27.16 

•  • 

+  27.67 

•  • 

+  27.86 

«       • 

+  27.76 

.      • 

+  27.44 

+  27.61 


+  27  56 

•       • 

+  27.08 

+  27.55 


7  "-63 

•  • 

22.64 

•  • 

18.27 

.  • 

23.01 

.  • 

15.51 

•  • 

19.96 


21.15 

•  • 

1433 

•  • 

7  16.63 


7  38*79 
6  44.47 

2.66161 
2.60689 

1 

1 

4 
4 

50.31 
54.97 

2.67238 
2.61802 

46.13 

2.66851 

4 

50.41 

2.61321 

4 

• 

50.77 
55.25 

2.67281 
2.61831 

2 
2 

42.95 
48.07 

2.66553 
2.61073 

3 
3 

47-57 
52.35 

2.66985 
2.61527 

3& 
3i 

48.71 
53-59 

2.67090 
2.61657 

2 
2 

41.41 
47-25 

2.66409 
2.60986 

3 
3 

7  44.18 
6  49.08 

2.66669 
2.61181 

2i 
2i 

Stars  No 


i  179 

(  798  1.  c. 


Date. 

1899. 
Oct.  17 

24 
26 

31 
Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


8 


-32  49  23.05 
+  70  20  16.36 

24.64 
13.70 

25.03 
12.92 

26.29 
11.23 

26.57 
10.91 

27.80 
905 

31.67 
3.73 

31.90 
3.43 

49  34.01 
20    1.35 

-32  49  35.02 
+  70  19  59.93 


A' 
B 


37  30  53.31 
142  24  17.99 

49.06 
17.08 

47.89 
20.00 

44-94 
23.99 

44.34 
24.91 

41-25 
24.95 

32.16 
31.86 

32.53 
33.28 

27.34 
42.94 

37  30  24.91 
142  24  43.74 


r-' 


1' 


i(r'.-r'..)    9o'*-4(A'  +  B) 


log  r 


385    4  52.53 
242  40  34.54 

53.88 
36.80 

5392 
33.92 

58.65 
34-66 

57.55 
32.64 

4  57.65 
40  32.70 

5  1.99 

40  30.13 

I 

1.50  1 
28.22 


2  16.28 
2  33.55 

19.03 
36.82 

17.83 
35  44 

17.40 
36.83 

17.19 

34.83 

18.29 
36.40 

19.68 
37.64 

18.69 
36.97 


4.90  '  16.12 

21.96  ,  33.76 

385    5    6.24  !  2  17. 1 1 

242  40  22.50  I  2  35  07 


-8.63 

•  • 

-8.84 

•  • 

-8.80 

•  • 

-9.71 

•  ■ 

-8.82 

.  • 

-9-05 

•  • 

-8.98 

•  •  I 

-9.14       ! 

•  •  1 

-  8.82    i 

.  .     i 

-8.98    I 


2  24^35 


26.93 

•  • 

26.05 
25.53 

•  • 

2537 

.  • 

26.90 

•  « 

27.99 
27.09 

•  • 

24.86 

•  • 

2  25.67 


2  15  72 
2  32.98 

18.09 
35.77 

17.25 
3485 

15.^2 
35.24 

16.55 
34-19 

17.85 
35.95 

19.01 
36.97 

17.95 
36.23 

16.04 
33.68 

2  16.69 
2  34  65 


.  I 


2.13264  4 

2.18464  4 

2.14016  2 

2.19248  2 

2. 13725  4 

2.18991  4 

2.13296  2 

2.19100  2 

2.13529  34 

2.i88c6  34 

2.13941  34 

2.19298  34 

2.14305  4 

2.19582  4 


2.13972  I  2 
2.19376  1  2 

2.13367  24 
2.18662  2i 

2.13574  3 
2.18934  I  3 
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SUrs  No 


■  I 


88 
1019  1.  c. 


Date. 

<$ 

.A' 
B 

C 

r' 

Hr'.-r'n) 

1899. 
Oct.  17 

-  46  37  59.90 
+  58  50  8.23 

i 

1     0   «   « 
12  12   8.33 

167  34  0.54 

398**  48  46*48 
231  14  45.94 

t        m 

7  3.22 
6  54.51 

+  4^35 

•  • 

24 

38  1.58 
50  6.34 

12  4.76 
33  40.14 

36.46 
56.32 

7  12.38 
7  4.27 

+  4.05 

•  • 

26 

2.03 
5.68 

3.65 
50.61 

41.95 
51.34 

7  8.69 
7  1.04 

+  3.82 

•   • 

31 

Nov.  I 

3.65 
3.87 

12  0.22 
34  313 

48.95 
45.82 

7  6.89 
6  5909 

+  3.90 

6 

38  4.74 
50  2.29 

II  58.55 
33  54.96 

41.89 
46.93 

7  11.45 
7  1.28 

+  4.58 

•  • 

22 

38  7.99 
49  56.57 

II  48.58 
33  57.33 

45.38 
48.05 

7  15.34 
7  6.45 

+  4.49 

«  • 

23 

Dec.  I 

9.71 
53.40 

II  4369 
34  20.59 

56.53 
35.94 

7  3.63 
6  55.64 

+  3.99 

■   • 

Dec.  6  i 

-46  38  10.27 
+  58  49  51.45 

12  II  41.18 
167  34  18.53 

398  48  52.50 
231  14  33-97 

7  7-84 
6  59.11 

+  4-36 

go'-JCA'+B) 


logr 


/         m 


6  55.56 


7     7.55 


7    2.87 


6  58.32 

•     • 

7  3.24 

«  • 

7    7.04 


6  57.86 


7    0.14 


6  59.91  I  2.62316 

6  51.21  2.61406 

7  11.60  2.63508 
7    3.50  ;  2.62685 

! 

7    6.69  I  2.6301 1 

6  59.05  2.62227 


7    2.22 

6  54.42 

7  7.82 

6  58.66 

7  11.53 
7    2.55 


7    1.85 

6  53  87 

7  4.50 
6  55.78 


2.62554 
2.61744 

2.63125 
2.62186 


3i 
3i 

24 

2i 

2i 
2i 


31 

21 
2l 


2.63501     3i 
2.62585     3i 


2.62516 
2.61686 


3 
3 


2.62788  '  2\ 

'  2.61897    I    2i 


Stars  No 


j    58 
•    i  911  l.c. 


Date. 

6 

A' 
B 

46'  14'  43-33 
133  41  25.50 

i 

382**  9  34*42 

248  28  8.92 

1 

I  57.26 
I  53-59 

i(r'.-r'.,) 
+  1^83 

•   • 

9o'*-i(A'  +  B) 
i'  55*58 

r 

t         u 

1 57.41 
1  53.75 

log  r 

1 
1 

P 

i 

1899. 
Oct.  17 

-29"  53  46^43 
+  76  8  29.76 

2.06971 
2.05595 

1 
1 

4 
4 

^^ 

47.71 
27.20 

39.49 
25.82 

35.48 
9.66 

59.70 
55.79 

+  1.95 

•   ft 

57.34 

•  • 

59-29 
55.39 

2.07660  1  2 

2.06217  ;  2 

26 

48.06 
26.39 

38.33 
27.05 

34.92 

7.87 

58.83 
54.73 

+  2.05 

57.31 

•  • 

59.36 
55.26 

2.07686  3 
2.06168  i  3 

31 

49.14 
24.59 

35.45 
29.84 

37.43 
7.59 

59.74 
55.23 

+  2.25 

57.35 

•  • 

59.60 
55.10 

2.07773  1  2i 

2.C6108  ,  2j 

Nov.  I 

4936 
24.24 

34.88 
33.61 

38.40 
4.79 

58.23 
54.24 

+  1.99 

•   • 

55.75 

57.74 
53.76 

2.07093  1  3 

2.05599  '  3 

1 

6 

50.28 
22.34 

32.06 
33.26 

39.01 
5.75 

I  59.38 
I  55.25 

+  2.06 

•   • 

57.34 

•   • 

I  59- 40 
I  55.28 

2.07700 
2.06175 

5 
5 

22 

53.08 
16.17 

23.09 
40.47 

9  42.66 
28  2.19 

2  0.37 
I  56.29 

+  2.04 

•  • 

58.22 

•   • 

2  0.26 
I  56.18 

2.08012 
2.06513 

2i 

24 

23 

53.25 
15.78 

22.53 
42.50 

9  42.10 
27  59.60 

I  59.80 
I  55.59 

+  2.10 

57.48 

I  59  58 
I  55.38 

2.07766 
2.06213 

21 

24 

Dec.  I 

54.72 
13.07 

18.35 
50.00 

44.23 
54.23 

57.41 
53.43 

+  1.99 

•   • 

55-82 

•     • 

57.81 
53.83 

2.071 19  3i 
2.05625  3i 

Dec.  6 

-29  53  55.28 
+  76  8  11.20 

46  14  15.92 
133  41  50.46 

382  9  44.06 
248  27  53.60 

I  58.44 
I  54.21 

+  2.  II 

•   • 

I  56.81 

I  58.92 
I  54.70 

2.07525  3 
2.05956  3 

1 

18  b 


1 84 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


Stars  No 


•) 


58 
944  1.  e. 


Date. 


A' 
B 


1899. 
Oct.  17 

24 
36 

31 

Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


-  29  53  46.43 
+  74  33  56.81 

47.71 
54.36 

48.06 
53.56 

49.14  . 
51.79 

4936 
51.45 

50.28 
49.5» 

5308 
43.40 

53.25 
43.00 

54.72 
40.22 

-29  53  55.28 
+  74  33  38.28 


44  40  10.38 
135  15  48.51 

6.65 
48.89 

5.50 
51.04 

2.65 
53.35 

40    2.09 
15  57.46 

39  59.30 

15  56.76 

39  50.32 

16  3.54 

49.75 
5.76 

45.50 
12.97 

44  39  43.00 
135  16  14.87 


r*' 


iCr'.-r'J 


90»-i(A'  +  B) 


382  9  34.42 
246  53  45-91 

3548 
46.59 

34.92 
43.88 

37.43 
44.08 

38.40 
40.94 

39.01 
42.25 

42.66 
39.12 

42.10 
36.34 

44.23 
31.26 

382  9  44.06 
246  53  29.19 


1  57.26 

2  2.43 

59.70 
4.97 

58.83 
3.92 

59.74 
3.43 

58.23 
3.32 

59.38 
4.29 

60.37 
5.63 

59.80 
4.75 

57.41 
2.37 

1  58.44 

2  3.26 


-2.58 

.  . 

-2.63 

•  • 

-2.54 

.  . 

"2.34 

•  • 

-2.54 

•  • 

-2.45 

.  • 

-2.63 

•  • 

-2.47 

•  • 

-2.48 

.  • 

-2.41 


2     0.55 


2.23 

•  • 

1.73 

•  • 

2.00 

•  • 

0.22 

•  . 

1.97 

•  • 

3.07 

•  • 

2.24 

•  . 

0.76 

•  • 

2    1.06 


1  57.97 

2  3.13 

59.60 
4.86 

59.19 
4.27 

59.66 
4.34 

57.68 
2.76 

59.52 

4.42 

60.44 
5.70 

59.77 
4.71 

58.28 
3.24 

1  58.65 

2  3.47 


log  r 


2.07177 
2.09036 

2.07773 
2.09642 

2.07624 
2.09437 

2.07795 
2.09461 

2.07070 
2.08906 

2.07744 
2.09489 

2.08077 
2.09933 

2.07835 
2.09590 

2.07291 
2.09075 

2.07427 
2.09156 


Stars  No.  )  ^q«|  j^  ^^ 


4 
4 

2 
2 

3 

3 

2 
2 

3i 

3i 

4i 
4i 

3 
3 

2i 
2i 

3ii 

^*! 

3  ' 

3  , 


Date. 

« 

A' 
B 

C 

r' 

7  42.68 
6  54.51 

ivr'.-r'J 

90--4{A'  +  B) 

r 

log  r 

P 

1899. 
Oct.  17 

1 

-47  15  11.67 

+  58    50       8.23 

1 1'  34'  56^56 
168  10  33.77 

399  25  19.71 
231  14  45.94 

•f  24^08 

7'  u'sa 

•     • 

7  38*91 
6  50.75 

2.66173 
2.61358 

3i 

3i 

24 

13.45 
6.34 

52.89 
14.88 

11.20 
56.32 

7  52.71 
7    4.27 

+  24.22 

•      • 

26.11 

•  • 

7  50.33 
7     1.89 

2.67240 
2.62520 

2 
2 

26 
31 

13.94 
5.68 

51.74 
24.04 

15.38 
51.34 

7  49." 
7     1.04 

+  24.03 

•      « 

22.11 

7  46.14 
6  58.08 

2.6685a 
2.62126 

2i 
2i 

1 

Nov.    I 

• 

15.63 
3.87 

48.24 
34.75 

20.57 
45.82 

7  46.63 
6  59.09 

+  23.77 

18.50 

•        • 

7  42.27 
6  54.73 

2.66490 
2.61777 

34 
3i 

6 
22 

15    16.84 
50       2.29 

45.45 
32.33 

19.26 
46.93 

7  51.34 
7     1.28 

+  25.03 

•     • 

21. II 

7  46.14 
6  56.08 

2.66852 
2.61918 

3 
3 

23 

• 

Dec.    I 

15    22.38 

49  53.40 

31.02 
52.15 

28.09 
35.94 

7  43.22 
6  55.64 

+  23.79 

18.41 

•       • 

7  42.20 
6  54.62 

2.66483 
2.61765 

3 
3 

Dec.    6 

-47  15  23.07 
+  58  49  51.45 

II  34  28.38 

168    ID  52.98 

399  25  26.95 
231  M  33.97 

7  47-73 
6  59." 

+  24.31 

•  • 

7  19.32 

■     • 

7  43.63 
6  55.01 

2.66617 
2.61806 

3 
3 
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Sta"  No.  \  JIJ  ,^  ^^ 


1 

Date. 

^ 

A' 
B 

C 

r' 

i(r'.-r'„) 

90°-J(A'  +  B) 

r 

log  r 

P 

4 
4 

1899. 
Oct  17 

-40*42'  8r67 
+  64  51  16.10 

0    t        m 

24  9  7.43 
155  43  24.47 

392*56'  7.*84 
237  12  43.37 

3  47.46 
3  43.35 

+  2!'o5 

•   • 

3'  4405 

•    • 

3'  46.''io 
3  42.00 

2.35430 
2.34635 

24 

10.47 
13-53 

306 
18.65 

6.69 
48.04 

52.26 

47.82 

+  2.22 

■   « 

49.14 

•    • 

51.36 
46.92 

2.36429 
2.35587 

I 

I 

26 

31 

10.93 
12.74 

9  1.81 
43  23.32 

7.68 
44.36 

50.33 
45.74 

+  2.29 

•   • 

47.43 

•    « 

49.72 
45.14 

2.36120 
2.35245 

3 
3 

Nov.  I 

12.64 
10.60 

8  57.96 
43  31-76 

12.11 
40.35 

49.25 
44.73 

+  2.26 

•   • 

45.14 

.   a 

47.40 
42.88 

2.35679 
2.34807 

3 
3 

6 

14.05 
8.69 

54.64 
30.40 

12.37 
41.97 

50.96 
46.75 

+  2.10 

47.48 

49.58 
45.38 

2.36093 
2.3529^ 

4 
4 

22 
23 

42  18.43 
51  2.59 

44.16 
34.90 

14.38 
39.48 

53.63 
48.77 

+  2.43 

50.47 

52.90 
48.04 

2.36717 
2.35801 

34 
3i 

Dec.  I 

42  21.04 
5059.54 

38.50 
51.77 

21.71 
29.94 

47.44 
43.03 

+  2.20 

44.86 

•     • 

47.06 
42.66 

2.35614 
2.34764 

2i 
2i 

Dec.  6 

-40  42  22.21 
+64  50  57.70 

24  8  35.49 
155  43  52.10 

392  56  21.49 
237  12  29.39 

3  49.09 
3  44.79 

+  2.15 

3  46.20 

.   a 

3  48.35 
3  44.05 

2.35860 
2.35034 

24 

2i 

Stars  No 


•  I 


189 
911  1.  e. 


Date. 

^ 

A' 
B 

C 

r* 

Hr-.-O 

1 

r 

logr 

P 

1899. 
Oct.  17 

e 

-31 
+  76 

II  26.07 
8  29.76 

44*  57  3*69  '  383"  27  6^64 
134  58  57.72  248  28  8.92 

1         u 
2   5.25 

I  53-59 

+  5*83 

•    • 

I  59*29 

•    • 

2  5.12 
I  53.46 

2.09733 
2.05484 

! 

4 
4 

24 

27.57 
27.20 

56  59.83        6.69 
58  57.03        9.66 

7.67 
55.79 

+  5.94 
•  • 

2   1.57 

«   ■ 

7.51 
55.63 

2.10554 
2.06307 

2 

2 

26 

27.96 
26.39 

56  58.43  ,       7.51 
58  59.64        7.87 

6.50 
54.73 

+  5.88 

0.96 

•   • 

5.84 
54.08 

2.09982 
2.05721 

2 
2 

31 

29.16 
24.59 

56  55.43 
59  2.61 

10.20 
7-59 

7.52 
55.23 

+  6.14 

■    ■ 

2   0.98 

•   • 

7.12 
54.84 

2. 1042 1 
2.06009 

2 
2 

Nov.  I 

29.43 
24.24 

54.81 
6.06 

10.83 
4.79 

5.96 
54.24 

+  5.86 

I  59.56 

•   • 

5.42 
53.70 

2.09837 
2.05576 

3 
3 

6 

30.55 
22.34 

51.79 
5.69 

11.44 
5.75 

7.10 
55.25 

+  5.92 

•    • 

2   1.26 

•   • 

7.18 
55.34 

2.10442 
2.06198 

44 
44 

22 

34.08 
16.17 

42.09 
13.58 

27  15.77 

28  2.19 

8.19 
56.29 

+  5.95 

2.16 

•   • 

8.11 
56.21 

2. 10758 
2.06524 

3 
3 

23 

34.29 
15.78 

41.49 
15.20 

27  14.80 
27  59.60 

7.57 
55.59 

+  5.99 

1     2   1.65 

7.64 
55.66 

2.10599 
2.06318 

14 
14 

Dec.  I 

36.19 
13.07 

36.88 
23.60 

17.83 
54.23 

5.06 
53.43 

+  5.81 

•    • 

I  59.76 

5.57 
53.95 

2.09889 
2.05671 

34 
34 

Dec.  6 

1 
1 
1 

-31 

+  76 

II  37.05 
8  11.20 

44  56  34.15 
134  59  25.03 

383  27  18.63 
248  27  53.60 

2  5.94 
I  54.21 

1 

+  5.86 

2   0.41 

•   • 

2  6.27 
I  54.55 

1 

2.10130 
2.05899 

3 
3 
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Stars  No.  {  »|»  ,  ^ 

Date. 

1899. 
Oct.  17  ' 

6 

A' 
B 

c 

27  6.'64 
53  45.91 

r' 

2   5.25 
2   2.43 

i(r\-r'n) 
+  1.41 

•  • 

1 

9o''-4(A'  +  B) 

_ 

2      4.26 

•   • 

r 

2  5.67 
2  2.85 

log  r 

p  1 

e   /    * 
-31  11  26.07 

+  74  33  56.81 

0  /   « 

43  22  30.74 

136  33  20.73 

0 

383 
346 

1 

2.09923  4 
2.08937  4 

24  1       27.57 
54.36 

26.85  ' 
20.10 

6.69 
46.59 

7.67 
4.97 

+  1.35 

•  • 

7.87 
5.17 

2.10677   2  1 
2.09750  2 

1 

26  1      27.96 
53.56 

25.60 
23.63 

7.51 
43.88 

6.50 
3.92 

+  1.29 

•  • 

5.38 

•  • 

6.67 
4.09 

2.10267   2 
2.09374   2 

31 

29.16 
51.79 

22.63 
26.12 

10.20 
44.08 

7.52 

3  43 

+  2.04 

*  . 

S.62 

•     • 

7.66 
3.58 

2.10605 
2.09195 

Nov.  I 

29.43 
51.45 

22.02 
29.89 

10.83 
40.94 

5.96 
3.32 

+  1.32 

4.04 

5.36 
2.72 

2.09816 
2.08891 

3i 

31 

6 

30.55 
49.58 

19.03 
28.19 

11.44 
42.25 

7.10 
4.29 

+  1.40 

6.39 

■     • 

7.79 
4.99 

2.10650 
2.09687 

4 
4 

22 

34.08 
43-40 

9.32 
36.65 

15.77 
39.12 

8.19 
5.63 

+  1.28 

7.01 

•    • 

8.29 
5.73 

2.10819 
2.09944 

31 
31 

23 

34.29 
43.00 

8.71 
38.46 

14.80 
36.34 

7-57 
4.75 

+  1.41 

•  • 

6.41 

•    • 

7.82 
500 

2.10660 
2.09691 

H 

Dec.  I 

36.19 
40.22 

4.03 
46.57 

17.83 
31.26 

5.06 
2.37 

+  1.34 

•  ft 

4.70 

6.04 
3.36 

2.10051 
2.09117 

31 
31 

Dec.  6 

-31  II  37.05 
+  74  33  38.28 

43  22  1.23 
136  33  49.44 

383 
246 

27  18.63 
53  29.19 

2  5.94 
2  3.26 

+  1.34 

•  • 

2   4.66 

•   • 

2  6.00 
2  3.32 

2.10037 
2.09103 

3 
3 

stars  No.  {  Jf »  ,  ^ 

Date. 

(5 

A' 
B 

383  27  6.64 
244  31  35.83 

2  525 
2  18.24 

i  (r*.  -  r'„) 
-6!'49 

2    11.74 

r 

2  5.25 
2  18.23 

logr 

P 

1899. 
Oct.  17 

0        1        u 

-31  II  26.07 
+  72  II  31.78 

9     1     » 
41  0  5.71 
138  55  30.81 

2.09778 
2.14060 

3l 
31 

24 

27.57 
29.52 

1.95 
29.58 

6.69 
37.11 

7.67 
21.26 

-6.79 

14.23 

•   • 

7.44 
21.02 

2.10531 
2.14928 

al 

31 

26 

27.96 
28.75 

41  0  0.79 
138  55  31.48 

7.51 
36.03 

6.50 
20.15 

-6.82 

13.86 

7.04 
20.68 

2.10394 
2.14823 

31 
21 

31 

1 
i 

29.16 
27.03 

40  59  57.87 
138  55  34.96 

10.20 
35.24 

7.52 
19.26 

-5.87 

•    • 

13.58 

•   • 

7.71 
1945 

2.10622 
2. 14442 

I 
I 

1  Nov.  I 

1 

29.43 

26.72 

57.29 
38.30 

10.83 
32.53 

5.96 
19.45 

-674 

•    • 

12.20 

•   • 

5.46 
18.94 

2.09850 
2.14283 

31 
3 

6 

30.55 
24.94 

54.39 
37.20 

11.44 
34.24 

7.10 
20.37 

-6.63 

•     • 

14.20 

7.57 
20.83 

2.10575 
2.14869 

31 
31 

22 

34.08 

18.83 

44.75 
44.88 

15.77 
30.89 

8.19 
22.21 

-7.01 

15.18 

•   • 

8.17 
22.19 

2. 10779 
2.15287 

4 
4 

23 

34.29 
18.44 

44.15 
46.22 

14.80 
28.58 

7.57 
20.87 

-6.65 

14.81 

•   • 

8.16 
21.46 

2.10775 
2. 15063 

li 
H 

1 

Dec.  I 

36.19 
15.59 

39.40 
55.72 

17.83 
22.11 

506 
18.48 

-6.71 

•  • 

12.44 

•   « 

5.73 
19.15 

2.09944 
2. 14348 

31 
31 

Dec.  6 

-31  II  37.05 

+  72  II  13.62 

1 

40  59  36.57 
138  55  58.83 

383  27  18.63 
244  31  19.80 

2  5.94 
2  19.47 

-6.76 

■    • 

2  12.30 

•   • 

2  5.54 
2  19.06 

2.09878 
2.14320 

1 

3-  1 
3 

1 
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SUrs  No.  {  202  ^^  ^^ 


Date. 

S 

A.' 
B 

C 

r' 

i(r'.-r'„) 

90°-i(A'  +  B) 

r 

log  r 

P 

1899. 
Oct.  17 

e 
-29 

+  76 

1        u 
22  41.82 

8  29.76 

46^5' 47*94 
133  10  24.60 

38/ 
248 

>        /        u 

38  33-52 
28    8.92 

I    54.42 

I  53-59 

+  041 

I     53.73 

1        u 

1 5414 

X  53.32 

2.05744 
2.05431 

4 
4 

24 

43.29 
27.20 

43-91 
24.51 

34.17 
9.66 

5662 
55.79 

+  0.41 

•      • 

55-74 

56.15 
55.33 

2.06502 
2.06194 

li 

26 

43.65 
26.39 

42.74 
26.61 

. 

34.48 
7.87 

55.96 
54.73 

+  0.61 

55.32 

•     • 

55.93 
54.71 

2.06420 
2.05960 

3 
3 

31 

44.81 
24.59 

39.78 
30.18 

38.77 
7.59 

55.28 
55.23 

+  0.02 

55.02 

55.04 
55.00. 

2.06085 
2.06070 

2 
2 

Nov,    I 

45.08 
24.24 

39.16 
32.48 

37.27 
4.79 

55.39 
54-24 

+  0.57 

•      • 

54.18 

•     • 

54.75 
53.61 

2.05975 
2.05542 

3* 

6 

46.27 
22.34 

36.07 
32.37 

38.12 
5.75 

56.18 
55-25 

+  0.46 

«      • 

55.73 

•     • 

56.19 
55.27 

2.06517 
3.06172 

4i 
41 

22 

50.04 
16.17 

26.13 
39-42 

38  41.61 
28    2. 19 

57.60 
56.29 

+  0.65 

•      • 

57.22 

•     • 

57.87 
56.57 

2.07140 
2.06659 

4 
4 

23 

50.26 
15.78 

25.52 
42.59 

38  42.19 
27  59.60 

56.75 
55.59 

+  0.58 

•      • 

55.94 

56.52 
55.36 

2.06640 
2.06205 

2 
2 

Dec.    I 

52.36 
13.07 

20.71 
50.99 

45.22 
54.23 

54-52 
53.43 

+  0.54 

54.15 

•     • 

54.69 
53.61 

2.05953 
2.05542 

3 
3 

Dec.    6 

-29 

+  76 

22   53.40 
8   11.20 

46  45  17.80 
133  10  52.71 

381 
248 

38  46.31 
27  53.60 

I  55.33 
I  54.21 

+  0.56 

•      • 

I  54.74 

I  55.30 
I  54.18 

2.06183 
2.05759 

3 
3 

Stars  No 


■  I 


179 
944  1.  e. 


Date. 

<$ 

A' 
B 

c 

r' 

iCr'.-r'J 

90°-J(A'  +  B) 

r 

log  r 

P 

1899. 
Oct.  17 

-32%9  23*05 
+  74  33  56.81 

41*44'  33.76 
138  II     6.62 

385**  4  52-53 
246  53  45-91 

7.  16^28 
2     2.43 

+  6.92 

•        • 

1      U 

2      9.81 

$             00 

2    16.73 
2      2.89 

2.13586 
2.08952 

4 
4 

24 

24^4 
54.36 

29.72 
7.29 

53-88 
46.59 

19.03 
4.97 

+  7.03 

11.99 

•       • 

19.02 
4.96 

2.14308 
2.09677 

2 
2 

26 

25.03 
53.56 

28.53 
10.04 

53.92 
43.88 

17-83 
3-92 

+  6.95 

•        • 

10.71 

•       • 

17.66 
3.76 

2.13881 
2.09258 

3 
3 

3X 

26.29 
51.79 

25.50 
14-57 

58.65 
44.08 

17.40 
3-43 

+  6.98 

•    • 

9.96 

16.94 
2.98 

2. 13653 
2.08983 

I 
I 

Nov.   I 

26.57 
5i'45 

24.88 
16.61 

57-55 
40.94 

17-19 
3-32 

+  6.93 

■         • 

9-25 

a       . 

16.18 
2.32 

2.13411 
2.08750 

4 
4 

6 

27.80 
49.58 

. 

21.78 
15.40 

4  57-65 
53  42.25 

18.29 
4.29 

+  7.00 

•        • 

II. 41 

18.41 
4.41 

2.14117 
2.09485 

4 
4 

221 

31.67 
4340 

11.73 
22.88 

5    2.00 
53  39- 1 2 

19.68 
5.63 

+  7.02 

•        • 

12.69 

■              • 

19.71 
5.67 

2.14523 
2.09923 

4 
4 

23 

31.90 
43.00 

II. 10 
25.18 

1.52 
36.34 

18.69 
4.75 

+  6.97 

II. 81 

18.78 
4.84 

2.14233 
2.09635 

2 
2 

Dec.    I 

34.01 
40.22 

6.21 
33.67 

4.93 
31-26 

16.12 
2.37 

+  6.87 

•        • 

10.06 

•              • 

16.93 
3.19 

2.13650 
2.09057 

3 
3 

Dec.   6 

-32  49  35.02 
+  74  33  38.28 

41 
138 

44    3.26 
"  37.05 

385    5    6.26 
246  53  29.19 

2  17. II 
2    3.26 

+  6.92 

•        • 

2      984 

2    16.76 
2      2.92 

2.13596 
2.08962 

3 
3 

1 88 
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Stars  No. 


S  179 

'{  976  1.  c. 


Date. 

1899. 
Oct.  17 

24 
26 

31 

Nov.   I 

6 

22 

23 
Dec.    I 

Dec.    6 


-32  49  23.05 
+  72  II  31.78 

24.64 
29.52 

25.03 
28.75 

26.29 
27.03 

26.57 
26.72 

27.80 
24.94 

31-67 
18.83 

31.90 
18.44 

34.01 
15.59 

-32  49  35.02 
+  72  II  13.62 


A' 
B 


39  22    8.73 
140  33  16.70 

4.88 
16.77 

3.72 
17.89 

0.74 
23.41 

22    0.15 
33  25.02 

21  57U 
33  23.41 

47.16 
31-11 

46.54 
32.94 

41.58 
42.82 


C 


i(r'.-r'„) 


9o''-i(A'  +  B), 


log  r 


385    4  52.53 
244  31  35.83 

53.88 
37." 

53.92 
36.03 

58.65 
35.24 

57-55 
32.53 

4  57.65 
31  34.24 

5  2.00 
31  30.89 

1.52 
28.58 

4.93 
22.11 


39  21  38.60     385    5    6.26 
140  33  46.36     244  31  19-90 


2  16.28 
2  18.24 

19.03 
21.26 

17.83 
20.15 

17.40 
19.26 

17.19 
19.45 

18.29 
20.37 

19.68 
22.21 

18.69 
20.87 

16.12 

18.48 

2  17.11 
2  19.47 


-0.98 

•  • 

-  I. II 

-  1. 16 

•  • 

-0.93 

.  . 

-1. 13 

•  • 

-  1.04 

■  • 

-1.26 

.  . 

-  1.09 

•  • 

-1. 18 

■  ■ 

-1. 18 


t     0 


2  17.28 

•  ■ 

19.17 

•  • 

19.19 

•  • 

17.92 

•  • 

17.41 

•  • 

19.72 

•  . 

20.86 

■     • 

20.26 

•  • 

17.75 

•  • 

2  17.52 


2  16.30 
2  18.26 

18.06 
20.28 

18.03 
20.35 

16.99 
18.85 

16.28 
18.54 

18.68 
20.76 

19.60 
I      22.12 

19.17 
21.35 


2.13450 
2.14070 

2.14007 
2. 14700 

2.13997 
2.14721 

2.13669 
2. 14255 

2.13443 
2.14157 

2.14201 
2. 14848 

2.14488 
2.15265 

2.14355 
2.15030 


16.57  2.13535 
18.93  >  2.14280 

2  16.34  I  2.13462 


2  18.70 


2.14208 


Store  No 


•  I 


202 

944 1.  e. 


3i 
3i 

3l 
3i 

i 

i 

4 
4 

3i 

3i 

4i 
41 

3 
3 

3 
3 

3 
3 


Date. 

S 

A' 
U 

C 

r' 

«            M 
I      54.42 

2      2.43 

iCr'.-r'n) 

90--i(A'  +  B) 

r 

log  r 

1 

p  : 

1 

1899. 
Oct.  17 

0     /     it 
-29  22  41.82 

+  74  33  56.81 

45' 11' 14^99 
134  44  47.61 

381*38  33^52 
246  53  45.91 

-4.00 

■      • 

i'  5870 

i' 54*70 
2    2.70 

2.05956 
2.08884 

1 

4 
4 

24 

43.29 
54.36 

11.07 
47.58 

34.17 
46.59 

56.62 
4.97 

-4.17 

2    0.67 

•      • 

56.50 
4.84 

2.06633 
2.09635 

26 

43.65 
53.56 

9.91 
50.60 

34.48 
43.88 

55.96 
3.92 

-3.98 

•     • 

I  59.74 

•      • 

55.76 
3.72 

2.06356 
2.09244 

3 

3 

31 

44.81 
51.79 

6.98 
54.69 

38.77 
44.08 

55.28 
3.43 

-4.02 

•     ■ 

59.16 

•      • 

55.14 
3.18 

2.06123 
2.09054 

Nov.    I 

45.08 
51.45 

6.37 
56.33 

37.27 
40.94 

55.39 
3.32 

-3-96 

I  58.60 

.54.64 
2.56 

2.059M 
2.08835 

6 

46.27 
49.58 

II     3.31 
44  55.87 

38.12 
42.25 

56.18 
4.29 

-4.05 

•          • 

2    0.41 

*      • 

56.36 
4.46 

2.06580 
2.09503 

22 

50.04 
43.40 

10  53.36 
45    2.49 

41.61 
39- 1 2 

57.60 
5.63 

-4.01 

2.07 

•      • 

58.06 
6.08 

2.072x0 
2.10065 

41 
41 

23 

50.26 
43.00 

52.74 
5.85 

42.19 
36.34 

56.75 
4.75 

-4.00 

2    0.70 

•  • 

56.70 
4.70 

2.06707 
2.09587 

2 
2 

Dec.    I 

52.36 
40.22 

47.86 
13.96 

45.22 
31.26 

54.52 
2.37 

-3.92 

•           • 

I  59.09 

•  • 

55.17 
3.01 

2.06154 
2.08994 

3 
3 

Dec.    6 

-29  22  53.40 
+  74  33  38.28 

45  10  44.88 
134  45  17.12 

381  38  46.31 
246  53  29.19 

1  55.33 

2  3.26 

!      -3.96 

1               *    * 
1 

1 

I  59.00 

■      • 

1  55.04 

2  2.96 

2.06085 
2.08976 

3 
3 
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Stars  No 


■{ 


290 
944  Le. 


Date. 

d 

A' 
B 

C 

r* 

i(r'.-r'„) 

90°-i(A'  +  B) 

r 

logr 

P 

1899. 
Oct.  17 

-  30*45' 48r44 
+  74  33  56.81 

0    /     M 

43  48  8.37 
136  7  45.83 

383*  i' 31^74 
246  53  45.91 

2   2.27 
2  2.43 

-o!o8 

•  • 

/  M 

2  2.90 

•   • 

2  2.82 
2  2.98 

2.08927 
2.08983 

3i 
3i 

24 

49.93 
54.36 

4.43 
45.43 

32.02 
46.59 

5.21 

4-97 

+  0.12 

5.07 

5.19 
4.95 

2.09757 
2.09674 

2i 

24 

26 
31 

50.28 
53.56 

3.28 
49.02 

32.90 

43.88 

3.96 
3.92 

+  0.02 

•  • 

3.85 

•   • 

3.87 
3.83 

2.09297 
2.09283 

3i 
3i 

Nov.  I 

51.67 
51.45 

48  0.78 
7  53.54 

34.48 
40.94 

3.73 
3.32 

+0.20 

•  • 

2.84 

•   • 

3.04 
2.64 

2.09005 
2.08863 

3i 
34 

6 

52.95 
49.58 

47  56.63 
7  54.14 

36.39 
42.25 

4.28 
4.29 

•  • 

•  • 

4.61 

*   ■ 

4.61 
4.61 

2.09555 
209555 

4 
4 

22 

23 

57." 
43.40 

47  46.29 
8  2.71 

41.83 
39.12 

5.36 
5.63 

-0.13 

5.50 

•   • 

5.37 
5.63 

2.09819 
2.09909 

4 
4 

Dec.  I 

45  59.73 
33  40.22 

40.49 
13.75 

45.01 
31.26 

2.70 
2.37 

+  0.16 

•  • 

2.88 

■   • 

304 
2.72 

2.09005 
2.08891 

4 
4 

Dec.  6 

-3046  1.03 
+  74  33  38.28 

43  47  37- 25 
136  8  16.53 

383 
246 

I  45.72 
53  29.19 

2  3.5» 
2  3.26 

+  0  12 

•  ■ 

2  3.16 

•  • 

2  3.28 
2  304 

2.09089 
2.09005 

3 
3 

Stars  No 


■I 


202 
1084  1.  e. 


Date. 

• 

6 

A' 
B 

C 

r' 

ilr'.-r'J 

9o'-HA'  +  B) 

r 

i'  54^10 
I  53.02 

logr 

2.05729 
2.05315 

P 

1899. 
Oct.  17 

e 

-29 

+76 

22  4r82 
7  58.10 

46*45  16^28 
133  10  56.59 

381' 38' 33^52 
248  27  36.93 

/   m 
I  54.42 

I  53.33 

+  0^54 

I  53.56 

3i 
34 

24 

• 

43.29 
56.21 

12.92 
54.86 

34.17 
39.31 

56.62 
55.93 

+  0.34 

56.11 

•  • 

56.45 
55.77 

2.06614 
2.06360 

2 

2 

1 

26 
31 

43.65 
55.54 

45  ".89 
10  58.04 

34.48 
36.44 

55.96 
54.99 

+  0.48 

•  • 

55-03 

•   • 

55.51 
54.55 

2.06262 
2.05899 

3i  ' 
3i 

Nov.  I 

45.08 
53.72 

45  8.64 
II  1.88 

37.27 
35.39 

55.39 
54.57 

+  0.40 

54.74 

•  ■ 

55-14 
54.34 

2.06123 
2.05820 

3i 
3i 

6 

46.27 
52.14 

45  5.87 
"  3.34 

38.12 
34.78 

56.18 
55." 

+  0.53 

55.3? 

55.92 
54.86 

2.06416 
2.06017 

34  ' 
3i 

22 

50.04 
46.44 

44  56.40 
II  9.24 

41.61 
32.37 

57.60 
56.26 

+  0.67 

•  • 

57.18 

57.85 
56.51 

2.07133 
2.06636 

4i 
4i 

23 

50.26 
46.05 

55.79 
11.23 

42.19 
30.96 

56.75 
55.38 

+  0.68 

•  • 

56.49 

• 

57-17 
55.81 

2.06882 
2.06375 

2 
3 

Dec.  I 

52.36 
4325 

50.89 
20.26 

45-22 

24.96 

54.52 
53.63 

+  0.44 

•  ■ 

54.42 

54.86 
53.98 

2.06017 
2.05683 

2i  1 

Dec.  6 

-29 
+  76 

22  53.40 
7  41.31 

46  44  47.91 
133  II  22.57 

381  38  46.31 
248  27  23.74 

1 

I  55-33 
I  54.44 

+  0.44 

I  54.76. 

•  • 

I  55.20 
I  54.32 

2.06145 
2.05812 

«4 
*4 

igo 

Stars  No. 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


Date. 

6 

A' 
B 

C 

r- 

i(r'.-r'J 

y-'-HA'-^B) 

r 

logr 

P 

.««. 

Oct.  17 

-ag  M  41.81 
+  75  59  a  1.84 

46  36  40.0* 
133  '9  aaas 

381  38  33-'5a 
148  19    i-»7 

I  54-43 
1  54- 10 

1  53.86 

1  54.0a 
I  53.70 

..05698 
.05576 

SI 

.4 

43-^9 

36.7a 
30.41 

".'i 

56.63 
56.77 

-0.07 

56.43 

56.36 
56.50 

;x 

?! 

j6 

n% 

35-7' 
34" 

3834.48 
19    0-36 

5596 
55-73 

+  0.11 

55.08 

55-19 
54.97 

a.06141 
3.06058 

1! 

Nov.    I 

45.08 
17-56 

32.48 
37-43 

38  37.37 
18  59.84 

55.39 
55.39 

55-04 

55.04 
55.04 

3.060S5 

3.06085 

II' 

6 

46.37 
J6.03 

38.97 

38.13 
59-15 

56.18 
559" 

-ho.  13 

55-63 

55.76 
55.50 

1.06356 

3.06158 

III 

" 

50.04 
10.4a 

45-67 

41-61 
55.94 

57.60 
57-00 

+0.30 

56.97 

57-37 
56.67 

106919 
3.06696 

;i 

n 

5°-*6 

19.76 

48.18 

43.19 

53-9" 

|t:S 

+0.37 

55.93 

56.30 
55-66 

3.06511 1 1  1 

1.063IS    1   1 

53.36 
7.24 

14-88 
56.60 

45-3» 
48.61 

54-53 
54-43 

+0.04 

54.36 

54.30 
54.13 

1.05805    '    3| 

3.05774  ;  3i  1 

Dec.    6 

-  '9  aa  53-4° 
+  75  59    5-31 

46  36  11-91 
133  '9  58.23 

38 1  38  46.31 
348  18  48.08 

"  55-33 
I  55." 

■Ho.os 

I  54-93 

;a:i 

3.06063     ai  ' 
3.06034  i  3i  i 

D»te. 
1899. 

6 

A' 
B 

C 

'■ 

itr-.-r-.) 

90"-HA'  +  B) 

logr 

P 

Oct.  17 

-43*36  56.56 
+63  54  41.78 

19  37  45.11 
160  33     1.77 

395  39  53.65 
335  16  49-88 

4  S'-o9 
4  33.33 

-f.3-88 

436.00 

4  49.88 
4  33.12 

1.46113  1  3 
3.41850  1  3 

» 

58.41 

39.74 

17  41-33 

23   55.93 

50.61 
54.69 

57.61 
39.16 

+  14.17 

41.37 

55-54 
37.30 

3.47063  1  il 
1.43684     il 

16 
31 

36  58.88 
54  39.03 

37   40.15 

33     1.37 

5317 
50.90 

55.10 
17.39 

+  13-90 

39-39 

53.19 
35.39 

1.46715 
1.43389 

3 
3 

Nov.    1 

37    0.63 
54  37- !■ 

111 

57.76 
48.40 

53.71 
35.93 

+  13.89 

37-07 

50.96 
23-18 

1.46383 
3.43015 

3 

3 

6 

3,09 
35-44 

33.35 
9.01 

57.01 

48.00 

55-69 
17.44 

+  14-11 

38.82 

53.94 

14.70 

2.46678 
2.43375 

31 
31 

6.70 
19.54 

33.84 
9.16 

39  58-04 
16  48.78 

59-67 

30.77 

+ 14-45 

43-95 

58.40 
39.50 

2.47480 
2.43056 

4 
4 

Dec.    I 

ri 

16.85 
30.18 

40    8.09 
16  37.91 

51.61 
33.94 

+ 13-83 

36.48 

£« 

3.46386 
3.41938 

;l 

Dec.    6 

-43  37 10.70 

-H6a  54  34.31 

:9  37  13-63 
160  a3  30.41 

395  40    6.93 
335-16  36.53 

:t^ 

+  13.91 

4  37  98 

4  51.90 
4  24.06 

1.46533 
3.43170 

3 

3 
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Stars  No.  \  ^JJO  ,^  ^_ 


Date. 


A' 


1899. 
Oct.  17 

24 
26 

31 

Nov.    I 

6 

22 

•  23 
Dec.  I 
Dec.    6 


-43  26  56.56       18  17  42.84 
+  61  44  3940  i  161  32  34.80 


58.41 
37-65 

26  58.88 
44  37-01 


3924 
24.46 

38-13 
29.90 


27    0.62 
44  35.27 

2.09 
33-77 

6.70 
28.22 


9.45 
25.05 

-43  27  10.70 
+  61  44  23.11 


3465 
38-50 

31.68 
36.67 

17  21.52 
32  37-98 


C 


i(r'.-r'J    9o''-i(-V  +  B): 


395  39  52.65  I  4  51.09 
234     7  17.85  I  4  54.79 

50.61  I  4  57-61 
26.15  1  5     1-84 

52.17  I  4  55.20 
22.27     4  59.05 


57-76 
19.26 

57.01 
20.34 

39  58.04 
7  20.06 


17  15-60 
33    0.44 

18  17  12.41 
161  33    0.17 


40 

7 


8.09 
7.65 


395  40    6.93 
234    7    6.76 


53.71 
58.22 

4  55-69 
4  59.64 


4 
5 


59.67 
2.56 


-1.85 


-2. II 


-  1.92 


-2.25 

•      • 

-1.97 

■     • 

-1.44 


4  51.61 
4  55.73 

4  53.73 
4  58.12 


-2.06 


-2.19 


Star.No.  j,2J|,^^^ 


Date. 


A' 
B 


C 


i  (r'.  -  r'„) 


/         u 


4  51.18 

•      • 

58.15 

■      • 

55.98 


53.42 

•  • 

4  55.82 

•  ■ 

5  0.25 


4  49.33 
4  53.03 

4  56.04 

5  0.26 

4  54.06 
4  5790 


logr 


2.46139 
2  46691 

2.47135 
2.47750 

2.46844 
2.47407 


51-17 
55-67 

4  5385 
4  57-79 

4  58.81 

5  X.69 


4  51.98 


4  53.71 


4  49.92 
4  54.04 

4  51.52 
4  55.90 


2.46415 
2.47081 

2.46813 
2.47391 

2.47539 
2.47956 


2.46228 
2.46841 

2.46467 
2.47115 


9o''-i(A'  +  B)' 


1889. 

Oct.  17 

-41*59    3*57 
+  62  54  41.78 

0     /     * 
20  55  38.21 

158  55  47.40 

394' 
235 

1 

12^37^28     ! 
16    49.88 

4  13.38 
4  23.33 

1 
1 

-   4^97 

«      • 

24 

5.41 
39.74 

34.33 
40.60 

35.29     1 

54.69 

1 

19.01 
29.26 

-   5.12 

i 
•      • 

26 

5.86 
39.03 

33.17 
45.19 

36.09     1 
50.90 

16.87 
27.39 

-  526  ' 

■  •    1 

31 

1 

Nov.    I 

7-57 
37." 

29.54 
52.23 

40.63 
48.40 

15.63 
25.93 

-    5.15 

•       • 

6 

9.05 
35.44 

26.39 
52.03 

40.03 
48.00 

17.28 
27.44 

-    508 

22 

13.65 
2954 

15.89 
53.82 

42.60 
48.78 

20.81 
30.77 

-    4.98 

•      • 

23 

13.92 
29.15 

55  15-23 
55  57.52 

1 

43.89 
46.37 

18.28 
28.02 

-    4.87 

•       • 

Dec.    I 

16.42 
26.30 

55  9.88 

56  12.96 

50.87 
37.91 

13.82 
2394 

-    506 

•       • 

Dec.    6 

-41  59  17.69 
+  62  54  24.32 

20  55    6.63 
158  56  15.43 

394 
235 

12    51.95 
16    36.52 

4  15.68 
4  25.88 

-    5-10 

•       ■ 

4  17.19 


22.53 


20.82 


19. 1 1 
20.79 

•  ■ 

25.64 

.  . 

23.62 

•  ■ 

18.53 

•  • 

4  18.97 


4  12.22 
4  22.16 

17.41 
27.65 

15.56 
26.08 


logr 


2.40178 
2.41857 

2.41062 
2.42757 

2.40749 
2.42501 


13.96 
24.26 

15.71 
25.87 

20.66 
30.62 

18.75 
28.49 

13.47 
2359 

4  13.87 
4  24.07 


2.40476 
2.42203 

2.40775 
2.42467 

2.41607 
2.43236 

2.41288 

2.42893 


3 
3 

2 
2 

3 
3 


3 
3 

3i 
3i 

4 
4 


2i 

2i 

2 
2 


3 
3 

2 
2 

3i 
3i 


3 
3 

3i 
3i 

4 
4 

2 
2 


2.40393  I  3i 

2.42093  i  3i 

2.40461  I  3i 

2.42172  3i 
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Stars  No 


■  ) 


216 
1050  1.  e. 


Date. 

1899. 
Oct.  17 

24 
26 

Nov.    I 

6 

22 

23 
Dec.    I 

Dec.    6 


-41  59    3.57 
+  61  44  39.40 

5-41 
37.65 

5.86 
37.01 


7.57 
35.27 

9.05 
33.77 

1365 
28.22 

1392 
27.83 

16.42 
25.05 

-41  59  17.69 
+61  44  23.11 


A' 
B 


19  45  35.83 
160  5  19.43 

32.24 
9.14 

32.15 
13.82 


C 


27.70 
21.37 

24.72 
19.69 

14.57 
22.54 

13  91 

28.87 

8.63 
43.22 

19  45  5.42 
160  5  45.19 


394  12  37.28 
234  7  17.85 

35.29 
26.15 

36.09 
22.27 


I 


394 
234 


40.63 
19.26 

40.03 
20.34 

42.60 
2o.o6 

43.89 

15.02 

50.87 
7.65 

12  51.95 

7  6.76 


r' 

4  13*38 

4  54.79 

4  19.01 

5  1.84 

4  16.87 

4  5905 

15.63 
58.22 

4  17.28 
4  59.64 

4  20.81 

5  2.56 

4  18.28 

5  0.41 

4  1382 

4  55.73 

j 

4  15.68 
4  58.12 

i(r'.-r'„)  90*'-i(A'  +  B) 


log  r 


-20.70 


-21.41 


-21.09 


-21.29 

.  • 

-21.18 

•  • 

-20.87 

■  ■ 

-21.06 

•  • 

-20.95 

•  • 

-21.22 


4  32.37 


39.31 


37.01 


35.46 

■  • 

37.79 

•  . 

41.44 

■  ■ 

38.61 

.  . 

34.07 

•  • 

4  34.69 


/    m 

4  11.67 
4  53.07 

2.40083 
2.46697 

4  17.90 

5  0.72 

2.41145 
2.47816 

4  15.92 
4  58.10 

2.40810 
2.47436 

• 

14.17 
56.75 

2.40512 
2.47239 

4  16.61 
4  58.97 

2.40927 
2.47563 

4  20.57 

5  2.31 

2.41592 
248045 

4  17.55 
4  59.67 

2.41086 
2.47664 

13.12 
5502 

2.40333 
2.46985 

4  13.47 
4  55.91 

2.40393 
2.471 16 

!OOQ 
1014  l.e. 


Date. 


1899. 
Oct.  17 

24 
26 


31 


Nov.  I 


22 


23 


Dec. 
Dec. 


-50  42  52.77 
+  55  2  8.05 

42  54.78 
2  6.18 


43  3.75 
I  56.49 


A' 
B 


4  19  15.28 
175  13  1.61 

19  11.40 
12  13.94 


r*' 


i(r\-r'„)  9o''-i(A'  +  B) 


402  46  6.46 
227  33  4.85 

45  5o»85 
33  36.91 


18  52.74 
12  16.72 


45  42.27 
33  25.55 


14  45.74 
13  22.47 

15  8.82 
1342.17 


15  18.14 
13  49.62 


+  41.63 


+  43.32 


+  44.26 


13  5i.*55 


14  17.33 


14  25.27 


14  33. 18 
13  9.92 

15  0.65 
13  34.01 


15  9.53 
13  41.01 


2.94110 
2.89758 

295456 
2.91063 


2.9588a 
2.91435 


-50  43 
+  55  I 


6.73 
53.35 

8.11 
51.41 


18  46.62 
13  16.23 

4  18  4330 
175  13  "75 


46 
33 


16.66 
0.43 


402  46  15.88 
227  33  4.13 


1449.50 

13  25  50 

14  58.42 
13  33.42 


+  42.00 


+  42.50 


13  58.57 


14  2.47 


3 
3 

21 
24 

31 
34 


3 
3 

A 
34 

4 
4 

2 
2 

34 

34 

2 
2 


3 
3 

2 
2 


44 

44 


14  40.57  ;  2.94476  3 

13  16.57  '  2.90122  I  3 

I 

14  44.97  I  2.94693  3 
13  19.97  2.90307  3 
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Stars  No 


<P.  I 


270 
1002  1.  e. 


Date. 

^ 

A' 
B 

C 

r' 

4  (r'.  -  r'„) 

So'-J(A'  +  B) 

r 

logr 

P 

1 

1899. 
Oct.  17 

-42  32  14.26 
+62  54  41.78 

20  22   27.52 
159  28  44.20 

394%5' 34^08 
235  16  49.88 

4  26^46 
4  23.33 

+   1*56 

4'  24-14 

■           * 

4  25^70 
4  22.58 

2.42439 
2.41926 

3 
3 

24 

16.06 
39-74 

23.68 
37.91 

32.60 
54.69 

32.68 
29.26 

+      1. 71 

•           • 

29   20 

•           • 

30.91 
27.49 

2.43282 
2.42731 

3 
3 

26 
31 

16.50 
39-03 

22.53 
42.78 

33.68 
50.90 

30.40 
27.39 

+      1.50 

•           • 

27.34 

•          • 

28.84 
25.84 

2.42949 
2.42462 

Nov.    I 

18.16 
37-" 

18.95 
49.06 

37.46 
48.40 

29.40 
25.93 

+   1-73 

2599 

27.72 
24.26 

2.42768 
2.42203 

3 
3 

6 

19.66 
35.44 

15.78 
50.83 

38.83 
48.00 

30.69 

27.44 

+   1.62 

•     • 

26.69 

*     . 

28.31 
25.07 

2.42864 
2.42336 

3 
3 

22 
23 

24.43 
29.54 

22      5.II 
28   52.08 

40.86 
48.78 

33.52 
30.77 

+   1-37 

•     • 

31.40 

•          • 

32.77 
30.03 

2.43580 
2.43141 

3i 
3i 

Dec.    I 

27.37 
26.30 

21    58.93 
29   11.09 

49.00 
37.91 

27  17 
2394 

+   1. 61 

•     • 

24.99 

26.60 
23.38 

2.42586 
2.42058 

3 
3 

Dec.    6 

-42  32  28.80 
+62  54  24.32 

20  21    55.52 
159   29   12.75 

394  45  49.27 
235  16  36.52 

4  29.22 
4  25.88 

1 

i      +    1.67 

•      • 

4  25.86 

•     • 
1 

1 

4  27.53 
4  24.19 

2.42737 
2.42192 

3 

3 

Star.  No.  j  ^Jg^  ^^  ^^ 


Date. 


A' 
B 


C 


i(r'.-r'„) 


90**-i(A'  +  B) 


log  r 


1899. 
Oct.  17 

24 
26 

31 
Nov.  I 

6 

22 

23 


-42    3    2.95 
+  62  54  41.78 

4.68 
39.74 

509 
39.03 


6.67 
37." 


Dec.    6 


20  51  38.83 
158  59  44.07 

35.06 
37.48 

34.94 
43.48 


394  16  33.95 
235  16  49.88 

32.17 
54.69 

34.38 
50.90 


31.44 
49.23 


37.63 
48.40 


12.92 
29.54 


20  51  17.62 
158  59  55.12 


15.88 
26.30 

-42  3  17.38 
+62  54  24.32 


20  51  10.52 

159  o  11.03 

20  51  6.94 

159  o  12.20 


4  14.82 
4  23.33 

21.09 
29.26 

18.34 
27.39 


18.02 
25.93 


4^25 


-  4.08 


-  4.52 


4  18.55 


23.73 


20.79 


.  .   • 


4  14.30 
4  22.80 

19.65 
27.81 

16.27 
25.31 


2.40535 
2.41962 

2.41439 
2.42783 

2.40870 
2.42375 


-  3-95 


43.90 
48.78 


48.94 
37-91 

394  16  48.72 
233  16  36.52 


21.29 
30.77 


-  4.74 


15.76 
2394 

4  1754 
4  25.88 


-  4.09 


-  4.17 


19.61 


15.66  I  2.40766 
23.56  '  2.42088 


23.63 


19.22 

•  • 

4  20.43 


18.89 
28.37 


15.13 
23.31 

4  16.26 
4  24.60 


2.413" 
2.42873 


2.40676 
2.42047 

2.40868 
2.42259 


3 
3 

2i 

1\ 

3 
3 


3 
3 


4i 
4i 


3i 
3i 

3 
3 
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Stars  No.  {  ,§70  ^^  ^^ 


Date. 

5 

A' 
B 

1899. 
Oct.  17 

0           1            H 
-42   32   14.26 

+  61  44  39.40 

0           t            M 

19  12  25.14 
160  38  16.23 

24 

16.06 
37.65 

21-59 
6-45 

26 

16.50 

20.51 

37.01 

II. 41 

c 


i(r'.-r'j;90*-HA'  +  B)' 


logr 


31 

Nov.  I 

6 

22 

23 
Dec.  I 

Dec.  6 


18.16 

35- 27 

17.11 
18.20 

1 
19.66 

33.77 

14. 1 1 
18.49 

24.43 
28.22  1 

12  3-79 
38  20.80 

394  45  34.08  4  26  46 
234  7  17-85  4  54  79 


32.60 
26.15 


32.68 
61.84 


33.68  •   30.40 
22.27    59.05 


37.46 
19.26 

38.83 
20.34 

40.86 
20.06 


27.37 
25.05 


II  57.68  I 
38  41.35  , 


49.00 
7.65 


-42  32  28.80   19  II  54.31   394  45  49.27 
+  61  44  23.11   160  38  42.51   234  7  6.76 


29.40 
58.22 

30.69 
5964 

33.52 
62.56 


-  14.16 


-  14.58 


-  14.32 


-14.41 

•  ■ 

- 14-47 

•  ■ 

-  14.52 


/         m 


4  39-31 

■      • 

45.98 

•     • 

44-04 


27.17 
55.73 

4  29.22 
4  58.12 


14.28 


-  14.45 


42.34 

•  • 

43-70 

•  • 

47-70 


4  25.15  2.42349 

4  53-47  2.46756 

31.40  .2.43361 

60.56  2.47793 

29.72  2.43091 

58.36  I  2.47474 


27-93 
56.75 

29.23 
58.17 

33.18 
62.22 


40.48 


4  41-59 


26.20 
54.76 

4  27-14 
4  56.04 


2.42802 
2.47239 

2.43012 
2.47446 


3 
3 

31 
3i 

i| 


3 
3 

3 
3 


2.43645  1  34 
2.48042  I  3l 


2.42521     3 
2  46947     3 


2.42674 
2.47135 


2 
2 


SUrs  No.  j  j290  ^^  ^^ 


Date. 

<5 

A' 
B 

C 

r' 

i(r'.-r'J 

90.-l(A'  +  B) 

r 

logr 

P 

1 
1 

1899. 
Oct.  17 

-30*45' 48*44 
+  76  7  58.10 

45  22  9.66 
134  33  54-81 

383' 
248 

/  it 
I  31.74 
27  36.93 

2  2.27 
I  53.33 

+  4*47 

•  ■ 

i'  57*76 

•     • 

/  m 
2   2.23 

I  53-29 

2.08718 
2.05419 

3 

3  ' 

24  1       49.93 
1       56.21 

6.28 
52.71 

32.02 
39.31 

5.21 
55.93 

+  4-64 

•  • 

2   0.50 

•   ■ 

5.14 
55.86 

2.09740 
2.06393 

3 

3 

26  !       50.28 
55-54 

31 

5- 26 
56.46 

32.90 
36.44 

3-96 
54.99 

+  4-48 

•  * 

I  59.14 

•   ■ 

3.62 
54.66 

2.09309 
2.05941 

4 
4 

Nov.  I 

51-67 
53-72 

22  2.05 
33  59.09 

34.48 
35.39 

3-73 
54-57 

+  4.58 

■  • 

'       59.43 

1        .  . 
1 

4.01 
54.85 

2.09346 
2.06013 

2 
3 

6 

52.95 
52.14 

21  59.19 
34  1-61 

36.39 
34.78 

4.28 
55-" 

+  4.58 

I  59.60 

1        .  . 

4.18 
55.02 

2.09405 
2.06077 

3i 
3i 

22 
23 

57-11 
46.44 

49.33 
9.46 

41.83 
32.37 

5.36 
56.26 

+  4.55 

2   0.60 

\ 
\ 

5.15 
56.05 

2.09743 
2.06464 

4 
4 

Dec.  I 

45  59-73 
7  43-25 

43.52 
20.05 

45-01 
24.96 

2.70 
5363 

+  4.53 

1     I  58.21 

1        -  • 

2.74 
53.68 

2.08899 
2.05568 

31 
31 

Dec.  6 

-30  46  1.03 
+  76  7  41.31 

45  21  40.28 
134  34  21.98 

383 
248 

I  45.72 
27  23.74 

2  3-5' 
I  54.44 

+  4.53 

•  • 

I  58.87 

•   a 

2  3-40 
I  54.34 

2.09131 
2.05820 

2I 
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SUrsNo.  J,290j^^^ 


Date. 

<S 

A' 
B 

C 

r' 

i(r'.-r'„) 

90°-4(A'  +  B) 

r 

logr 

P 

1899. 
Oct.  17 

-30'' 45' 48*44 
+  75  59  21.84 

45"  13'  33*40 
134  42  30.47 

383^ 
248 

1 

/     H 
I   31.74 
19     1.27 

/   m 
2   2.27 

I  54.10 

+  4*08 

•  • 

I   58.06 

•     ■ 

1 

2      2.14 
I  53.^ 

2.08686 
2.05683 

3 
3 

24 

49.93 
20.01 

30.08 
28.26 

32.02   ' 
3.76 

\ 

5.21 
56.77 

+  4.22 

•  • 

2   0.83 

5.05 
56.61 

2.09708 
2.06674 

3i 
3i 

26 
31 

50.28 
19.36 

29.08 
32.54 

I   32.90 
19    0.36   1 

1 

3.96 
55.73 

+  4.11 

•  • 

I  59.19 

•   * 

330 
55.08 

2.09096 
2.06100 

4 
4 

Nov.  I 

51.67 
17.56 

25.89 
34.64 

I   34.48 
18  59.84 

3-73 
55.39 

+  4.17 

59.73 

•   • 

3.90 
55.56 

2.09307 
2.06281 

3 
3 

6 

52.95 
16.03 

24.08 
37.24 

36.39 

59-15 

4.28 
55.91 

+  4.18 

I  59.34 

•   • 

3.52 
55.16 

2.09174 
2.06130 

3i 
3i 

22 
23 

57." 
10.42 

13.31 
45.89 

41.83 
55.94 

5.36 
57.00 

+  4.18 

2   0  40 

4.58 
56.22 

2.09545 
2.06528 

4 
4 

Dec.  I 

45  59.73 
59  7.24 

7.51 
56.39 

45.01 
48.62 

2.70 
54.43 

+  4.13 

•  • 

I   57.55 

•   • 

1.68 
53.42 

1 

2.08522  3i 
2.05469  3i 

Dec.  6 

1 

-30  46  1.03 
+  75  59  5.31 

45  13  4.28 
134  42  57.64 

383  I  45.72 
248  18  48.08 

2  3.51 
I  55.22 

+  4.14 

i 
i 

I   5904 

•   • 

1  2  3.18 
I  54.90 

1 

2.09054 
2.06032 

21 
2i 

stars  No.  {  ,279  ^^  ^^ 


Date. 


A' 
B 


C 


1899. 
Oct.  17 

24 
26 

31 
Nov.   I 


22 


23 


Dec.    I 


Dec.    6 


-42    3    2.95 
+61  44  39.40 

4.68 
37.65 

509 
37/01 


6.67 
35.27 


12.92 
28.22 


15.88 
25.05 

-42    3  17.38 
+61  44  23.11 


f 


19  41  36.45  I  394  16  33.95 
160    9  16.10  1  234    7  17.85 


32.97 
6.02 

3>.92 
12.11 


32.17 
26.15 

34.38 
22.27 


28.60 
18.37 


15.30 
23.84 


9.17 
41.29 

19  41     5.73 
160    9  41.96 


37.63 
19.26 


43.90 
20.06 


i(r'.-r'„) 


4  14.82        -  19.98 
4  54.79 


21.09 
61.84 

18.34 
59.05 


-  20.37 


-20.35 


18.02 
58.22 


21.29 
62.56 


394 
234 


48.94 
7-65 

16  48.72 
7    6.76 


15.76 
55.73 

4  17.54 
4  58.12 


-  20. 10 


-  20.63 


4  33.72 


40.50 

■      • 

3798 


4  13.74 
4  53- 70 

4  20.13 

5  0.87 

4  17.63 
4  58.33 


36.51 


40.43 


-19.98 


-  20.29 


34.77 

*     • 

4  36.15 


4 
4 


16.41 
56.61 


4 

5 


19.80 
1.06 


2.40439 
2.46790 


3 
3 


2.41519  1  3 
2.47838  I  3 

2.41100  I  3 
2.47470  ,  3 


2.40893 
2.47219 


2  41464 
2.47865 


4  14.79  '  2.40618 

4  54.75  !  2.46945 

i 

4  15.86  I  2.40800 

4  56.44  2.47194 


3 
3 


4i 
4i 


3i 
31 

2 
2 
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The  next  table  is  given  as  a  sample  of  the  reduction  for  J  =  dlogr  =  dloga. 
The  second  column  contains  the  logarithms  of  the  computed  refractions;  the  next 
contains  the  logarithms  of  the  observed  refractions;  and  the  last,  the  difference 
between  the  two  preceding  in  the  sense  O  — C;  the  column/  contains  the  weights. 

In  the  qomputation  of  J  the  logr  of  the  stars  that  have  been  grouped  with 
more  than  one  other  star  is  taken  to  be  the  weighted  mean  of  the  logsr  from  all 
the  determinations.  The  weight  assigned  to  it  is  the  mean  of  the  weights  of  the 
individual  determinations  to  the  nearest  half  unit,  in  all  cases  where  the  number 
to  be  combined  is  the  same  for  every  date.  In  cases  where  diflFerent  dates  have 
diflFerent  numbers  combined  the  mean  of  the  weights  is  multiplied  by  the  square 
root  of  the  number  of  determinations  taken  into  account,  and  this  product,  taken 
to  the  nearest  half  unit,  is  the  adopted  weight. 


Star  No.  5. 

logf 

t 
1   Date.   1 

1   logr 

1 
Oct.  17  ' 

2.60700 

2.60307 

24  , 

1694 

1317 

26 

1264 

0981 

31 

1731 

1556 

Nov.  I  , 

1091 

0712 

6 

1541 

1367 

22 

1964 

1699 

23 

1784 

1369 

Dec.  I  1 

0762 

0467 

Dec.  6  , 

2.61216 

2.6081 1 

rp]  =  38 

J  =  -( 

log[pvv] 

=  5-4IOI 

■ —  ■- 

0.00393 

5 

377 

3 

283 

41 

175 

2 

379 

44 

174 

5 

265 

54 

415 

14 

295 

4 

0.00405 

3 

The  values  of  A  are  collected  in  the  following  table.     The  weight  for  each  J 


has  been  derived  from  the  probable  error  r  of  the  J. 
distance  of  each  star  is  also  given. 


The  approximate  zenith 


SUr 

No. 

5 

— 

9 
788 

_ 

793 
38 

: 

49 
58 
66 

+ 
+ 

76 

+ 

79 
83 
89 
96 

+ 
+ 

+ 

103 
108 

+ 
+ 

885 
136 

+ 

139 

+ 

149 

+ 

153 

+ 

911 
161 

+ 

-0.00310 

259 
299 

221 

281 

316 
48 

317 
236 

192 

139 
26 

184 

424 
446 
201 
281 

35 

293 

95 

15 

1255 


±0.00018 

13 
20 

14 

29 

49 
28 

22 

56 
62 

36 

39 

45 

54 

44 

17 
61 

27 

71 
61 

22 

161 


p 

Z.  D. 

1 

Star  ' 

No.   ' 

1 

12 

84- 

174 

23 

73 

179 

10 

84 

944 

20 

72 

187 

5 

84 

190 

2 

30 

202 

5 

67 

210 

8 

84 

976 

I 

30 

216 

I 

34 

223 

3 

30 

235 

3 

51 

1002 

2 

35 

1014 

I 

30 

1019 

2 

29 

264 

13 

78 

270 

I 

29 

1034 

5 

68 

1045 

I 

30 

1050 

I 

29 

290 

8 

66 

297 

1:7 

16 

28 
81 

+    40 

198 
+  1275 

58 
-  263 

13 

177 

501 

+   238 

232 

554 

329 
+    240 

208 

27 

167 

182 

64 

-  0.00235 


39 
26 

31 

23 

147 
20 

19 

33 

24 

37 
29 

25 
40 

21 

32 
20 
20 
18 

14 
13 

:  0.0002 1 


3 

6 

4 

7 
1:6 

10 

II 

4 

7 

3 

5 

6 

2 

9 

4 

10 

10 
12 
20 

23 
9 


Z.  D. 


52 
70 
68 

78 
16 

67 
81 

70 


47 
80 

87 
84 
48 
80 
66 
67 
81 

^ 
79 
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It  will  be  noticed  that  for  this  series  also,  ^  is  clearly  a  function  of  the  zenith 
distance,  thus  confirming  the  result  found  from  the  reduction  of  the  summer  series 
that  the  Constant  of  Refraction  is  a  function  of  the  zenith  distance.  Upon  plotting 
these  values,  using  the  zenith  distance  z  for  abscissa,  and  ^  for  ordinate,  it  is  seen 
that  a  straight  line,  inclined  about  145°  to  the  z  axis,  and  cutting  it  at  2:  =  about 
60^  appears  to  represent  ^  fairly  well.  Accordingly,  assuming  Z  to  be  the  zenith 
distance  for  ^  =  o,  we  can  set  up  an  observation  equation  of  the  following  type 

for  each  star, 

logtf  ~  log^o  +  {Z  —  z)x 
or 

log /I  —  log^o  =  -^  =  Zx  —  zx  =^  D  —  sx 
where 

D^  Zx 


and  where  a^  is  the  Constant  of  Refraction  of  the  tables  used  (Pulkowa). 

^  Equations  of  this  kind  were,  therefore,  formed  and  solved  for  Z  and  x  by  the 
method  of  Least  Squares.  The  details  of  the  solution  for  the  autumn  series  alone 
will  not  be  given  here.     The  result  of  the  solution  is 

;r  =  +  o  0001 1 7  ±  o.ooooi  i 
Z  =  59^.3  ±  8^7 

The  solution  of  the  summer  series  alone  gave 

X  =  +0.000101  ±.  0.000013 
Z  =  56°.6  ±  12°.  2 

The  details  of  the  solution  for  the  two  series  combined  are  here  given.  To 
reduce  the  number  of  equations  those  nearly  alike  were  combined  into  one  equa- 
tion, and  given  a  weight  equal  to  the  sum  of  the  weights  of  the  equations  combined. 

This  leads  to  the  following  equations  of  condition: 


No. 

a 

■ 
b 

n 

P 

I 

D 

-  79.63  X 

=  -0.00191 

138 

2 

-  29.92 

=  +    368 

16 

3 

-87.10 

=  -    352 

32 

4 

-67.29. 

56 

94 

5 

-  83.57 

=  -    296 

167 

6 

-88,78 

485 

10 

7 

-21.47 

=  +    385 

7 

8 

-57.31 

=  -    117 

29 

9 

-27.15 

=  -    103 

5 

10 

-62.75 

7 

25 

II 

-65.34 

=  +    41 

18 

12 

-  72.65 

241 

43 

13 

-34.86 

=  +    187 

3 

14 

-51.51 

27 

6 

15 

-  77.83 

=  -    200 

20 

16 

- 15.78 

=  +   1266 

0.31 

17 

-70.25 

54 

10 

18 

D 

-47.65  X 

=  +0.00239 

9 
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Weightbd  Observation  Bqdations. 


_   . .  . 

■ 

No. 

a 

b 

n 

I 

_  _  __  

11.75  Z> 

-  935.7  X 

■— 

-  0.02244 

2 

4.00 

-  119.7 

= 

+   1472 

3 

5.66 

-  4930 

^ 

-   1992 

4 

9.70 

-  652.7 

^^ 

543 

5 

12.92 

-  1079.7 

=r 

-   3824 

6 

3.16 

-  280.5 

— 

-   1533 

7 

2.65 

-  56.9 

=: 

+   1020 

8 

5.39 

-  3089 

= 

-    631 

9 

2.24 

-  60.8 

= 

231 

10 

5.00 

-  313.7 

= 

35 

II 

4.24 

-  277.0 

^ 

+    174 

12 

6.56 

-  476.6 

= 

-   1581 

13 

1-73 

-  60.3 

= 

+    324 

14 

2.45 

-  126.2 

=: 

66 

15 

4.47 

-  347.9 

•""" 

894 

16 

0.56 

-   8.8 

^z. 

+    709 

17 

3- 16 

-  222.0 

*** 

171 

18 

3.00  D 

-  142.9  X 

-~ 

+  0.00717 

Wbightbd  Homogbnbous  Obsbrva- 
TioN  Equations. 


To  render  these  more  nearly  homogeneous, 
let  10^  =  d  \  \ooox  =  y  ;  and  multiply  the 
absolute  term  by  100. 


No. 

a 

b 

I 

i.i75<' 

-  0.936  >^ 

2 

0.400 

-0.120 

3 

0.566 

-0.493 

4 

0.970 

-0.653 

5 

1.292 

-1.080 

6 

0.316 

-0.280 

7 

0.265 

-0.057 

8 

0.539 

-0.309 

9 

0.224 

-0.061 

10 

0.500 

-0.314 

II 

0.424 

-0.277 

12 

0.656 

-0.477 

13 

0.173 

-0.060 

14 

0.245 

-0.126 

15 

0.447 

-0.348 

16 

0.056 

-0.009 

17 

0.316 

-0.222 

18 

0.300^ 

-0.143 

-2.244 
+  1.472 
-1.992 

-0.543 
-3.824 

- 1.533 

+  1.020 
-0.631 
-0.231 

-0.035 
+0.174 
-  I.58I 
+0.324 

-0.066 
-a894 
+  0.709 
-0.171 

+  0.717 


Combining  these  by  the  method  of  Least  Squares  we  obtain  the  following 


NORMAL   EQUATIONS. 

+  6.325^  —  4.637;^  =  —  10.389 
—  4.637     +3.520    =+    8.916 


The  solution  of  these  gives 


X 

Z 


+  0.000108  ±  0.000009 
58°.!  ±  7°.8 


It  is  evident,  therefore,  that  the  Constant  of  Refraction  used  in  the  Piilkowa 
tables  needs  not  only  a  correction,  but  a  correction  for  every  zenith  distance.  In 
other  words,  the  formulse  from  which  the  refractions  are  computed,  and  hence  the 
theory  also,  need  to  be  modified.  Or,  the  formulse  may  be  retained  unchanged 
and  the  desired  agreement  between  observation  and  computation  may  be  obtained 
by  correcting  the  tables  used  (Pulkowa)  not  by  a  constant  amount,  but  by  an 
amount  represented  in  magnitude  by 

Z/  yu  =  +  0.000108  <58°  -  z) 

where  z  is  the  zenith  distance  in  degrees.     The  table  for  //  -f  log  tgxr  given  here- 
after is  the  Pulkowa  table  corrected  by  this  amount. 


The  result  of  this  investigation  leads  to  an  interesting  question,  viz.,  Could 
not  the  different  values  of  the  Constant  of  Refraction  determined  by  various 
observers  be  brought  into  harmony  by  reducing  them  to  the  same  zenith  distance 
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by  this  formula  ?  The  average  zenith  distance  of  the  stars  used  in  these  deter- 
minations are  undoubtedly  different  in  every  case,  and  this  may  account  for  the 
varying  results.  This  is  an  investigation  which  the  writer  hopes  to  undertake  as 
soon  as  the  data  and  the  time  are  available. 

The  reductions  for  latitude  and  a  readjustment  of  the  declinations  of  the 
stars  used  in  these  two  series,  based  upon  the  observations  made,  will  form  the 
subject  matter  of  a  later  paper. 


In  his  preliminary  reductions  of  his  observations  of  the  PiAZZi  southern  stars 
Tucker  {^Publications  of  the  Lick  Observatory^  Vol.  VI)  has  used  the  Pulkowa 
refractions.  In  his  final  reductions,  he  has  corrected  the  declinations  for  errors 
in  refraction  by  the  amounts  exhibited  below 

«5  Z.  D.  ^  (5 


It 


20 

57 

-f  0.07 

25 

62 

+  0.14 

30 

67 

+  0.24 

35 

72 

+  0.39 

40 

11 

+  0.65 

45 

82 

+  2.44 

Applying  to  these  Auwers'  corrections  ^AbJiandlungen  zu  den  A.  N,  No.  7)  we 
would  have,  for  the  same  declinations,  the  amounts  exhibited  in  the  second 
column  below. 

Z.  D.  ^  <5  ^6  A  -  C  p.  e. 


0 
57 

+  0.07 

tt 

—  0.02 

-f  0.09 

44 

-HO.25 

62 

+  0.12 

+  o.io 

+  0.02 

0.26 

67 

+  0.19 

+  0.29 

—  o.io 

0-37 

72 

+  0.41 

4-  0.60 

—  0.19 

0.49 

77 

+  0.90 

-f  1. 15 

—  0.25 

0.77 

82 

+  2.84 

+  2.29 

4  0.55 

-^  1. 00 

In  the  third  column  are  the  corrections  which  would  have  resulted  by  apply- 
ing the  correction,  found  on  page  198,  to  the  Pulkowa  tables.  The  fourth  column  is 
the  diflfereuce  between  the  second  and  third  (in  the  sense  Auwers-Crawford). 
The  fifth  column  contains  the  probable  errors  of  a  single  observation  given  by 
Tucker  (Vol.  VI  Publication  of  the  Lick  Observatory)  for  stars  observed  at  zenith 
distances  indicated  in  the  first  column.  This  table  shows  conclusively  that  had 
this  series  of  PiAZZi  stars  been  reduced  originally  with  the  refractions  found  from 
this  investigation,  any  error  in  the  observed  positions  due  to  errors  of  refraction 
would  have  been  much  less  than  the  probable  error  of  the  observation  itself. 


20b 


J 


=  I- 
■  U 


4 
I- 


f 
t 


r 


'll  • 
i     ■ 

I 

.-■ij 

4 

1 

■ 

■  ■  ^1 

1 

1 

■  1 

1 

i 
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REFRACTION  TABLES. 


In  order  that  all  the  refraction  tables  may  be  conveniently  together  the  three 
tables  giving  the  terms  B,  y  and  T  published  in  Volume  I  of  these  Publications 
are  given  again  here  as  Tables  I,  II,  III  respectively.  Table  IV  gives  A,  A  and  o. 
Table  V  gives  /.  [Tables  IV  and  V  are  reprinted  from  the  Pulkovva  Tables.] 
Table  VI  is  the  Pulkowa  table  for  //  -f-  log  tg-s  corrected  by 

J  /i  =  +  0.000108  (58°  —  2) 

where  z  is  in  degrees.     The  refractions  are  then  to  be  computed  from  these  tables 
by  the  formula 

log  Refr.  =  Ai  +  log  tgr  +  A  (B  +  T)  +  A ;/  —  ai, 

R.  T.  C. 
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TABLE  I. 

Values  op  thb  Refraction  Term  B. 

(Units  of  the  fifth  decimal  place.) 


Bart  Inches. 

.00 

.01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

1 
.09   ' 

1 

\   With  left 
f  hand  col. 

1 

1 

I 
1 

1 
1 

• 

20  X  Bar. 

25-0 

-7330 

-7313 

,  -7296 

-7278 

-7261 

-7243 

-7226 

-7209 

-7I9I 

-7174 

500 

.1   1 

7157 

7140 

7122 

7105 

7088 

7070 

7053 

7036 

7019 

7001 

'      562 

•2 

6984 

6967 

6950 

6933 

6915 

6898 

6881 

6864 

6847 

6829 

'      504 

•3   , 

6812 

6795 

6778 

6761 

6744 

6726 

6709 

6692 

6675 

6658 

'      506 

•4   1 

6641 

6624 
-6453 

,    6607 
-6436 

6590 

6573 

6555 

6538 

1 

1  -6368 

6521 

I       6504 

6487 

508 

.5 

-6470 

-6419 

-6402 

-6385 

-6351 

-6334 

-6317 

5«o 

.6 

1      6300 

6283 

6266 

6249 

6232 

6215 

6199 

6182 

i       6165 

6148 

5«2 

•7 

613I 

61 14 

1    6097 

6080 

6063 

6046 

1    6030 

6013 

1       5996 

5979 

5U 

.8 

5962 

5945 

5929 

5912 

5895 

5878 

i    5861 

5845 

'       5828 

581 1 

516 

•9   i 

5794 

5777 

5761 

5744 

5727 

57" 

1    5694 
,  -  5527 

5677 
-5510 

5660 

-5493 

5644 

• 

-5477 

518 

1 

26.0 

-  5627 

-5610 

-5594 

-5577 

-5560 

-5543 

520 

.1   ! 

'     5460 

^AAA 
»j  t  1  1 

5427 

5410 

5394 

5377 

5360 

5344 

5327 

531 1 

522 

.2   i 

!     5294 

5278 

5261 

5244 

5228 

521 1 

5195 

5178 

5162 

5U5 

524 

•3 

5129 

5II2 

5096 

5079 

5063 

5046 

5030 

5013 

4997 

4980 

526 

.4   1 

4964 

4947 

4931 

4915 

4898 

4882 

4865 
-4701 

4849 
-4685 

4832 

4816 

1 

528 

•5   I 

-4800 

-4783 

-4767 

-4751 

-4734 

-4718 

-4669 

-4652  i 

530 

.6 

4636 

4620 

4603 

4587 

4571 

4555 

4538 

4522 

4506 

4489 

532 

•7 

4473 

4457 

4441 

4424 

4408 

4392 

4376 

4359 

4343 

4327  ! 

534 

.8 

43" 

4295 

4278 

4262 

4246 

4230 

4214 

4197 

4181 

4165  1 

536 

.9 

4149 

4133 

4117 

4101 

4084 

4068 

4052 
-3891 

4036 

4020 

4004  , 

538 

27.0   i 

-3988 

-3972 

-3956 

-3940 

-3923 

-3907 

-3875 

-3859 

-3843  1 

540 

.1 

1     3827 

381 1 

3795 

3779 

3763 

3747 

3731 

3715 

3699 

3683 

542 

.2 

1     3667 

3651 

3635 

3619 

3603 

3587 

3572 

3556 

3540 

3524 

544   , 

.3 

1     3508 

3492 

3476 

3460 

3444 

3428 

3413 

3397 

3381 

3365 

546   1 

•4 

;     3349 

3333 

3317 

3302 

3286 

3270 

3254 

3238 

3222 

3207 

548   , 

.5 

1    -3191 

-3175 

-3159 

-3144 

-3128 

-3112 

-3096 

-3080 

-3065 

-3049 

550 

.6 

i     3033 

3018 

3002 

2986 

2970 

2955 

2939 

2923 

2908 

2892 

552   , 

.7 

2876 

2860 

2845 

2829 

2814 

2798 

2782 

2767 

2751 

2735 

554 

.8 

'     2720 

2704 

2689 

2673 

2657 

2642 

2626 

2610 

2595 

2579 

556 

.9 

2564 

2548 

2533 

2517 

2502 

2486 

2470 

2455 

2439 

2424 

558 

28.0 

-2408 
0.0 

-2393 

-2377 

-2362 
0.6 

-2346 
0.8 

-2331 

-2315 

-2300 

-2285 

-2269 

560 

With  right  j 
hand  col. 

0.2 

0.4 

I.O 

1.2 

1-4 

1.6 

1.8 

20  X  Bar. 

N.  B. — The  left  hand  column  and  top  argument  give  the  whole  argument  for  a  barometer  reading  in  inches ;  the  right  hand  column 
and  bottom  argument  give  the  entry  for  20  times  the  barometer  reading  in  inches. 
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TABLE  II. 

Values  of  thb  Refraction  Tekh  y. 

(Units  of  the  fifth  decimal  place.) 


]   t.F.hr. 

" 

"    1    ' 

4 

S 

6 

7 

8 

9 

I 

' 

' 

4 

S       6 

7 

«      D 

^' 

+  44U 

+  4318 

+  4313 

+  4138 

+  4033 

+  3S46 

+  3658 

37'!  47      S6'« 

75    S4 

3470 

3376 

3J84 

3190 

3099 

3008 

2914 

3833 

2730 

2640 

9  ,   18      38 

37     ■(&     55    64  '  74 

81 

2547 

3457 

3365 

J094 

3004 

9  1  18  1  27 

y 

1645 

>554 

'378 

1073 

934 

847 

9  '  18  ,  S7 

35  ;  44     33    63  ,  71 

A" 

+   759 

.«: 

+   4" 

+   334 

+   338 

+    150 

+     6s 

9  1  17  j  ^6 

35      43 

Sa    61 

69 

y> 

-    lov 

-    193 

-    "79 

-  364 

-    450 

-    534 

-   610 

-    704 

-    7S9 

-    873 

9'  17L26 

34     43 

51  |6o 

68 

77 

60 

957 

icna 

1135 

1109 

1393 

'377 

1460 

1543 

1636 

a    "7    35 

33  '   43 

67 

7S 

70 

1791 

1873 

.956 

»J38 

3385 

3J66 

2446 

2,2H 

33      41 

49  1  57  ;  65 

73 

So 

377' 

3933 

3014 

3093 

317a 

3353 

3334 

S      16  1  24 

31  ■,  40 

48     56  '  64  ■  7» 

90 

-34'4 

-3493 

-3573 

-3«. 

-3731 

-3810 

-3889 

-3967 

-'"' 

-4l»4 

3  1  16  j  33 

31      39      47     55  !  63     70 

TABLE  III. 
Values  ok  Refraction  Term  T. 
(Units  of  the  fifth  decimal  place.) 


V.  (F»hr.) 

«■ 

I 

" 

3 

4 

5 

6 

' 

' 

, 

^* 

+  131 

+  101 

+  98 

.    +    78 

+    74 

+   70 

+  58 

+  55 

+  51 

+   39 

+    35 

+    37 

'-n 

+  ao 

+     4 

-     4 

40 

-   3> 

-    35 

-    39 

-   43 

-    47 

-    51 

-  55 

-  58 

-" 

-    70 

-    74 

-    78 

-   82 

-    86 

-  93 

-  97 

-101 

-105 

-109 

-113 

-117 

-124 

-133 

-140 

-144 

-148 

-156 

-160 

-164 

-168 

-183 

80 

-187 

-191 

-195 

-199 

-214 

90 

-335 

-339 

-333 

-337 

-341 

-344 

-348 

-353 

-356 

-.» 

2o6 
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TABLE  IV. 
Values  of  thk  Refraction  Terms  A,  A  and  <t. 


1    s 

1 

X 

A 

1 
• 

2 

1 

A 

1 

1   • 

;  45 

1.0018 

0   . 
85   0 

1. 1235 

I.0127 

0.00146 

50 

1.0022 

5 

1264 

55 

1.0029 

10 

1294 

60 

1.0044 

15 

1325 

61 

1.0047 

20 

1357 

141 

170 

62 

1. 005 1 

25 

1390 

63 

1.0055 

30 

1424 

64 

1.0059 

35 

1459 

1 

65 

1.0064 

40 

1495 

156 

202  , 

66 

I  0070 

45 

1532 

67 

1.0077 

50 

1571 

68 

1.0085 

55 

161 1 

1 

69 

1.0093 

1 

86  0 

1. 1652 

1. 0172 

0.00241  , 

70 

1.0103 

5 

1695 

1 

71 

1.0115 

10 

1740 

181 

264 

72 

1. 0130 

15 

1786 

73 

1.0147 

20 

1853 
1882 

192 

290 

74 

1.0166 

25 

30 

1934 
1987 

203 

320 

75  0' 

1.0188 

35 

75  30 

1.0200 

40 

2040 

214 

352 

76  0 

1.0216 

45 

2095 

76  30 

1.0235 

'    50 

2153 

227 

386 

77  0 

1.0253 

1.0029 

1    55 

2214 

77  30 

1.0271 

1.0030 

, 

78  0 

1.0293 

1.0033 

,  87  0 

1.2277 

I.0241 

0.00421 

78  30 

1. 03 18 

1.0035 

2 

2303 

79  0 

I.0344 

1.0038 

4 

2329 

247 

437 

79  30 

1.0374 

I.0041 

6 

2356 

8 

2383 

254 

453 

80  0 

1.0409 

1.0044 

0.00019 

10 

1. 042 1 

10 

2410 

20 

1.0433 

12 

2438 

261 

471 

•  30 

1.0447 

1.0048 

0.00022 

14 

2466 

40 

1.0461 

16 

2495 

268 

489 

50 

1.0475 

18 

2524 

81  0 

1. 0491 

1.0052 

0.00025 

20 

2554 

275 

509 

10 

1.0508 

22 

2584 

20 

1.0525 

24 

2615 

282 

529 

30 

1.0542 

1.0057 

0.00029  * 

26 

2646 

40 

1. 0561 

28 

2677 

290 

550 

50 

1.0580 

30 

2708 

82  0 

1.0600 

1.0063 

0.00035 

32 

2740 

297 

572  ' 

10 

1.0622 

34 

2772 

1 

20 

1.0645 

36 

2805 

305 

594 

30 

1.0669 

1.0070 

0.00045 

38 

2839 

I 

'    40 

1.0694 

1    50 

1.0720 

40 
42 

2873 
2908 

313 

617 

,  83  0 

1.0747 

1.0078 

0.00057 

44 

2942 

321 

641 

10 

1.0776 

46 

2978 

i 

20 

1.0807 

48 

3014 

328 

666 

'    30 

1.0839 

0.0087 

0.00073 

1    40 

1.0874 

50 

3051 

50 

1 

1.0911 

52 
54 

3088 
3125 

338 

693  : 

1 

84  0 

1.0949 

1.0098 

0.00091 

56 

3163 

347 

721 

10 

1 

1.0990 

i  87  58 

3202 

1 

20 

1. 1034 

1 

30 

1. 1080 

I.0112 

0.00116 

88  0 

1. 3241 

1.0357 

0.00749 

40 

1.1128 

50 

I.I180 

85  0 

I.1235 

I.0127 

0.00146 

1 

2o8 
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TABI.E  VI. 


//  +  log  tang  z. 


o' 
I 

2 

3 
4 

5 
6 

7 
8 


lO 

II 

12 

13 
14 

15 
i6 

17 

i8 

19 

2C» 
21 
22 

23 
24 

25 
26 

27 

28 

29 

30 
3» 
32 
33 
34 

35 
36 
37 
38 
39 

40 

41 
42 

43 
44 

45 
46 

47 
48 

49 

50 

51 
52 
53 
54 

55 
56 
57 
58 
59 

60 


-  oc 

8.230 

•53« 
.707 

8.832 

8.929 
9  008 

•075 

.»33 

9.184 

9.230 
.271 

•309 

.344 

9376 

9.406 

.434 
.460 

.485 
9.509 

9.531 
.552 
.572 

•592 
9.610 

9.628 

.645 
.661 

.677 

9.692 

9.707 
.721 

.735 

.749 
9.762 

9-774 
.786 

.798 

.810 

9.821 

9.832 
.843 

.853 
.864 

9.874 

9.883 

.893 
.902 

.911 

9.920 

9.929 

.938 
.946 

.954 
9.962 

9.970 

.978 
.986 

9.994 

O.OOII 

0.0083 


1 

0.0083 

0.3094 

155 

130 

226 

166 

295 

201 

0.0364 

0.3236 

0.0431 

0.3271 

497 

306 

563 

341 

627 

375 

0.0691 

03408 

0.0753 

0.3442 

815 

475 

875 

.508 

935 

541 

0.0994 

0.3574 

0.1053 

0.3606 

no 

638 

167 

670 

223 

702 

0.1279 

0.3733 

0.1333 

0.3764 

387 

795 

440 

826 

493 

856 

0. 1545 

0.3887 

0.1596 

0.3917 

647 

947 

698 

0.3976 

747 

0.4006 

0.1796 

0.4035 

0. 1845 

0.4064 

893 

093 

940 

122 

0.1987 

150 

0.2034 

0.4179 

0.2080 

0.4207 

125 

235 

170 

263 

215 

290 

0.2259 

0.4317 

0.2303 

0.4345 

346 

372 

389 

399 

431 

426 

0.2473 

0.4452 

0.2515 

0.4479 

556 

505 

597 

531 

637 

557 

0.2677 

0.4583 

0.2717 

0.4608 

756 

634 

795 

659 

834 

685 

0.2872 

0.4709 

0.2909 

0.4734 

947 

758 

0.2984 

783 

0.3021 

808 

0.3058 

0.4832 

0.3094 

0.4856 

0.4856 
880 

904 
928 

0.4952 

0.4975 
0.4999 

0.5022 

045 

0.5068 

0.5091 
114 

«37 
160 

0.5182 

0.5205 
227 

249 

271 

0.5293 

0.5315 
336 
358 
380 

0.5401 

0.5422 

443 
464 

485 
0.5506 

0.5527 
548 
568 

589 
0.5609 

0.5630 
650 
670 
690 

0.5710 

0.5730 

749 
769 

789 
0.5808 

0.5828 

847 
866 

885 

0.5904 

0.5922 
941 
960 

979 
05997 

0.6016 

034 

053 
071 

0.6089 
0.6108 


I 


0.6108 
126 

144 
162 

.06180 

0.6198 

215 

233 
250 

0.6268 

0.6285 

303 
320 

338 

0.6355 

0.6372 

389 
406 

423 
0.6440 

0.6457 

473 
490 

507 
0.6523 

0.6540 

556 

572 

589 
0.6605 

0.6621 

637 

653 
669 

0.6685 

0.6701 

717 

733 

748 

0.6764 

0.6780 

795 
811 

826 

0.6841 

0.6856 

871 

886 

902 

0.6917 

0.6932 

947 
962 

977 
0.6991 

o  7006 
021 
036 
050 

0.7065 

0.7080 


0.7080 

094 
109 

123 

0.7138 

0.7152 
166 
180 

195 
0.7209 

0.7223 
237 

251 
265 

0.7279 

0.7293 

307 
320 

334 
0.7348 

0.7362 

375 

389 
402 

0.7416 

0.7429 
443 
456 
469 

0.7483 

0.7496 

509 
522 

535 
0.7549 

0.7562 

575 
588 

601 

0.7613 

0.7625 
638 

651 
664 

0.7677 

0.7689 
702 

7»4 

727 
0.7740 

0.7752 
765 
777 
790 

0.7802 

0.7814 
827 

839 

851 

0.7863 

0.7875 


6* 


0.7875 
888 
900 
912 

0.7924 

0.7936 

948 
960 
972 

0.7983 

0.7995 
0.8007 

019 

031 

0.8042 

0.8054 
066 
077 
089 

0.8101 

0.81 12 
124 

135 

M7 
0.8158 

! 

0.8169  i 
181 
192 
203 

0.8215 

0.8226 

237 

248 

259 
0.8271 

0.8282 
292 

303 

314 

0.8325 

0.8336 

347 

358 

369 

0.8379 


8* 


0.8390 
401 
412 
422 

0.8433 

0.8444 

455 

465 

476 

0.8486 

0.8497 
508 
518 
529 

0.8539 

0.8550 


0.8550 
560 

57' 

581 

0.8591 

0.8602 
612 
622 
632 

0.8643 

0.8653 
663 
673 
683 

0.8694 

0.8704 

714 

724 

734 

0.8744 

0.8754 
764 
774 
784 

0.8794 

0.8803 

813 
823 

833 
0.8843 

0.8852 
862 
872 
881 

0.8890 

0.8900 
910 
919 

929 
0.8938 

0.8948 

957 
967 

976 

0.8986 

0.8995 
0.9005 

014 

024 

0.9033 

0.9043 
052 

061 

071 

0.9080 

0.9089 
098 
107 
117 

0.9126 

0.9135 


0.9135 

0.9653 

0'  1 

144 

661 

I 

153 

669 

2  ' 

162 

678 

3 

0.9172 

0.9686 

4 

0.9I8I 

0.9694 

5 

190 

702 

6 

199 

710 

7 

208 

718 

8 

0.9217 

0.9726 

9 

0.9226 

0.9734 

10 

235 

742 

II 

244 

750 

12 

253 

758 

13 

0  9262 

0.9766 

14 

0.9271 

0.9774 

15 

279 

782 

16 

288 

790 

17 

297 

798 

18 

0.9306 

0.9806 

19 

o.93'5 

0.9814 

20 

324 

822 

21 

332 

829 

22 

341 

836 

23 

0.9350 

0.9844 

24 

0.9359 

0.9852 

25 

367 

860 

26 

376 

868 

27 

384 

876 

28 

0.9392 

0.9883 

29 

0  9401 

a989i 

30 

410 

899 

3' 

418 

907 

32 

427 

9U 

33 

0.9436 

0.9922 

34 

0.9444 

0.9930 

35 

453 

937 

36 

461 

945 

37 

470 

953 

38 

0.9478 

0.9961 

39 

0.9487 

0.9968 

40 

495 

976 

41 

504 

983 

42 

512 

991 

43 

0.9520 

0.9999 

44 

0.9529 

1.0006 

45  1 

537 

014 

^6  , 

546 

021 

47  ' 

554 

029 

48 

0.9562 

1.0036 

49 

0.9571 

1.0044 

50 

579 

051 

51 

587 

059 

52 

595 

066 

53  ' 

0.9604 

1.0074 

^    , 

0.9612 

1.0081 

55  1 

620 

089 

56 

629 

096 

57 

637 

104 

58 

0.9645 

I.OIII 

59 

0.9653 

1.0118 

60 

REFRACTION    TABLES. 


209 


TABLE  VI. 


/i  +  log  tang  s. 


10' 


II' 


12^ 


13' 


o' 
I 

2 

3 

4 

5 
6 

7 
8 


10 
II 
12 

13 
14 

15 
16 

17 
18 

19 

20 
21 
22 

23 

24 

25 
26 

27 

28 

29 

30 
31 

32 

33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 

% 

49 

50 
51 
52 

53 
54 

55 
56 
57 
58 
59 

60 


1.0118 
126 

133 
140 

148 

155 
162 

170 

177 

1.0184 

192 

199 
206 

213 

221 

228 

235 
242 

249 

1.0256 

1.0263 
270 

277 
284 

291 

298 

305 
312 

319 
1.0327 

I.C334 
341 
348 

355 
362 

369 
376 

383 
390 

I -0397 

1.0404 

411 
418 

424 
431 

438 

445 

452 

459 
1.0466 

1.0473 
479 
486 

493 
500 

507 

514 
520 

527 
1.0534 


1.0540 

547 
554 
561 
567 

574 
581 
587 
594 
1. 0601 

1.0607 
614 
620 
626 

633 

640 
646 

653 

659 
1.0666 

1.0673 
679 
686 
692 
699 

705 
712 

718 

725 
1. 0731 

1.0738 
744 
751 
757 
763 

770 
776 

783 

789 
1.0795 

1.0802 
808 

815 
821 

827 

834 
840 

846 

853 
1.0859 

1.0865 
871 
878 

884 
890 

897 

903 

909 

915 
1. 0921 


1.0540  i  1.0928 


1.0928 

1. 1286 

934 

291 

940 

297 

946 

303 

952 

309 

959 

3M 

965 

319 

971 

325 

977 

330 

1.0983 

1.1336 

1.0989 

1. 1342 

1.0995 

348 

I.IOOI 

353 

007 

359 

013 

365 

019 

370 

025 

376 

031 

382 

037 

387 

1. 1043 

1. 1393 

1. 1049 

1. 1399 

055 

404 

061 

410 

067 

415 

073 

421 

079 

427 

086 

432 

092 

438 

098 

443 

1.1104 

1. 1449 

1.1109 

1. 1454 

115 

460 

121 

466 

127 

471 

133 

477 

139 

482 

145 

488 

151 

493 

157 

499 

1. 1 163 

1. 1504 

1.1169 

1.1510 

175 

515 

181 

521 

187 

526 

192 

532 

198 

537 

204 

543 

210 

548 

216 

554 

1. 1222 

1. 1559 

1. 1228 

I. 1565 

233 

570 

239 

575 

245 

581 

251 

586 

257 

592 

262 

597 

268 

602 

274 

608 

1. 1280 

1.1613 

1. 1286 

1.1618 

14' 


I.I6I8 
623 
628 

634 
639 

644 
650 

655 

660 

1. 1666 
I.I67I 

676 
682 
687 

692 

698 

703 
708 

714 
I.I7I9 

I. 1724 
729 

735 
740 

745 

750 
756 
761 
766 
1.1771 

1. 1776 
782 

787 
792 
797 

803 
808 

813 
818 

I. 1823 

1. 1828 

833 
839 
844 
849 

854 
859 
864 
869 
1. 1874 

1. 1879 
885 
890 

895 
900 

904 

909 
914 
919 

1. 1924 
1. 1929 


15^ 


i6* 


17' 


i8* 


19' 


I. 1929 

934 
940 

945 
950 

955 
960 

965 
970 

I -1975 

1. 1980 

985 
990 

1. 1995 
1.2000 

005 
010 

015 
020 

1.2025 

1.2030 
034 
039 
044 
049 

054 

059 
064 

069 

1.2074 

1.2079 
084 
089 

093 
098 

103 
108 

"3 
118 

1. 2123 

1. 2128 

132 

137 
142 

147 

152 

157 
161 

166 

1.2171 

1. 2176 
181 
186 
190 
194 

199 
204 
208 
213 
1. 2218 

1.2223 


1.2223 
227 
232 

237 
242 

246 

251 
256 

261 

1.2266 

1.2270 

275 
280 

284 

289 

294 
.299 

303 

308 

1.2313 

1.2317 
322 

327 
331 
336 

MI 
345 
350 

355 
1.2359 

1.2364 
369 

373 
378 
382 

387 
392 

396 
401 

1.2405 

1. 2410 

415 

419 

424 
428 

433 
437 
442 

447 
1. 2451 

I  2455 

459 
464 

468 
473 

477 
482 

486 

491 

1.2496 

1.2500 


1.2500 
505 
509 
514 
518 

523 
527 
532 
536 
12541 

1.2545 
550 
554 
559 
563 

567 
572 
576 
581 
1.2585 

1.2590 
594 

599 
603 

607 

612 
616 
621 
625 
1.2630 

1.2634 
638 

643 

647 
652 

656 
660 
665 
669 
1.2673 

1.2678 
682 
687 
691 

695 

699 

703 
707 

712 

1. 2716 

1.2720 
725 
729 
733 
738 

742 
746 

750 

755 
1.2759 

1.2764 


1.2764 
768 

772 
776 

'781 

785 
789 
794 
798 
1.2802 

1.2806 
811 

815 
819 

823 

828 

832 

836 

840 

1.2845 

1.2849 

853 

857 
861 

866 

870 

874 
878 

883 
1.2887 

1. 2891 

895 

899 
904 

908 

912 
916 
920 

924 
1.2928 

1.2932 

936 
940 

944 
948 

952 

957 
961 

965 
1.2969 

1.2973 

977 
981 

986 

990 

994 
1.2998 
1.3002 

006 
1. 3010 


1.3014 
018 

023 

027 

031 

035 

039 

043 
047 

1.3051 

055 

059 
063 

067 

072 

076 
080 
084 
088 
1.3092 

1.3096 
too 
104 
108 
112 

116 
120 
124 
128 

1.3132 

1.3136 
140 

144 

147 

151 

155 

159 

163 
167 

1.3171 

1.3175 
179 

183 

i«7 
191 

195 
199 

203 

207 

1.3211 

1-3215 
219 

223 

227 

230 

234 
238 

242 

246 

1.3250 


1.3014   1.3254 


o 
I 

2 

3 

4 

5 
6 

7 
8 

9 

10 
II 
12 

13 
14 

15 
16 

17 
18 

19 

20 
21 
22 

23 
24 

25 
26 

27 
28 

29 

30 

31 
32 

33 
34 

35 
36 
37 
38 
39 

40 
41 
42 

43 
44 

45 
46 

47 
48 

49 

50 

51 
52 

53 
54 

55 
56 

57 
58 

59 
60 
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TABLE  VI. 

23- 

)w  +  log  tang  z-. 

1 

26* 

27- 

1 

20' 

21' 

22- 

1 

24'' 

25- 

1 

28* 

29" 

z 

o' 

1.3254 

1.3484 

1.3705 

i.39«9 

1.4125 

1.4325 

1.4519 

1.4707 

1 4891 

1.5070 

0' 

I 

258 

488 

709 

922 

128 

328 

522 

710 

894 

073 

I 

2 

262 

492 

713 

926 

132 

331 

525 

713, 

897 

076 

2 

3 

266 

495 

716 

929 

135 

335 

528 

716 

900 

079 

3 

4 

270 

499 

720 

933 

139 

338 

531 

719 

903 

082 

4 

5 

274 

503 

724 

936 

142 

341 

534 

722 

906 

085 

1   5 

6 

278 

507 

727 

940 

145 

345 

537 

725 

909 

088 

6 

7 

282 

5" 

731 

943 

149 

348 

540 

728 

912 

091 

7 

8 

286 

514 

734 

947 

152 

351 

543 

732 

915 

094 

1   8 

1 

9 

1.3289 

1.3518 

1.3738 

1.3950 

1. 4156 

1.4354 

1 .4547 

1.4735 

1. 4918 

1.5097 

'   9 

lO 

1.3293 

1.3522 

'•3742 

1.3954 

1. 4159 

1.4357 

1.4550 

1.4738 

1. 492 1 

1.5100 

10 

11 

297 

526 

745 

957 

162 

360 

553 

741 

924 

103 

II 

12 

301 

529 

749 

961 

165 

363 

556 

744 

927 

106 

12 

13 

305 

533 

753 

964 

168 

367 

559 

747 

930 

109 

13 

M 

309 

537 

756 

968 

172 

370 

563 

750 

933 

112 

14 

'5 

313 

540 

760 

971 

175 

373 

566 

753 

936 

11^ 

15 

i6 

1    317 

544 

763 

974 

178 

376 

569 

756 

939 

118 

16 

17 

1    321 

548 

767 

977 

182 

380 

572 

760 

942 

121 

17 

i8 

325 

552 

770 

981 

185 

383 

575 

763 

945 

124 

18 

19 

I  3328 

1.3555 

1.3774 

1.3984 

1.41S8 

1.4386 

1.4579 

1.4766 

1.4948 

1.5127 

19 

20 

13332 

1.3559 

1.3778 

1.3988 

1. 4 192 

1.4390 

1.4582 

1.4769 

14951 

1.5129 

20 

21 

336 

563 

781 

991 

195 

393 

585 

772 

954 

132 

21 

22 

340 

567 

784 

995 

198 

396 

588 

775 

957 

135 

22 

23 

344 

570 

788 

1.3998 

202 

399 

591 

778 

960 

138 

23 

24 

348 

574 

791 

1.4002 

205 

403 

594 

781 

963 

141 

24 

25 

352 

578 

795 

005 

209 

406 

597 

784 

966 

144 

?l 

26 

356 

582 

798 

009 

212 

409 

601 

787 

969 

147 

26 

27 

359 

585 

802 

012 

215 

412 

604 

790 

972 

150 

27 

28 

363 

588 

805 

015 

219 

416 

607 

794 

975 

153 

28 

29 

13367 

1.3592 

1.3809 

1. 4019 

1.4222 

1. 44 19 

1. 4610 

1.4797 

1.4978 

1.5156 

29 

30 

1.3370 

1.3595 

1.3812 

1.4022 

1.4225 

1.4422 

1.4613 

1.4800 

1.4981 

1.5159 
162 

30 

31 

374 

599 

816 

026 

229 

425 

617 

803 

984 

3« 

32 

378 

603 

820 

029 

232 

429 

620 

806 

987 

16s 

32 

33 

381 

606 

823 

032 

235 

432 

623 

809 

990 

168 

33 

34 

385 

610 

827 

036 

239 

435 

626 

812 

993 

171 

34 

35 

389 

614 

830 

040 

242 

438 

629 

815 

996 

174 

1 
35 

36 

393 

618 

834 

043 

245 

442 

632 

818 

'•4999 

177 

36 

37 

397 

621 

838 

046 

249 

445 

636 

821 

1.5002 

180 

37 

38 

401 

625 

841 

050 

252 

448 

639 

824 

005 

183 

38 

39 

1 .3404 

1.3629 

1.3845 

1.4053 

1.4255 

1.4451 

1.4642 

1.4827 

1.5008 

1. 5186 

39 

40 

1.3408 

1.3632 

1.3848 

I  4057 

1.4259 

1.4455 

1.4645 

1.4830 

1.501 1 

1.5188 

40 

41 

412 

636 

852 

060 

262 

458 

648 

834 

014 

191 

41 

42 

416 

640 

855 

064 

265 

461 

651 

837 

017 

194 

42 

43 

420 

643 

859 

067 

269 

464 

654 

840 

020 

197 

43 

44 

423 

647 

862 

070 

272 

467 

658 

843 

023 

200 

44 

45 

427 

651 

866 

074 

275 

471 

661 

846 

026 

203 

45 

46 

431 

654 

870 

077 

279 

474 

664 

849 

029 

206 

46 

47 

435 

658 

873 

081 

282 

477 

667 

852 

032 

209 

47 

48   ; 

439 

662 

877 

084 

285 

480 

670 

855 

035 

211 

48 

49 

1.3443 

1.3665 

1.3880 

1.4088 

1.4288 

1 .4484 

1.4673 

1.4858 

1.5038 

1.5214 

49 

50 

1.3446 

1  3669 

1.3884 

1.4091 

1.4292 

1.4487 

1.4676 

1. 4861 

1.5040 

1.5217 

50 

51 

450 

673 

887 

094 

295 

490 

680 

864 

043 

220 

i  SI 

52 

454 

676 

891 

098 

298 

493 

683 

867 

046 

223 

52 

53 

458 

680 

894 

lOI 

302 

496 

686 

870 

049 

226 

53 

54 

462 

684 

898 

105 

305 

500 

689 

873 

052 

228 

54 

55 

465 

687 

901 

108 

308 

503 

692 

875 

055 

231 

55 

56 

469 

691 

905 

III 

312 

506 

695  ' 

878 

058 

234 

56 

57 

473 

695 

908 

115 

3»5 

509 

698 

52' 

061 

237 

57 

58 

477 

698 

912 

118 

318 

513 

701 

885 

064 

240 

58 

59 

1.348 1 

I  3702 

1-3915 

1. 4122 

1.4322 

i.45»6 

1 .4704 

1.4888 

1.5067 

1.5243 

59 

60 

1.3484 

1.3705 

i.39»9 

1.4125 

1.4325 

1.4519 

1.4707 

1.4891  i 

1 

1.5070 

1.5246 

60 

REFRACTION   TABLES, 


2(1 


TABI,E  VI. 


}A  +  log  tang  z. 


! 

2 

30- 

1 
1 

31^ 

32- 

I 

33- 

34- 

35- 

1 

36- 

!   37- 

t 

38- 

39" 

1 
1 

1 
'      z 

\ 

0' 

o' 

1.5246 

1.5418 

1.5587 

1.5753 

1.5917 

1.6078 

1.6237 

1.6394 

1.6550 

1.6705 

I 

49 

21 

90 

56 

19 

81 

40 

397 

53 

07 

I 

3 

52 

24 

93 

59 

22 

83 

42 

400 

55 

10 

2 

3 

55 

27 

96 

62 

25 

86 

45 

02 

58 

12 

3 

4 

58 

30 

598 

64 

28 

89 

48 

05 

61 

15 

4 

5 

61 

32 

601 

67 

30 

91 

50 

08 

63 

17 

5 

6 

63 

35 

04 

70 

33 

94 

53 

10 

66 

19 

6 

7 

66 

38 

07 

73 

36 

97 

56 

13 

68 

22 

7 

8 

69 

41 

10 

75 

38 

099 

58 

15 

71 

24 

8 

9 

1.5272 

1.5444 

1.5612 

1.5778 

1. 5941 

1. 6102 

1. 6261 

I. 6418 

1-6574 

1.6727 

i   9 

lO 

1.5275 

1.5447 

1.5615 

1.5781 

1.5944 

1. 6 105 

1.6264 

1. 6421 

1.6576 

1.6729 

1 
10 

II 

78 

50 

18 

84 

47 

07 

66 

23 

78 

32 

i  11 

12 

81 

52 

21 

86 

49 

10 

69 

25 

80 

34 

12 

13 

84 

55 

24 

89 

52 

n 

72 

28 

83 

37 

13 

U 

87 

58 

26 

92 

55 

16 

74 

30 

86 

40 

I  14  1 

15 

90 

61 

29 

95 

58 

18 

77 

33 

88 

42 

15 

i6 

92 

64 

32 

797 

60 

21 

79 

35 

91 

45 

16 

17 

95 

67 

35 

800 

63 

23 

81 

38 

93 

47 

17 

i8 

298 

70 

38 

03 

66 

26 

84 

41 

96 

50 

18  ! 

19 

1. 5301 

1.5472 

1.5640 

1.5806 

1.5968 

1.6129 

1.6287 

1.6443 

1.6598 

1.6752 

19 

20 

1-5304 

1.5475 

1.5643 

1.5808 

1.5971 

1.6131 

1.6289 

1.6446 

1.6601 

1.6755 

20 

21 

07 

78 

46 

II 

74 

34 

92 

48 

04 

58 

21 

22 

10 

81 

49 

14 

76 

36 

94 

51 

06 

60 

22 

23 

13 

84 

51 

17 

79 

39 

297 

54 

09 

63 

23  1 

24 

16 

87 

54 

19 

81 

41 

300 

56 

II 

65 

24  i 

1 

25 

19 

89 

57 

22 

84 

44 

02 

59 

14 

68 

1 

25  1 

26 

21 

92 

60 

25 

87 

47 

05 

62 

17 

70 

26 

27 

24 

95 

63 

28 

90 

49 

08 

64 

19 

73 

27 

28 

27 

498 

65 

30 

92 

52 

10 

67 

22 

76 

28  , 

29 

1-5330 

1.5501 

1.5668 

1.5833 

1.5994 

1.6155 

1.6313 

1.6469 

1.6624 

1.6778 

29 

30 

1.5333 

1.5504 

1. 567 1 

1.5835 

1-5997 

1.6157 

1.6315 

1.6472 

1.6627 

1. 6781 

30 

31 

36 

06 

74 

38 

1.6000 

60 

18 

75 

30 

83 

31 

32 

39 

09 

76 

40 

02 

63 

21 

77 

32 

86 

32 

33 

42 

12 

78 

43 

05 

65 

23 

80 

35 

88 

33 

34 

45 

15 

81 

46 

08 

68 

26 

82 

37 

91 

34 

35 

47 

18 

84 

48 

II 

71 

29 

85 

40 

94 

35 

36 

50 

21 

87 

51 

13 

73 

31 

88 

43 

96 

36 

37 

53 

23 

90 

54 

16 

76 

34 

90 

45 

799 

37 

38 

56 

26 

92 

57 

19 

79 

37 

93 

48 

801 

38 

39 

1.5359 

1.5528 

1.5695 

1.5859 

1. 602 1 

1.6181 

16339 

1.6495 

1.6650 

1.6804 

39 

40 

1.5362 

I. 5531 

1.5698 

1.5862 

1.6024 

1.6184 

1.6342 

1.6498 

1.6653 

1.6806 

40 

41 

65 

34 

701 

65 

27 

87 

44 

501 

56 

09 

41 

42 

68 

37 

03 

68 

30 

89 

47 

03 

58 

12 

42 

43 

70 

39 

06 

70 

32 

92 

50 

06 

61 

14 

43 

44 

72 

42 

09 

73 

35 

94 

52 

09 

63 

1.6817 

44 

1 

45 

75 

45 

12 

76 

38 

197 

55 

II 

66 

19 

1 

45  i 

46 

78 

48 

14 

79 

40 

200 

58 

14 

68 

22 

46 

47 

81 

51 

17 

81 

43 

02 

60 

16 

71 

24 

47 

48 

84 

53 

20 

84 

46 

05 

63 

19 

74 

27 

48 

49 

1.5387 

1.5556 

1.5723 

1.5887 

1.6048 

1.6208 

1.6365 

1. 6521 

1.6676 

1.6830 

49 

50 

1.5390 

1.5559 

1.5726 

1.5889 

1. 605 1 

1. 6210 

1.6368 

1.6524 

1.6679 

1.6832 

50 

51 

92 

62 

28 

92 

54 

13 

71 

27 

81 

35 

51 

52 

95 

65 

31 

95 

56 

16 

73 

30 

84 

37 

52 

53 

398 

67 

34 

898 

59 

18 

76 

32 

86 

40 

53 

54 

401 

70 

37 

900 

62 

21 

79 

35 

89 

42 

54 

55 

04 

73 

39 

03 

64 

24 

81 

37 

92 

45 

1 

55  i 

56 

07 

76 

42 

06 

67 

26 

84 

40 

94 

47 

56 

57 

10 

79 

45 

09 

70 

29 

87 

42 

97 

50 

57 

58 

12 

82 

48 

II 

73 

32 

89 

45 

699 

53 

58 

59 

1.5415 

1.5584 

1.5750 

I-59M 

1.6075 

1.6234 

1.6392 

1.6548 

1.6702 

1.6855 

59 

60 

1.5418 

1.5587 

1.5753 

1.5917 

1.6078 

1.6237 

1.6394 

1.6550 

1.6705 

1.6857 

60 
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REFRACTION  TABLES. 


In  order  that  all  the  refraction  tables  may  be  conveniently  together  the  three 
tables  giving  the  terms  B,  y  and  T  published  in  Volume  I  of  these  Publications 
are  given  again  here  as  Tables  I,  II,  III  respectively.  Table  IV  gives  A,  A  and  o. 
Table  V  gives  /.  [Tables  IV  and  V  are  reprinted  from  the  Pulkowa  Tables.] 
Table  VI  is  the  Pulkowa  table  for  //  -f-  log  tgz  corrected  by 

J  /i  =  +  0.000108  (58°  —  2) 

where  z  is  in  degrees.     The  refractions  are  then  to  be  computed  from  these  tables 
by  the  formula 

log  Refr.  =  )w  +  log  tg-s"  -f-  A  (B  +  T)  +  A ;/  —  ai, 

R.  T.  C. 
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TABI.E  I. 
Values  op  thb  Refraction  Term  B. 


Bar.  Inches. 


I  ~  • 


(Units  of  the  fifth  dedtnal  place.) 


.CX) 


.01 


.02 


■03 


.04 


7330 
7157 
6984 
6812 
6641 


5627 
5460 

5294 
5129 

4964 


7313 
7140 

6967 

6795 
6624 


7296 
7122 
6950 
6778 
6607 


7278 

7105 

6933 
6761 

6590 


-6470 

-6453  1 

-6436 

-6419 

6300 

6283  1 

6266 

6249 

6131 

6114 

6097 

6080 

5962 

5945  , 

5929  , 

5912 

5794 

5777 

5761  ! 

1- 

5744 

7261 
7088 

6915 
6744 
6573 


6402 
6232 

6063 
5895 

5727 


-5610 

-5594 

S444 

5427 

5278   : 

5261 

5II2 

5096 

4947 

4931 

I  _ 


5577 
5410 

5244 
5079 
4915 


5560 

5394 
5228 

5063 
4898 


With  right 
hand  col. 


•05 


7243 
7070 

6898 

6726 

6555 


6385 
6215 

6046 

5878 

5711 


5543 

5377 
521 1 

5046 

4882 


.06 


7226 

7053 
6881 

6709 
6538 


6368 
6199 
6030 
5861 
5694 


5527 
5360 

5195 
5030 
4865 


4701 

4538 
4376 

4214 
4052 


1.2 


.07 


.08 


•09 


t 


With  left 
hand  col. 


7209 
7036 
6864 
6692 
6521 


-7191 
7019 

6847 
6675 
6504 


6351 
6182  , 

6013 

5845 
5677  ' 


6334 
6165 

5996 
5828 
5660 


7174 
7001 

6829 

6658 

6487 


6317 
6148 

5979 
581 1 

5644 


20  X  Bar. 

500 
502 

504 
506 

508 


55 'o 

5344 
5178 
5013 
4849 


5493 
5327 
5162 

4997 
4832 


5477 
53" 
5M5 
4980 
4816 


4685 
4522 

4359 

4197 
4036 


4669 
4506 

4343 
4181 

4020 


4652 

4489 

4327 
4165 

4004 


-3891 

-3875 

3731 

3572 

3715 
3556 

3413 
3254 

3397 
3238 

-3096 

-3080 

2939 
2782 

1    2626 

2923 
2767 
2610 

2470 

2455 

-2315 

1 

1 

-2300 

3859 

3699 
3540 

3381 

3222 


I 


3843 

3683 

3524 
3365 
3207 


1.4 


-3065 

2908 

2751 
2595 
2439 

-2285 


1.6 


-3049  I 
2892 

2735 
2579 
2424 

-2269 


5«o 
5«2 

514 
516 

518 


520 
522 

524 
526 

52S 


530 
532 
534 
536 
538 


540 
542 

544 
546 
548 


550 
552 
554 
556 

558 

560 


N.  B. — The  left  hand  column  and  top  argument  give  the  whole  argument  for  a  barometer  reading  in  inches ;  the  right  hand  column 
and  bottom  argument  give  the  entry  for  20  times  the  barometer  reading  in  inches. 
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TABLE  II. 

Values  of  the  Refraction  Teku  y. 

(Units  of  the  fifth  decimal  place.) 


t 

. 

"   1   ' 

4 

5 

6 

7   1   8 

9 

.    » 

i 

4 

5 

6 

7 

' 

'! 

!    .• 

+  4412 

+4,T« 

+  4213 

.4,.» 

.4=,. 

+  393K 

+  3846 

+  365H 

S6  1  66 

841 

3470 

3376 

3184 

3190 

3099 

3008 

3914 

3823 

3640 

9 

37  '1  46 

55  64 

74  83 

30 

3547 

3457 

2'75 

3ti94 

2004 

1734 

9 

54  6i 

7J  81 

30 

1645 

15S4 

1466 

■37» 

1033 

934 

847 

9 

■8  17 

W 

44 

5,1 

,1  80 

I      *• 

+  759 

+  497 

+   411 

.3=4 

+  «3» 

+  IS" 

9 

J5 

43 

5!J 

69  78 

50 

-  107 

-  "93 

-  "79 

-  364 

-  4SO 

■-,« 

-  6ao 

-  704 

-  739 

-  873 

9 

1;   36 

M, 

41 

51 

60 

68  77 

957 

104a 

1115 

1393 

'377 

1460 

IS43 

1636 

U 

17  as 

33 

43 

50  .  58  [  67  ;  75 

1873 

i^tlfi 

»« 

33S5 

3366 

3446 

3538 

3  ;  .5  1  34 

a6o9 

.M, 

3771 

»85. 

»93» 

3093 

3172 

3»53 

3»  ,40 

48,56,*4  7= 

90 

-i4'4 

-3493 

-3573 

-36SI 

-3731 

-jbio 

-3B89 

-3967 

-4046 

-4134 

31  39 

i! 

47  ,  55  1  *3  '  70 

TABLE  III. 
Values  ok  Refraction  Term  T, 
(Units  of  the  fifth  decimal  place.) 


f.  (Fahr.) 

. 

. 

. 

3 

4 

5 

6 

7 

« 

9 

q' 

+  HI 

+  117 

+  109 

.... 

+  98 

.  +  78 

+  74 

+  70 

+  58 

+  55 

+  5> 

+  47 

+  39 

+  3' 

+  30 

+  16 

+  13 

30 

+  4 

-  4 

-  30 

-  33 

-  37 

40 

-  3' 

-  35 

-  39 

-  43 

-  47 

-  51 

-  55 

50 

-  70 

-  74 

-  78 ! 

-  83 

-  86 

-  90 

-  93 

-  97 

-101 

-105 

60 

-113 

-134 

-13* 

-140 

-144 

-156  ; 

-164 

-168 

-183 

80 

-191 

-'95  : 

-199 

90 

-MS 

-339 

-.33  [ 

-*37 

-341 

-244 

-353 

-356 

2o6 
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TABLE  IV. 
Values  of  thk  Refraction  Terms  A,  A  and  (t. 


45 

50 

55 
60 

61 

62 

63 
64 
65 

66 

67 
68 

69 

70 

71 
72 
73 
74 

75  o' 

75  30 

76  o 

76  30 

77  o 

77  30 

78  o 

78  30 

79  o 

79  30 

80  o 
10 
20 

•  30 
40 

50 

81  o 
10 
20 

30 
40 

50 

82  o 
10 
20 

30 
40 

50 

83  o 
10 
20 

30 
40 

50 

84  o 
10 
20 

30 
40 

50 

85  o 


.0018 
.0022 
.0029 

.0044 
.0047 

.0051 

.0055 
.0059 

.0064 
0070 

.0077 

.0085 

.0093 

.0103 
.0115 
.0130 

.0147 

.0166 
.0188 

.0200 
.0216 

.0235 
•0253 

.0271 
.0293 
.0318 
.0344 
.0374 

.0409 

.0421 

•0433 
.0447 

.0461 

.0475 

.0491 
.0508 

.0525 
.0542 

.0561 
.0580 

.0600 
.0622 
.0645 
.0669 

.0694 

.0720 

.0747 

.0776 
.0807 

.0839 
.0874 

.0911 

.0949 

.0990 

.1034 

.1080 

.1128 
.1180 


I. 1235 


1.0029 
1.0030 
1.0033 

I -0035 

1.0038 
1. 0041 

1.0044 


1.0048 


1.0052 

1.0057 

1.0063 
1.0070 

1.0078 
0.0087 

1.0098 

I.OII2 


I.OI27 


6 

s 

1 

X 

1 

A 

1 

6 

e   / 
85   0 

5 
10 

1     '5 

1. 1235 
1264 
1294 
1325 

1.0127 

0.00146 

'    20 

1357 

141 

170 

25 

1390 

30 

1424 

35 

1459 

40 

1495 

156 

202 

45 

1532 

50 

1571 

55 

161 1 

86  0 

1. 1652 

1. 0172 

0.00241 

5 

1695 

10 

1740 

181 

264 

15 

1786 

20 

1833 

192 

290 

25 

1882 

• 

30 
1    35 

1934 
1^7 

203 

320 

40 

2040 

214 

352 

45 

2095 

50 

2153 

227 

386 

1    55 

1 

2214 

87  0 

1.2277 

I.0241 

0.00421 

2 

2303 

4 

2329 

247 

437 

6 

2356 

8 

2383 

254 

453 

0.00019 

10 

2410 

12 

2438 

261 

471 

0.00022 

14 

2466 

16 

2495 

268 

489 

18 

2524 

0.00025 

20 
22 

2554 
2584 

275 

509 

24 

2615 

282 

529 

0.00029  - 

26 

2646 

28 

2677 

290 

550 

30 

2708 

0.00035 

32 
34 

2740 
2772 

297 

572 

36 

2805 

305 

594 

0.00045 

38 

2839 

40 

2873 

313 

617 

42 

2908 

0.00057 

44 
46 

2942 
2978 

321 

641 

48 

30M 

328 

666 

0.00073 

50 

3051 

52 

3088 

338 

693 

54 

3125 

0.00091 

56 
87  58 

3163 
3202 

347 

721 

O.00116 

88  0 

1.3241 

1.0357 

0.00749 

0.00146 

1 
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TABl 

,E  IV. 

Valuks  of  the  Rbpraction  Terms  A,  A 

AND  (5, 

A 

i 

z 

A 

A 

1 

6 

1 

z                  A 

1    .    ■ 

6 

0   / 

88  0 

1. 3241 

10357 

1 

o.(X)749 

0  / 
89  15 

1.5218 

1 
1 

2 

3280 

1 

16 

5252 

1.0609 

0.01582 

4 

3321 

367 

778 

17 

5287 

6 

3362 

1 

18 

5322 

1613 

8 

3403 

376 

810   i 

19 

5357 

10 

3445 

1 

20 

5392 

628 

1644 

12 

3487 

387 

842   ' 

21 

5427 

14 

3531 

22 

5463 

1675 

16 

3575 

397 

876 

23 

5500 

18 

3620 

24 

5537 

648 

1709 

20 

3665 

409 

912 

25 

5574 

22 

37  >o 

26 

561 1 

1744 

24 

3757 

420 

948 

27 

5648 

26 

3805 

28 

5685 

669 

1779  ' 

28 

3853 

431 

986 

29 

5723 

1 

30 

3902 

30 

5762 

1813 

32 

3951 

443 

1026 

31 

5801 

34 

4(X)2 

32 

5840 

690 

1849 

36 

4053 

455 

1067 

33 

5879 

38 

4107 

34 

5918 

1886 

40 

4161 

468 

IIII 

35 

5957 

42 

4214 

36 

5997 

712 

1923 

44 

4268 

482 

"55 

37 

6037 

46 

4323 

38 

6077 

1961 

48 

437« 

496 

1201 

39 

6117 

50 

4433 

1 

40     6158 

734 

1999 

52 

4490 

5" 

1249  1 

41     6199 

54 

4549 

42     6241 

2038  : 

56 

4608 

526 

1300 

43  i   6283 

1 

8858 

4669 

] 

44 

6325 

758 

2079 

89  0 

1.4729 

1. 054 1 

0.01352 

45 

6367 

i 

I 

4760 

; 

46 

6410 

2119  , 

2 

4791 

1379 

47 

6453 

3 

4823 

48 

6497 

782 

2161 

4 

4855 

558 

1407 

49 

6541 

5 

4887 

50 

6585 

2203 

6 

4919 

1435 

51 

6630 

^       1 

7 

4951 

52 

6675 

807 

2246  1 

8 

4984 

575 

1464 

53 

6720 

9 

5017 

1 
1 

54 

6765 

2288 

10 

5050 

1493  ; 

55 

6811 

1 

II 

5083 

1 

1 

56 

6857 

833 

2332  ' 

12 

5"6 

1.0592 

1522 

57 

6904 

1 

13 

5150 

58 

6951 

2377 

14 

5184 

0.01552 

89  59 

6998 

89  15 

1.5218 

90  0 

1.7046 

1.0859 

0.02424 

TABLE  V. 
ValuEvS  of  the  Refraction  Term  /. 


Jan.  15  . 

•    •    « 

.  .      -0.34 

Feb.  15  . 

•    •    • 

-0.27 

Mar.  15  . 

•    •    •    < 

-  0.05 

Apr.  15  . 

•    •    • 

.  .      +0.08 

May  15  . 

•    •    •    « 

+  0.20 

June  15  . 

•    •    • 

.  .      +0.26 

July  15 
Aug.  15 
Sept.  15 
Oct.  15 
Nov.  15 
Dec.  15 


+  0.33 
+  0.30 

+  0.19 

-0.16 

-0.33 

-0.37 


2lB 
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TABLE  VI. 


/i  +  log  tang  z. 


O' 

I 

2 

3 
4 

5 
6 

7 
8 


lo 
II 

12 

13 
M 

15 
i6 

17 
i8 

19 

20 
21 
22 

23 
24 

25 
26 

27 
28 

29 

30 

31 
32 

33 
34 

35 
36 
37 
38 
39 

40 

41 
42 

43 
44 

45 
46 

47 
48 

49 

50 

51 
52 
53 
54 

55 
56 
57 
58 

59 
60 


-  00 
8.230 

•531 
.707 

8.832 

8.929 
9.008 

•075 

•133 

9.184 

9.230 
.271 

•309 

.344 

9376 

9.406 

.434 
.460 

.4»5 
9.509 

9531 
.552 
.572 

.592 
9.610 

9.628 

.645 
.661 

.677 

9.692 

9.707 
.721 

•735 

.749 
9.762 

9.774 
.786 

.798 
.810 

9.821 

9832 
.843 
.853 
.864 

9.874 

9.883 

.893 
.902 

.911 

9.920 

9.929 

.938 
.946 

.954 
9.962 

9.970 
.978 
.986 

9.994 

O.OOII 

0.0083 


0.0083 

0.3094 

155 

130 

226 

166 

295 

201 

0.0364 

0.3236 

0.0431 

0.3271 

497 

306 

563 

341 

627 

375 

0.0691 

03408 

0.0753 

0.3442 

815 

475 

875 

.508 

935 

541 

0.0994 

0.3574 

0.1053 

0.3606 

no 

638 

167 

670 

223 

702 

0.1279 

0.3733 

0.1333 

0.3764 

387 

795 

440 

826 

493 

856 

0.1545 

0.3887 

0.1596 

0.39x7 

647 

947 

698 

0.3976 

747 

0.4006 

0.1796 

0.4035 

0.1845 

0.4064 

893 

093 

940 

122 

0.1987 

150 

0.2034 

0.4179 

0.2080 

0.4207 

125 

235 

170 

263 

215 

290 

0.2259 

0.4317 

0.2303 

0.4345 

346 

389 

431 
0.2473 

0.2515 
556 

597 

637 
0.2677 

0.2717 
756 
795 
834 

0.2872 

0.2909 

947 
0.2984 

0.3021 

0.3058 

0.3094 


372 

399 
426 

0.4452 

0.4479 
505 
531 
557 

0.4583 

0.4608 

634 

659 
685 

0.4709 

0.4734 
758 

783 

808 

0.4832 

0.4856 


0.4856 
880 

904 
928 

0.4952 

0.4975 

0.4999 
0.5022 

045 
0.5068 

0.5091 
114 

>37 
160 

0.5182 

0.5205 
227 

249 
271 

0.5293 

0.5315 
336 
358 
380 

0.5401 

0.5422 

443 
464 

485 
0.5506 

0.5527 
548 
568 

589 
0.5609 

0.5630 
650 
670 
690 

0.5710 

0.5730 

749 
769 

789 
0.5808 

0.5828 

847 
866 

885 

0.5904 

0.5922 
941 
960 

979 
05997 

0.6016 

034 

053 
071 

0.6089 
0.6108 


0.6108 
126 
144 

162 
.06180 

0.6198 
215 

233 

250 

0.6268 

0.6285 

303 
320 

338 
0.6355 

0.6372 

389 
406 

423 
0.6440 

0.6457 

473 
490 

507 
0.6523 

0.6540 

556 

572 

589 
0.6605 

0.6621 

637 

653 

669 

0.6685 

0.6701 

717 

733 

748 

0.6764 

0.6780 

795 

811 

826 
0.6841 

0.6856 
871 
886 
902 

0.6917 

0.6932 

947 
962 

977 
0.6991 

o  7006 
021 
036 
050 

0.7065 

0.7080 


6* 


7*   '   8* 


0.7080 

094 
109 

123 

0.7138 

0.7152 
166 
180 

195 
0.7209 

0.7223 
237 

251 
265 

0.7279 

0.7293 

307 
320 

334 
0.7348 

0.7362 

375 

389 
402 

0.7416 

0.7429 
443 
456 
469 

0.7483 

0.7496 

509 
522 

535 
0.7549 

0.7562 

575 
588 

601 

0.7613 

0.7625 
638 

651 

664 

0.7677 

0.7689 
702 

714 

727 
0.7740 

0.7752 
765 

777 
790 

0.7802 

0.7814 
827 
839 
851 

0.7863 

0.7875 


__           1 

0.7875 

0.8550 

0.9135 

0.9653 

888 

560 

144 

661 

900 

571 

153 

669 

912 

581 

163 

678 

0.7924 

0.8591 

0.9172 

0.9686 

0.7936 

0.8602 

0.9181 

0.9694 

948 

612 

190 

702 

960 

622 

199 

710 

972 

63a 

208 

718 

0.7983 

0.8643 

0.9217 

0.9726 

0.7995 

0.8653 

0.9226 

0.9734 

0.8007 

663 

235 

742 

019 

673 

244 

750 

031 

683 

253 

758 

0.8042 

0.8694 

0.9262 

0.9766 

0.8054 

0.8704 

0.9271 

0.9774 

066 

714 

279 

782 

077 

724 

288 

790 

089 

734 

297 

798 

0.8101 

0.8744 

0.9306 

0.9806 

0.8112 

0.8754 

0.9315 

0.9814 

124 

764 

324 

822 

135 

774 

332 

839 

147 

784 

341 

836 

0.8158 

0.8794 

0.9350 

0.9844 

0.8169 

0.8803 

0.9359 

0.9852 

181 

813 

367 

860 

192 

823 

376 

868 

203 

833 

384 

876 

0.8215 

0.8843 

0.9392 

0.9883 

0.8226 

0.8852 

0  9401 

a989i 

237 

862 

410 

899 

248 

872 

418 

907 

259 

881 

427 

914 

0.8271 

0.8890 

0.9436 

0.9923 

0.8282 

0.8900 

0.9444 

0.9930 

292 

910 

453 

937 

303 

919 

461 

945 

3*4 

929 

470 

953 

0.8325 

0.8938 

0.9478 

0.9961 

0.8336 

0.8948 

0.9487 

0.9968 

347 

957 

495 

976 

358 

967 

504 

983 

369 

976 

512 

991 

0.8379 

0.8986 

0.9520 

0.9999 

0.8390 

0.8995 

0.9529 

1.0006 

401 

0.9005 

537 

014 

412 

014 

546 

021 

422 

024 

554 

029 

0.8433 

0.9033 

0.9562 

1.0036 

0.8444 

0.9043 

0.9571 

1.0044 

455 

052 

579 

051 

465 

061 

587 

059 

476 

071 

595 

066 

(i.8486 

0.9080 

0.9604 

1.0074 

0.8497 

0.9089 

0.9612 

1.0081 

508 

620 

089 

518 

107 

629 

096 

529 

117 

637 

104 

0.8539 

0.9126 

0.9645 

I.OIII 

0.8550 

0.9135 

0.9653 

1.0118 

o' 
1 

2 

3 
4 

5 
6 

7 
8 

9 

10 
II 
12 

13 
14 

15 
16 

17 
18 

19 

20 
21 

32 

23 

24 

25 
26 

29 

30 

31 
32 

33 
34 

35 

36 

37 
38 

39 

40 
41 
42 
43 


45 
^6 

47 
48 

49 

50 

51 
52 

53 
54 

55 

56 

% 

59 
60 
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TABLE  VI. 

IX  +  log  tang  z. 

1 6* 

1 

17- 
1.2500 

i8* 

z 

lO* 

1 

II' 
1.0540 

12** 
1.0928 

13' 
1.1286 

14- 
1.1618 

15^ 

!    .9- 

1 
t 

z 

1 

0' 

1.0118 

1. 1929 

1.2223 

1.2764 

I.3014 

0 

I 

126 

547 

934 

291 

623 

934 

227 

505 

768 

018 

I 

2 

133 

554  . 

940 

297 

628 

940 

232 

509 

772 

023 

2 

3 

140 

561^ 

'    946 

303 

634 

945 

237 

514 

776 

027 

3 

4 

148 

567 

952 

309 

639 

950 

242 

518 

•781 

031 

4 

5 

155 

574 

959 

314 

644 

955 

246 

523 

785 

035 

5 

6 

162 

581 

965 

319 

650 

960 

251 

527 

789 

039 

6 

7 

170 

587 

971 

325 

655 

965 

256 

532 

794 

043 

7  1 

8 

177 

594 

977 

330 

660 

970 

261 

536 

798 

047 

8 

9 

1.0184 

1. 0601 

1.0983 

1. 1336 

1. 1666 

1. 1975 

1.2266 

1. 2541 

1.2802 

1.3051 

9 

10 

192 

1.0607 

1.0989 

1. 1342 

1.1671 

1. 1980 

1.2270 

1.2545 

1.2806 

055 

10 

II 

199 

614 

1.0995 

348 

676 

985 

275 

550 

811 

059 

II 

12 

206 

620 

I.IOOI 

353 

682 

990 

280 

554 

815 

063 

12 

13 

213 

626 

007 

359 

687 

1. 1995 

284 

559 

819 

067 

13  : 

14 

221 

633 

013 

365 

692 

1.2000 

289 

563 

823 

072 

14 

1 

15 

228 

640 

019 

370 

698 

005 

294 

567 

828 

076 

1 

15 

16 

235 

646 

025 

376 

703 

010 

.299 

572 

832 

080 

16 

17 

242 

653 

031 

382 

708 

015 

303 

576 

836 

084 

17 

18 

249 

659 

037 

387 

714 

020 

308 

581 

840 

088 

18 

19 

1.0256 

1.0666 

1. 1043 

1. 1393 

1.1719 

1.2025 

I. 2313 

1.2585 

1.2845 

1.3092 

19 

20 

1.0263 

1.0673 

1. 1049 

1. 1399 

1.1724 

1.2030 

1.2317 

1.2590 

1.2849 

1.3096 

20 

21 

270 

5z? 

055 

404 

729 

034 

322 

594 

853 

100 

21 

22 

277 

686 

061 

410 

735 

039 

327 

599 

857 

104 

22 

23 

284 

692 

067 

415 

740 

044 

331 

603 

861 

108 

23 

24 

291 

699 

073 

421 

745 

049 

336 

607 

866 

112 

24 

25 

298 

705 

079 

427 

750 

054 

341 

612 

870 

116 

25 

26 

305 

712 

086 

432 

756 

059 

345 

616 

874 

120 

26 

27 

312 

718 

092 

438 

761 

064 

350 

621 

878 

124 

27 

28 

319 

725 

098 

443 

766 

069 

355 

625 

883 

128 

28 

29 

1.0327 

1.0731 

1.1104 

1. 1449 

1.1771 

1.2074 

1.2359 

1.2630 

1.2887 

1.3132 

29 

30 

I.C334 

1.0738 

1.1109 

1. 1454 

1. 1776 

1.2079 

1.2364 

1.2634 

1. 2891 

1-3136 

30 

31 

341 

744 

"5 

460 

782 

084 

369 

638 

895 

140 

31 

32 

348 

751 

121 

466 

787 

.  089 

373 

643 

899 

144 

32 

33 

355 

757 

127 

471 

792 

093 

378 

647 

904 

147 

33 

34 

362 

763 

133 

477 

797 

098 

382 

652 

908 

15X 

34 

35 

369 

770 

139 

482 

803 

103 

387 

656 

912 

155 

35 

36 

376 

776 

145 

488 

808 

108 

392 

660 

916 

159 

36 

37 

383 

783 

151 

493 

813 

113 

396 

665 

920 

163 

37 

38 

390 

789 

157 

499 

818 

118 

401 

669 

924 

167 

38 

39 

1.0397 

1.0795 

1.1163 

1. 1504 

I. 1823 

1. 2123 

1.2405 

1.2673 

1.2928 

1.3171 

39 

40 

1.0404 

1.0802 

1. 1 169 

1.1510 

1. 1828 

1. 2128 

1. 2410 

1.2678 

1.2932 

1.3175 

40 

41 

4" 

808 

175 

515 

833 

132 

415 

682 

936 

179 

41 

43 

418 

815 

181 

521 

839 

137 

419 

687 

940 

183 

42 

43 

424 

821 

187 

526 

844 

142 

424 

691 

944 

1*7 

43 

44 

431 

827 

192 

532 

849 

147 

428 

695 

948 

191 

44 

45 

438 

834 

198 

537 

854 

152 

433 

699 

952 

195 

45 

46 

445 

840 

204 

543 

859 

157 

437 

703 

957 

199 

46 

% 

452 

846 

210 

548 

864 

161 

442 

707 

961 

203 

47 

459 

853 

216 

554 

869 

166 

447 

712 

965 

207 

48 

49 

1.0466 

1.0859 

I. 1222 

I  1559 

I. 1874 

1.2171 

1. 2451 

1. 2716 

1.2969 

1.3211 

49 

50 

1.0473 

1.0865 

1. 1228 

1. 1565 

I. 1879 

1. 2176 

I  2455 

1.2720 

1.2973 

1-3215 

50 

51 

479 

871 

233 

570 

885 

181 

459 

725 

977 

219 

51 

53 

486 

878 

239 

575 

890 

186 

464 

729 

9?^ 

223 

52 

53 

493 

884 

245 

581 

895 

190 

468 

733 

986 

227 

53 

54 

500 

890 

251 

586 

900 

194 

473 

738 

990 

230 

54 

55 

507 

897 

257 

592 

904 

199 

477 

742 

994 

234 

55 

56 

514 

903 

262 

597 

909 

204 

482 

746 

1.2998 

238 

56 

57 

520 

909 

268 

602 

914 

208 

486 

750 

1.3002 

242 

57 

58 

527 

915 

274 

608 

919 

213 

491 

755 

006 

246 

58 

59 

1.0534 

1. 092 1 

I. 1280 

1.1613 

1. 1924 

1. 2218 

1.2496 

1.2759 

1. 3010 

1-3250 

59 

60 

X.0540 

1.0928 

I. 1286 

1.1618 

1. 1929 

1.2223 

1.2500 

1.2764 

1. 3014 

1.3254 

60 
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TABLE  VI. 

/i  +  log  tang  s-. 

1 

26* 

i.45«9 

27* 

1.4707 

28* 

I  4891 

29- 
1.5070 

i 

20- 
1.3254 

21" 

1.3484 

22- 

1.3705 

23- 
1.3919 

24^ 

25-   1 

J 

1.4325 

r 

O' 

1.4125 

0' 

I 

258 

488 

709 

922 

128 

328 

522 

710 

894 

073 

I 

2 

262 

492 

713 

926 

132 

33* 

525 

7»3i 

897 

076 

2 

3 

266 

495 

716 

929 

135 

335 

528 

716 

900 

079 

3 

4 

270 

499 

720 

933 

139 

338 

531 

719 

903 

082 

4 

5 

274 

503 

724 

936 

142 

341 

534 

722 

906 

085 

5 

6 

278 

507 

727 

940 

M5 

345 

537 

725 

909 

088 

6 

7 

282 

5" 

731 

943 

149 

348 

540 

728 

912 

091 

7 

8 

286 

514 

734 

947 

152 

351 

543 

732 

9*5 

094 

8 

9 

1.3289 

t.3518 

1.3738 

1.3950 

1. 4156 

1-4354 

1-4547 

1.4735 

i.49«8 

1.5097 

'   9 

r 

lO 

1.3293 

1-3522 

1.3742 

1.3954 

1. 4159 

1.4357 

1.4550 

1.4738 

1. 492 1 

1.5100 

'  to 

II 

297 

526 

745 

957 

162 

360 

553 

741 

924 

103 

II 

12 

301 

529 

749 

961 

165 

363 

556 

744 

927 

106 

12 

13 

305 

533 

753 

964 

168 

367 

559 

747 

930 

109 

13 

14 

309 

537 

756 

968 

172 

370 

563 

750 

933 

112 

14 

15 

3«3 

540 

760 

971 

175 

373 

566 

753 

936 

\\l 

15 

i6 

317 

544 

763 

974 

178 

376 

569 

756 

939 

16 

17 

321 

548 

767 

977 

182 

380 

572 

760 

942 

12! 

17 

i8 

325 

552 

770 

981 

185 

383 

575 

763 

945 

124 

18 

19 

1.3328 

1-3555 

1.3774 

1.3984 

1.4188 

1.4386 

'4579 

1.4766 

1.4948 

I.5127 

19 

20 

1-3332 

1.3559 

1.3778 

1.3988 

1.4192 

1.4390 

1.4582 

1.4769 

I  4951 

X.5I29 

20 

21 

336 

563 

781 

991 

195 

393 

585 

772 

954 

132 

31 

22 

340 

567 

784 

995 

198 

396 

588 

775 

957 

135 

32 

23 

344 

570 

788 

1.3998 

202 

399 

591 

778 

960 

138 

23 

24 

348 

574 

791 

1.4002 

205 

403 

594 

781 

963 

141 

24 

25 

352 

578 

795 

005 

209 

406 

597 

784 

966 

144 

25 

26 

356 

582 

798 

009 

212 

409 

601 

787 

969 

147 

26 

27 

359 

585 

802 

012 

215 

412 

604 

790 

972 

150 

27 

28 

363 

588 

805 

015 

219 

416 

607 

794 

975 

153 

38 

29 

I  3367 

1.3592 

1.3809 

1.4019 

1.4222 

1.4419 

1. 4610 

1.4797 

1.4978 

1.5156 

29 

30 

1.3370 

1.3595 

1.3812 

1.4022 

1.4225 

1.4422 

1.4613 

1.4800 

1.4981 

1.5159 
162 

30 

31 

374 

599 

816 

026 

229 

425 

617 

803 

984 

3" 

32 

378 

603 

820 

029 

232 

429 

620 

806 

987 

165 

32 

33 

381 

606 

823 

032 

235 

432 

623 

809 

990 

168 

33 

34 

385 

610 

827 

036 

239 

435 

626 

812 

993 

171 

34 

35 

389 

614 

830 

040 

242 

438 

629 

815 

996 

174 

35 

36 

393 

618 

834 

043 

245 

442 

632 

818 

^•4999 

177 

36 

37 

397 

621 

838 

046 

249 

445 

636 

821 

1.5002 

180 

37 

38 

401 

625 

841 

050 

252 

448 

639 

824 

005 

183 

38 

39 

1.3404 

1.3629 

1.3845 

I  4053 

1.4255 

I -445 1 

1.4642 

1.4827 

1.5008 

1.5186 

39 

40 

1.3408 

1-3632 

1.3848 

I  4057 

1.4259 

1.4455 

1.4645 

1.4830 

1. 501 1 

1.5188 

40 

41 

412 

636 

852 

060 

262 

458 

648 

834 

014 

191 

41 

42 

416 

640 

855 

064 

265 

461 

651 

837 

017 

194 

42 

43 

420 

643 

859 

067 

269 

464 

654 

840 

020 

197 

43 

44 

423 

647 

862 

070 

272 

467 

658 

843 

023 

200 

44 

45 

427 

651 

866 

074 

275 

471 

661 

846 

026 

203 

45 

46 

431 

654 

870 

077 

279 

474 

664 

849 

029 

206 

46 

47 

435 

658 

873 

081 

282 

477 

667 

852 

032 

209 

47 

48  1 

439 

662 

877 

084 

285 

480 

670 

855 

035 

211 

48 

49 

1.3443 

1.3665 

1.3880 

1.4088 

1.4288 

1.4484 

1.4673 

1.4858 

1.5038 

1.5214 

49 

50 

1.3446 

1  3669 

1.3884 

1.4091 

1.4292 

1 .4487 

1.4676 

I. 4861 

1.5040 

1.5217 

50 

51 

450 

673 

887 

094 

295 

490 

680 

864 

043 

220 

i  51 

52 

454 

676 

891 

098 

298 

493 

683 

867 

046 

223 

52 

53 

458 

680 

894 

lOI 

302 

496 

686 

870 

049 

226 

53 

54 

462 

684 

898 

105 

305 

500 

689 

873 

052 

228 

54 

55 

465 

687 

901 

108 

308 

503 

692 

875 

055 

231 

55 

56 

469 

691 

905 

III 

312 

506 

695 

878 

058 

234 

56 

57 

473 

695 

908 

115 

3»5 

509 

698 

881 

061 

237 

57 

58 

477 

698 

912 

118 

318 

513 

701 

885 

064 

240 

58 

59 

1. 348 1 

I  3702 

i.39>5 

1. 4122 

1.4322 

1.4516 

1.4704 

1.4888 

1.5067 

1.5243 

59 

60 

1.3484 

1.3705 

1-3919 

1.41 25 

1.4325 

I -45 19 

1.4707 

1.4891 

1.5070 

1.5246 

60 
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TABLE  VI. 
H  +  log  tang  z. 


1 

- 

1 

2       ' 

30* 

1 

31* 

32-    ; 

1 

0' 

1.5246 

I.5418 

1.5587 

I 

49 

31 

90 

3 

52 

24 

93 

3 

55 

27 

96 

4 

58 

30 

598 

5 

61 

32 

601 

6 

63 

35 

04 

7  ' 

66 

38 

07 

8 

69 

41 

10 

9 

1.5372 

X.5444 

1.5612 

lO 

1.5275 

1.5447 

1.5615 

II  i 

78 

50 

18 

13   ' 

81 

52 

31 

13 

84 

55 

24 

14 

87 

58 

36 

15 

90 

61 

29 

i6 

92 

64 

32 

17 

95 

67 

35 

i8 

398 

70 

38 

19 

1.5301 

1.5472 

1.5640 

30 

1.5304 

1.5475 

1.5643 

31 

07 

78 

46 

33 

10 

81 

49 

23 

13 

84 

51 

H 

16 

87 

54 

as 

19 

89 

57 

36 

31 

92 

60 

37 

24 

95 

63 

38 

27 

498 

65 

29 

1.5330 

1. 5501 

1.5668 

30 

1.5333 

1.5504 

1.5671 

31 

36 

06 

74 

32 

39 

09 

76 

33 

42 

13 

78 

34 

45 

15 

81 

35 

47 

18 

84 

36 

50 

31 

87 

37 

53 

23 

90 

38 

56 

36 

92 

39 

1.5359 

1.5528 

1.5695 

40 

1.5362 

1. 5531 

1.5698 

41 

^A 

34 

.  701 

42 

68 

37 

03 

43 

70 

39 

06 

44 

72 

42 

09 

45 

75 

45 

12 

46 

78 

48 

14 

47 

81 

51 

17 

48 

84 

53 

20 

49 

1.5387 

1.5556 

1.5723 

50 

1.5390 

1.5559 

1.5726 

51 

92 

63 

28 

52 

95 

65 

31 

53 

398 

67 

34 

54 

401 

70 

37 

55 

04 

73 

39 

56 

07 

76 

42 

57 

10 

79 

45 

S» 

13 

83 

48 

59 

I.5415 

1.5584 

1.5750 

60 

I.5418 

1.5587 

1.5753 

33' 


34' 


1.5753 
56 

59 
62 

64 

67 
70 

73 

75 

1.5778 

1.5781 
84 
86 

89 
92 

95 

797 
800 

03 
1.5806 

1.5808 
II 
14 
17 
19 

32 

25 

38 

30 
1.5833 

1.5835 
38 
40 

43 
46 

48 
51 
54 
57 
1.5859 

1.5863 

65 
68 

70 

73 

76 

79 
81 

84 
1.5887 

1.5889 
92 

95 
898 
900 

03 
06 

09 
II 

1.5914 
i.59>7 


1.5917 
19 

22 

25 

28 

30 

33 

36 

38 

1. 5941 

1.5944 
47 
49 
52 

55 

58 
60 

63 
66 

1.5968 

1.5971 
74 
76 

79 
81 

84 
87 
90 
92 

1.5994 

1-5997 
1.6000 

02 

05 
08 

II 

13 
16 

19 
1. 602 1 

1.6024 

27 
30 
32 
35 

38 
40 

43 

46 

1.6048 

I. 605 I 

54 
56 

59 
62 

64 
67 
70 

73 
1.6075 

1.6078 


35' 


36- 


37' 


38- 


39' 


1.6078 
81 

83 
86 

89 

91 

94 

97 
099 

1. 6102 

1.6 105 

07 
10 

13 
16 

18 
21 

23 
26 

1.6129 

1.6131 

34 
36 
39 

41 

44 
47 
49 
52 
1.6155 

1.6157 
60 

63 

65 
68 

71 
73 
76 

79 
1.6181 

1.6184 

87 
89 
92 
94 

197 
200 

02 

05 
1.6208 

1. 6210 

13 
16 

18 

21 

24 
26 

29 

32 

1.6254 

1.6237 


1.6237 

1.6394 

40 

397 

42 

400 

45 

02 

48 

05 

50 

08 

53 

10 

56 

13 

58 

15 

1. 626 1 

1. 64 18 

1.6264 

1. 642 1 

66 

23 

69 

25 

72 

28 

74 

30 

77 

33 

79 

35 

81 

38 

84 

41 

1.6287 

1.6443 

1.6289 

1.6446 

92 

48 

94 

51 

297 

54 

300 

56 

02 

59 

05 

63 

08 

64 

10 

67 

1.6313 

1.6469 

1.6315 

1.6472 

18 

75 

21 

77 

23 

80 

26 

82 

29 

85 

31 

88 

34 

90 

37 

93 

16339 

1.6495 

1.6342 

1.6498 

44 

501 

47 

03 

50 

06 

52 

09 

55 

II 

58 

14 

60 

16 

63 

19 

1.6365 

1.6521 

1.6368 

1.6524 

71 

27 

73 

30 

76 

32 

79 

35 

81 

37 

84 

40 

87 

42 

89 

45 

1 .6392 

1.6548 

1.6394 

1.6550 

-■ 

1.6550 

1.6705 

53 

07 

55 

10 

58 

13 

61 

'5 

63 

17 

66 

19 

68 

22 

71 

24 

1.6574 

1.6727 

1.6576 

1.6729 

78 

32 

bo 

34 

83 

37 

86 

40 

88 

42 

91 

45 

93 

47 

96 

50 

1.6598 

1.6752 

1. 6601 

X.6755 

04 

58 

06 

60 

09 

63 

II 

65 

14 

68 

17 

70 

19 

73 

22 

76 

1.6634 

1.6778 

1.6627 

1. 678 1 

30 

83 

32 

86 

35 

88 

37 

91 

40 

43 

45 

48 

1.6650 

1.6653 
56 
58 
61 

63 

66 
68 

71 

74 
1.6676 

1.6679 
81 

84 

86 

89 

92 

94 

97 
699 

1 .6702 
1.6705 


94 

96 

799 
801 

1.6804 

1.6806 

09 
12 

14 
1.6817 

19 
22 

24 

27 
1.6830 

1.6832 

35 

37 
40 

42 

45 
47 
50 
53 
1.6855 

1.6857 


o' 
I 

2 

3 
4 

5 
6 

7 
8 

9 

10 
II 
12 

13 

14 

15 
16 

17 
18 

19 

20 
21 

32 

23 
24 

25 
36 

27 
28 

29 

30 
31 
32 

33 
34 

35 
36 
37 
38 
39 

40 
41 
42 

43 
44 

45 
46 

47 
48 

49 

50 

51 
52 

53 
54 

55 
56 

57 
58 

59 
60 
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TABLE  VI. 


/i  +  log  tang  c. 


o' 
I 

2 

3 
4 

5 
6 

7 
8 


lo 
II 

12 

13 
M 

15 
i6 

"7 

i8 

'9 

20 
21 
22 

23 
24 

25 
26 

27 
28 

29 

30 
31 
32 

33 
34 

35 
36 

37 
38 

39 

40 

41 
42 

43 
44 

45 
46 

47 
48 

49 

50 

51 
52 

53 
54 

55 
56 
57 
58 
59 

60 


40- 

41" 
1.7009 

42*' 
1. 7160 

43- 
I. 73*1 

44^* 
1.7462 

45- 

■ 
I. 7612 

46- 
1.7762 

47* 

I. 7913 

48- 
1.8063 

49- 

s 

1.6857 

1.8215 

0' 

59 

12 

63 

14 

64 

15 

65 

»5 

^ 

17 

I  > 

62 

14 

66 

16 

67 

17 

67 

18 

69 

20 

2 

64 

17 

68 

19 

69 

20 

70 

20 

71 

22 

3 

67 

19 

71 

21 

72 

22 

72 

23 

74 

25 

4 

70 

22 

73 

24 

74 

25 

75 

25 

76 

28 

5 

72 

24 

76 

26 

77 

27 

77 

28 

79 

30 

6 

75 

27 

78 

29 

79 

30 

80 

30 

81 

33 

7 

77 

29 

81 

3' 

82 

32 

82 

33 

84 

35 

8 

1.6880 

1.7032 

1.7183 

1.7334 

1.7484 

1.7635 

1.7785 

I  7935 

1.8086 

1.8238 

9 

1.6882 

1.7034 

1.7186 

1.7337 

1.7487 

1.7637 

1.7787 

1.7938 

1.8089 

1.8240 

10 

85 

37 

88 

39 

89 

40 

90 

40 

91 

43 

II 

87 

39 

91 

42 

92 

42 

93 

43 

94 

45 

12 

90 

42 

93 

44 

94 

45 

95 

46 

96 

48 

13 

92 

45 

96 

47 

497 

47 

798 

48 

099 

50 

14 

95 

47 

198 

49 

500 

50 

800 

51 

102 

53 

15 

898 

50 

201 

52 

02 

52 

03 

53 

04 

56 

16 

900 

52 

03 

54 

05 

55 

05 

56 

06 

58 

17 

03 

55 

06 

57 

07 

57 

08 

58 

09 

60 

18 

1.6905 

1.7057 

1.7209 

1-7359 

1.7510 

1.7660 

I. 7810 

1.7961 

1.8112 

1.8262 

19 

1.6908 

1.7060 

1.7211 

1.7362 

1. 75*2 

1.7662 

«.78i3 

1.7963 

1. 81 14 

1.8265 

ao 

10 

62 

14 

64 

15 

65 

15 

66 

17 

67 

21 

13 

65 

16 

67 

17 

68 

18 

68 

19 

70 

22 

16 

68 

19 

69 

20 

70 

20 

71 

21 

72 

23 

18 

70 

21 

72 

22 

73 

23 

73 

23 

75 

34 

21 

73 

24 

74 

25 

75 

25 

76 

26 

78 

25 

23 

75 

26 

77 

27 

78 

28 

78 

28 

80 

26 

26 

78 

29 

79 

30 

80 

30 

81 

31 

53 

^2 

28 

80 

31 

82 

32 

83 

33 

83 

1.8136 

85 

38 

1. 6931 

1.7083 

1.7234 

1.7385 

1.7535 

1.7685 

1-7835 

1.7985 

1.8288 

29  1 

1 

1.6933 

1.7085 

1.7236 

1.7387 

1.7537 

1.7688 

1-7837 

1.7988 

1.8139 

1.8290 

30 

36 

88 

39 

90 

40 

90 

39 

90 

41 

93 

31 

38 

90 

41 

92 

42 

92 

42 

93 

44 

95 

32 

41 

93 

44 

95 

45 

94 

45 

95 

46 

298 

33 

44 

95 

47 

397 

47 

97 

47 

1.7998 

49 

300 

34 

46 

098 

49 

400 

50 

699 

50 

1.8000 

51 

03 

35 

49 

lOI 

52 

02 

53 

702 

52 

03 

54 

06 

36 

51 

03 

54 

05 

55 

04 

55 

05 

56 

08 

^2 

54 

06 

57 

07 

•58 

07 

57 

08 

59 

II 

38 

1.6956 

1. 7108 

1.7259 

1.7410 

1.7560 

1.7709 

1.7860 

1. 8010 

1.8161 

13 

39 

1.6959 

1.7111 

1.7262 

1. 7412 

1.7562 

1.7712 

1.7862 

1.8013 

1.8164 

1. 83 16 

40 

61 

13 

64 

15 

64 

14 

65 

15 

66 

18 

41 

64 

16 

67 

17 

67 

17 

67 

18 

69 

21 

42 

67 

18 

69 

19 

69 

19 

70 

20 

72 

23 

43 

69 

21 

72 

21 

72 

22 

72 

23 

74 

26 

44 

72 

23 

74 

24 

74 

24 

75 

25 

77 

29 

45 

74 

26 

77 

26 

77 

27 

77 

28 

79 

31 

46 

77 

28 

79 

29 

79 

29 

80 

31 

82 

34 

ti 

79 

31 

81 

31 

82 

32 

82 

33 

84 

36 

1.6982 

1. 7133 

1.7284 

1.7434 

1.7584 

1.7735 

1.7885 

1.8036 

1.8187 

1.8339 

49 

1.6984 

i.7'35 

1.7286 

1.7437 

1.7587 

1.7737 

1.7887 

1.8038 

1.8189 

1.8341 

50 

87 

38 

89 

39 

89 

40 

90 

41 

92 

44 

51 

90 

40 

91 

42 

92 

42 

92 

43 

95 

46 

52 

92 

43 

94 

44 

94 

45 

95 

46 

197 

49 

53 

95 

45 

96 

47 

97 

47 

897 

48 

200 

52 

54 

97 

48 

299 

49 

599 

50 

900 

51 

02 

54 

55 

6999 

50 

301 

52 

602 

52 

03 

53 

05 

57 

56 

1. 7001 

53 

04 

54 

04 

55 

05 

56 

07 

59 

*2 

04 

55 

06 

57 

07 

57 

08 

58 

10 

62 

58 

1.7006 

I. 7158 

I  7309 

1.7459 

1. 7610 

1.7760 

1.7910 

1.8061 

1.8212 

1.8364 

59 

1.7009 

I. 7160 

1.73*  I 

1.7462 

1. 7612 

1.7762 

i.79«3 

1.8063 

1.8215 

1.8367 

60 
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TABLE  VI. 


II  +  log  tang  z. 


50- 


o' 
I 

2 

3 
4 

5 
6 

7 
8 

9 

10 
II 
12 

13 
14 

15 
16 

17 
18 

19 

20 
21 
22 

23 
24 

25 
26 

27 
28 

29 

30 
31 
32 
33 

34 

35 
36 

37 
38 
39 

40 
41 
42 
43 


45 
46 

47 
48 

49 

50 

51 
52 

53 
54 

55 

56 

3 

59 
60 


1.8367 

69 

72 

75 
77 

80 
82 

85 
1.8390 

1.8392 

94 

97 

399 
402 

04 

07 

09 
12 

1.8415 

1.8417 
20 
22 

25 

27 

30 
33 
35 
38 
1.8440 

1.8443 
45 
48 
50 
53 

56 
58 
61 

63 
1.8466 


1.8510 


51" 


1.8520 
22 

25 
28 

30 

33 

35 

37 

39 
1.8542 

1.8545 
47 
50 
52 

55 

58 
60 

63 

65 
1.8568 

1.8570 

73 
76 

78 
81 

83 
86 

88 

91 
1.8594 

1.8596 

599 
601 

04 
07 

09 
12 

14 

17 
1.8620 


1.8468 

1.8622 

71 

25 

74 

27 

76 

30 

79 

32 

81 

35 

84 

38 

87 

40 

89 

43 

1.8492 

1.8645 

1.8494 

1.8648 

97 

51 

499 

53 

502 

56 

04 

58 

07 

61 

10 

63 

12 

66 

15 

69 

1.8517 

1.8671 

1.8674 


52' 


1.8674 

76 

79 
82 

84 

87 
89 
91 
94 
1.8696 

1.8699 

701 

04 

07 

09 

12 

14 

17 
20 

1.8722 

1.8725 

27 
30 

33 
35 

38 
40 

43 
46 

1.8748 

1. 875 1 

53 
56 

59 
61 

64 
67 
69 
72 
1.8774 

1.8777 
80 
82 

85 
87 

90 

93 

95 

798 

1.8800 

1.8803 
06 
08 
II 

14 


53' 


1.8829 

31 
33 
36 
39 

41 

44 

47 

49 
1.8852 

1.8854 

57 
60 

62 
65 

68 
70 
73 
75 
1.8878 

1.8881 

83 
86 

88 
91 

94 
96 

899 
902 

1.8904 

1.8907 
10 
12 

15 
17 

20 

23 

25 

28 

1.8931 

1.8933 
36 
39 
41 

44 

46 

49 

52 

54 

1.8957 

1.8960 
62 

65 
68 

70 


16 

7» 

19 

74 

22 

24 

V. 

1.8827 

1.8982 

1.8829 

1.8985 

54' 


1.8985 
88 

90 
93 
96 

1.8998 
1.9001 

04 

06 

1.9009 

1.9012 

14 

17 

19 
22 

25 
27 
30 

33 
1.9035 

1.9038 

41 

43 
46 

49 

51 
54 
57 

59 
1.9062 

1.9065 

67 
70 

73 
75 

78 
81 

83 
86 

1.9089 

1. 9091 

94 
96 

099 

102 

05 

07 
10 

12 
i.9"5 

1.9117 
20 

22 

25 
28 

30 
33 
36 
38 
1.9141 

1.9144 


55' 


56- 


1.9144 
46 

49 
52 

54 

57 
60 

62 

65 
1.9168 

1. 9170 

73 
76 

78 
81 

84 
86 

89 

92 

1-9195 

1.9197 
200 

03 

05 
08 

II 

13 
16 

19 
1. 922 1 

1.9224 

27 
30 
32 
35 

38 
40 

43 

46 

1.9248 

1. 925 1 

54 

57 

59 
62 

65 
67 
70 
72 
1.9274 

1.9277 
80 
82 

85 
88 

91 
93 
96 

299 
1. 9301 

1.9304 


1.93044 
072 

099 

126 

153 

180 
207 

234 

261 

1.93288 

1.93315 
342 

369 
396 
423 

450 
477 
504 

531 
1 .93558 

1.93585 
612 

639 
666 

693 

720 

747 
774 
802 

1.93829 

1.93856 
883 
910 

937 
965 

1.93992 

1. 94019 

046 

073 
1. 94100 

1.94127 

154 
182 
209 
236 

263 
290 

317 

345 

1.94372 

1.94400 

427 
454 

481 

508 

536 

564 

591 
618 

1.94645 
1.94672 


57' 


1.94672 
700 
728 

755 

782 

809 

837 
865 
892 

1.94919 

1.94946 

1.94973 

1.95001 

028 

055 

083 
III 

138 
166 

1.95193 

1.95220 

248 

275 
303 
330 

357 
385 
413 
441 
1.95468 

1.95495 
522 

550 
578 
606 

634 
661 

688 
716 

1.95743 

1.95771 
798 
825 

853 
881 

909 

937 
964 

1.95991 
1. 96019 

1.96047 

075 
102 

130 
158 

186 
214 
242 
269 
1.96297 

1.96325 


58- 


59' 


1.96325 

1.98005 

353 

033 

381 

062 

408 

090 

436 

118 

464 

146 

492 

174 

520 

203 

548 

232 

1-96575 

1.98260 

1.96603 

1.98288 

631 

316 

659 

345 

687 

373 

714 

402 

742 

430 

770 

458 

798 

487 

826 

515 

1.96854 

1.98544 

1. 96881 

1.98573 

909 

601 

937 

629 

965 

658 

1-96993 

687 

1. 9702 1 

715 

049 

744 

077 

772 

105 

800 

1-97 133 

1.98829 

1.97161 

1.98857 

189 

886 

217 

915 

245 

944 

273 

1.98972 

301 

1.99000 

329 

029 

357 

058 

385 

086 

1.97413 

1.99115 

I. 97441 

1. 99143 

469 

171 

497 

200 

525 

229 

554 

258 

582 

287 

610 

315 

638 

344 

666 

372 

1.97694 

1.99401 

1.97723 

1.99430 

751 

459 

779 

487 

807 

516 

835 

545 

864 

574 

892 

603 

920 

632 

948 

660 

1.97977 

1.99689 

1.98005 

1.99718 

o' 
I 

2 

3 
4 

5 
6 

7 
8 

9 

10 
II 
12 

13 
14 

15 
16 

17 
18 

19 

20 
21 
22 

23 
24 

25 
26 

27 

28 

29 

30 

31 
32 
33 
34 

35 
36 

37 
38 
39 

40 
41 
42 

43 
44 

45 
46 

47 

48 

49 

50 
51 
52 

53 
54 

55 
56 
57 
58 

59 
60 
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TABLE  VI. 


;<  +  log  tang  s. 


.-   -  -  - 
1.99718 

1 
6r 

2.01462 

62' 
2.03244 

63° 

2.05068 

64" 
2.06938 

65- 
2.08860 

66* 
2.10837 

67- 
2.12874 

68* 
2.14979 

;  «^° 

1 

o' 

2.17160 

0' 

I 

'    747 

492 

274 

099 

2.06970 

893 

871 

909 

2.15015 

1   197 

I 

2 

!   776 

521 

304 

130 

2.07002 

925 

904 

943 

051 

234 

3 

3 

804 

550 

334 

160 

033 

957 

937 

2.12977 

087 

270 

3  1 

4 

833 

580 

364 

191 

064 

2.08990 

2. 1097 1 

1.13012 

122 

307 

4 

5 

862 

609 

394 

222 

096 

2.09023 

2.11005 

047 

158 

344 

5 

6 

891 

639 

425 

253 

128 

055 

038 

082 

194 

381 

6 

7 

920 

669 

455 

284 

160 

0S8 

072 

116 

230 

419 

7 

8 

949 

698 

485 

315 

192 

121 

105 

151 

266 

456 

8 

1 

9 

1.99977 

2.01727 

2.03515 

2.05345 

2.07224 

2.09153 

2.11138 

2.13185 

2.15302 

2.17493 

9  1 

1 

lO 

2.CXXX)6 

2.01757 

2.03545 

2.05376 

2.07255 

2.09186 

2.11172 

2.13220 

2.15337 

2.17530 

10  1 

II 

035 

786 

575 

407 

286 

219 

206 

254 

373 

568 

II 

12 

064 

816 

605 

438 

318 

251 

239 

289 

409 

605 

13   ' 

13 

093 

845 

635 

469 

350 

284 

273 

324 

445 

643 

'^   1 

14 

121 

875 

665 

500 

382 

316 

306 

358 

481 

679 

u  I 

15 

150 

904 

695 

531 

414 

349 

340 

393 

517 

716 

15 

i6 

179 

934 

726 

562 

445 

382 

374 

428 

553 

754 

16 

17 

208 

963 

756 

593 

477 

415 

408 

463 

589 

793 

17 

i8 

237 

2.01993 

787 

624 

509 

448 

442 

498 

625 

829 

18 

19 

2.00266 

2.02023 

2.03817 

2.05655 

2.07541 

2.09481 

2.11476 

2.13533 

2.15661 

2.17866 

19 

20 

2.00295 

2.02052 

2.03847 

2.05686 

2.07573 

2.09513 

2.11509 

2.13568 

2.15697 

3.17903 

30 

21 

3'4 

082 

877 

717 

605 

546 

543 

603 

733 

941 

31 

22 

353 

III 

908 

749 

637 

579 

577 

638 

769 

3.17979 

33 

23 

382 

141 

938 

780 

669 

612 

611 

673 

805 

3.18016 

23 

24 

411 

171 

968 

811 

701 

645 

645 

708 

842 

054 

24 

25 

440 

200 

2.03998 

842 

733 

677 

678 

742 

878 

091 

25 

26 

469 

230 

2.04029 

873 

765 

710 

712 

777 

915 

138 

36 

27 

498 

259 

059 

904 

797 

743 

746 

812 

95" 

166 

27 

28 

528 

289 

090 

935 

829 

776 

780 

847 

2.15987 

304 

38 

29 

2.00557 

2.02319 

2.04120 

2.05966 

2.07861 

2.09809 

2.11814 

2.13883 

2. 16023 

2.18243 

29 

1 

30 

2.00586 

2.02348 

2.04150 

2.05997 

2.07893 

2.09842 

2.11848 

2.13918 

2.16059 

3.18380 

30 

31 

615 

378 

181 

2.06028 

925 

874 

881 

953 

096 

317 

31 

32 

644 

407 

211 

059 

957 

907 

916 

2.13988 

133 

355 

32 

33 

673 

437 

242 

090 

2.07989 

940 

950 

2. 14023 

169 

393 

33 

34  ! 

702 

467 

272 

122 

2.08021 

2.09973 

2.11984 

058 

205 

431 

34 

1 
35  , 

731 

496 

302 

153 

053 

2.10006 

2.12018 

093 

243 

469 

s 

36 

760 

526 

332 

184 

085 

038 

052 

128 

278 

506 

37 

789 

555 

363 

215 

117 

071 

086 

163 

315 

544 

^2 

38  i 

819 

585 

393 

247 

150 

105 

120 

199 

351 

ol^^ 

38 

39 

2.00848 

2.02615 

2.04424 

206278 

2.08182 

2.10138 

2.12154 

2.14235 

2. 16387 

3.18630 

39 

40    ; 

2.00877 

2.02645 

2.04454 

2.06309 

2.08214 

2.10171 

2  12188 

2. 14270 

2.16423 

3.18658 

40 

41 

906 

675 

484 

340 

246 

204 

222 

305 

460 

696 

41 

42 

935 

705 

515 

372 

278 

237 

256 

340 

497 

734 

43 

43  i 

964 

735 

546 

403 

310 

270 

291 

376 

534 

772 

43 

44 

2.00993 

765 

577 

435 

343 

304 

325 

411 

571 

811 

44 

45 

2.01023 

795 

607 

466 

375 

337 

359 

447 

608 

849 

45 

46 

052 

825 

638 

497 

407 

370 

393 

482 

644 

887 

46 

1 
47 

081 

855 

668 

528 

439 

403 

427 

5<7 

680 

925 

% 

48 

no 

885 

699 

560 

471 

436 

462 

5§2 

717 

3.18963 

49 

2.01 139 

2.02915 

2.04730 

2.06591 

2.08504 

2.10470 

2.12496 

2  14588 

2.16754 

3.19001 

49 

50 

2.01 169 

2.02945 

2.04761 

2.06623 

2.08536 

2. 10504 

2.12530 

2.14623 

2.16791 

3.19039 

50 

51 

198 

2.02975 

792 

655 

568 

537 

565 

659 

828 

078 

'  51 

52 

227 

2.03004 

822 

686 

600 

570 

599 

694 

864 

"5  , 

1  52 

53 

256 

034 

852 

718 

633 

603 

633 

729 

901 

153  1 

'  53 

54 

286 

064 

883 

749 

665 

637 

668 

765 

938 

193  , 

54 

55 

315 

094 

914 

781 

698 

670 

702 

801 

2. 16975 

1 
330  I 

55 

i  56 

345 

124 

945 

813 

730 

704 

737 

836 

3. 1 701 2 

369 

56 

57 

374 

154 

2.04976 

844 

763 

737 

771 

872 

049 

307 

57 

!  58  1 

403 

184 

2.05006 

875 

795 

770 

805 

907 

086 

345 

58 

'  59 

2.01433 

2.03214 

2.05037 

2.06907 

2.08828 

2.10804 

2.12840 

2.14943 

2.17123 

2.19384 

1 

59 

60 

1 
1 

2.01462 

1 

1 

2.03244 

2.05068 

2.06938 

2.08860 

2.10837 

2.12874 

2.14979 

2.17160 

3.19433  ! 

1 

60 

REFRACTION  TABLES, 


215 


TABLE  VI. 
/i  +  log  tang  s. 


2 

70 

71- 

72^ 

73- 

74^ 

75^ 

76- 
2.35383 

77^ 
2  38591 

78' 
2.42015 

79' 

z 

0' 

2.19422 

2.21778 

2.24236 

2.26811 

2.29517 

2.32367 

2.45693 

& 

I 

461 

818 

278 

855 

564 

415 

435 

646 

074 

757 

I 

2 

500 

858 

320 

900 

610 

464 

487 

701 

133 

821 

2 

3 

538 

898 

362 

944 

656 

512 

539 

756 

192 

884 

3 

4 

2.19576 

2.21938 

2.24404 

2.26988 

2.29702 

2.32561 

2.35591 

2.38811 

2.42251 

2.45948 

4 

5 

2.I96I5 

2.21978 

2.24446 

2.27032 

2.29749 

2.32610 

2.35643 

2.38867 

2.42310 

2.46012 

5 

6 

654 

2.22019 

489 

076 

795 

660 

695 

922 

370 

076 

6 

7 

693 

059 

531 

120 

842 

709 

747 

2.38978 

430 

141 

7 

8 

731 

099 

573 

165 

889 

758 

799 

2.39034 

490 

205 

8 

9 

2.19769 

2.22139 

2.24615 

2.27209 

2.29935 

2.32807 

2.35851 

2.39089 

2.42550 

2.46269 

9 

10 

2.19808 

2.22180 

2.24657 

2.27253 

2.29981 

2.32857 

2.35904 

2.39U4 

2.42610 

2.46333 

10 

II 

847 

220 

699 

297 

2.30028 

906 

2.35956 

200 

670 

398 

II 

12 

886 

261 

742 

342 

075 

2.32956 

2.36009 

256 

730 

462 

12 

13 

925 

301 

784 

386 

122 

2.33005 

061 

312 

790 

527 

13 

14 

2.19963 

2.22341 

2.24826 

2.27431 

2.30168 

2.33054 

2. 361 13 

2.39368 

2.42850 

2.46591 

14 

15 

2.20002 

2.22382 

2.24869 

2.27475 

2.30215 

2.33104 

2.36166 

2.39424 

2.42910 

2.46656 

X5 

16 

041 

423 

912 

519 

262 

154 

218 

480 

2.42970 

721 

16 

17 

080 

464 

954 

564 

309 

203 

271 

536 

2.43030 

786 

17 

18 

119 

505 

2.24997 

609 

356 

253 

324 

593 

090 

851 

18 

19 

2.20158 

2.22545 

2.25039 

2.27654 

2.30403 

2.33303 

2.36377 

2.39649 

2.43150 

2.46917 

'9 

20 

2.20197 

2.22585 

2.25081 

2.27699 

2.30450 

2.33352 

2.36430 

2.39706 

2.43210 

2.46982 

20 

21 

236 

626 

124 

744 

497 

402 

483 

762 

271 

2.47047 

21 

22 

275 

667 

167 

788 

545 

452 

536 

818 

332 

112 

22 

23 

314 

708 

209 

833 

592 

502 

590 

875 

393 

178 

23 

24 

2.20353 

2.22749 

2.25252 

2.27878 

2.30639 

2.33552 

2.36643 

2.39932 

2.43454 

2.47243 

24 

n 

2.20392 

2.22789 

2.25294 

2.27923 

2.30685 

2.33602 

2.36696 

2.39989 

2.435x5 

247308 

25 

26 

431 

830 

337 

2.27968 

733 

652 

749 

2.40046 

576 

374 

26 

27 

470 

871 

380 

2.28013 

780 

702 

802 

103 

637 

440 

27 

28 

510 

912 

423 

057 

827 

752 

855 

159 

698 

506 

28 

29 

2.20549 

2.22953 

2.25466 

2.28102 

2.30875 

2.33803 

2.36909 

2.40216 

2.43759 

2.47572 

29 

30 

2.20588 

2.22994 

2.25509 

2.28148 

2.30922 

2.33853 

2.36963 

2.40273 

2.43820 

2.47638 

30 

31 

627 

2.23035 

551 

193 

2.30967 

903 

2.37016 

330 

881 

704 

31 

32 

666 

076 

594 

238 

2.31017 

2.33953 

069 

387 

2.43943 

770 

32 

33 

706 

1x7 

637 

283 

065 

2.34004 

123 

444 

2.44005 

836 

33 

34 

2.20745 

2.23158 

2.25680 

2.28328 

2.31113 

2.34054 

2.37176 

2.40501 

2.44066 

2.47903 

34 

35 

2.20785 

2.23200 

2.25723 

2.28374 

2.31 161 

2.34105 

2.37230 

2.40559 

2.44128 

2.47970 

35 

36 

824 

241 

766 

419 

208 

155 

283 

616 

189 

2.48036 

36 

37 

863 

282 

809 

464 

256 

205 

337 

674 

251 

103 

37 

38 

903 

323 

852 

510 

304 

256 

391 

732 

313 

170 

38 

39 

2.20943 

2.23364 

2.25896 

2.28555 

2.31352 

2.34307 

2.37445 

2.40790 

2.44375 

2.48237 

39 

40 

2.20983 

2.23405 

2.25939 

2.28600 

2.31400 

2.34358 

2.37499 

2.40847 

2.44437 

2.48304 

40 

41 

2.ai022 

446 

2.25982 

645 

447 

408 

553 

904 

499 

371 

41 

42 

P6i 

487 

2.26025 

691 

495 

459 

607 

2.40962 

561 

439 

42 

43 

lOI 

529 

o6g 

736 

543 

510 

661 

2.41020 

624 

506 

43 

44 

2.21141 

2.23570 

2.26112 

2.28782 

2.31592 

2.34561 

2.37715 

2.41078 

2.44686 

2.48574 

44 

45 

2.2II8I 

2.23612 

2.26156 

2.28828 

2.31640 

2.34612 

2.37770 

2.41 136 

2.44749 

2.48641 

45 

46 

220 

653 

199 

873 

688 

663 

824 

194 

811 

709 

46 

% 

259 

694 

242 

919 

736 

714 

878 

252 

873 

776 

47 

299 

736 

286 

2.28965 

784 

765 

933 

3" 

936 

844 

48 

49 

2.31339 

2.23778 

2.26329 

2. 2901 1 

2.31833 

2.34817 

2.37988 

2.41370 

2.44999 

2.48912 

49 

50 

2.21379 

2.23819 

2.26373 

2.29057 

2.31881 

2.34868 

2.38042 

2.41428 

2.45061 

2.48980 

50 

51 

419 

861 

417 

103 

930 

919 

096 

487 

124 

2.49048 

51 

52 

458 

902 

460 

148 

2.31978 

2.34970 

150 

545 

187 

116 

52 

53 

498 

944 

504 

195 

2.32026 

2.35021 

«^5 

603 

250 

184 

53 

54 

2.21538 

2.23986 

2.26548 

2.29241 

2.32075 

2.35073 

2.38260 

2.41662 

2.45313 

2.49253 

54 

55 

2.21578 

2.24028 

2.26592 

2.29287 

2.32124 

2.35125 

2.38315 

2.41721 

2.45376 

2.49322 

55 

S6 

618 

070 

636 

333 

173 

177 

370 

780 

440 

390 

56 

% 

658 

112 

680 

379 

221 

228 

425 

838 

503 

459 

57 

698 

153 

723 

425 

269 

279 

480 

896 

566 

5  7 

58 

59 

2.21738 

2.24194 

2.26767 

2.29471 

2.32318 

2.35331 

2.38535 

2.41955 

2.45629 

2.49596 

59 

60 

2.31778 

2.24236 

2.26811 

2.29517 

2.32367 

2.35383 

2.38591 

2.42015 

2.45693 

2.49665 

60 

1 

28b 


^H 

PrnLlCATIOKS 

>/■■   THE  l.lCh 

•   OHSHRV.lTOkY. 

1 

■ 

TAULE  VI. 

^H 

H  -t-  log  tang  s. 

^m 

M 

.1      80- 

8i- 

81* 

83' 

84° 

H 

86* 

87- 

1      83* 

1 

89* 

a 

\  ■ 

0' 

3.49665 

3.53986 

3.58733 

3.63958 

3.69809 

2.76427 

3.84003 

3.93803 

3.03197 

3.15661 

1     *>" 

£1 

3.5406. 

805 

2.64050 

2-69913 

545 

139 

3,9396. 

3.033Sa 

3.15890 

136 

888 

143 

3.70Q17 

663 

375 

3.93'21 

3.03579 

3.16120 

3 

87a 

3.58971 

»34 

781 

412 

3.933S0 

3.03769 

3. '6350 

4 

»-49W3 

2.54386 

3.59054 

3.64337 

3.70234 

3.76900 

3,84548 

3.93440 

3-"J96o 

3.16581 

^^^1 

5 

1.50011 

3.54362 

3.59137 

2.64430 

2.70328 

2.7701a 

3.8468s 

2-9360U 

3.04151 

3168.3 

5 

^^^1 

6 

081 

438 

5'3 

433 

137 

833 

2.9376' 

304343 

3,17046 

6 

7 

150 

514 

305 

607 

537 

357 

2.8496 1 

3.93933 

3.04536 

3.17379 

1 

8 

59t 

389 

70t 

642 

377 

2.85099 

3.94086 

2.04729 

3- 17513 

9 

a-soiSg 

3.54667 

3.5W73 

2,64794 

3.70747 

a.  77497 

2.85238 

2.94249 

3-0493' 

3.17747 

9 

^^^1 

lO 

3.30359 

3.54743 

2.59557 

2.64888 

3.70852 

•^.TiU-i 

3.853-6 

3.94412 

3.051.4 

3.17983 

■0 

^^H 

439 

830 

643 

3,64982 

3.70958 

737 

5'S 

3.94576 

305309 

3.IH3IS 

499 

897 

736 

365077 

3.71064 

858 

65s 

3.94740 

3-05506 

3.18455 

U 

569 

3-54974 

Sit 

'7' 

170 

3.77979 

795 

3.94905 

3-05703 

3.18693 

13 

14 

a.S<*39 

3.55051 

3.59895 

3.65265 

3,71376 

3.78099 

3.85935 

3,95070 

305900 

3, 18933 

14 

^^H 

15 

a.50709 

3.55138 

2.59980 

2.65360 

a.71382 

3,78221 

3.86076 

3-95235 

3-06097 

3.19173 

'5 

^^H 

i6 

779 

305 

2.60066 

455 

489 

344 

3.7 

2.95401 

306295 

3.iW'3 

16 

JT 

850 

151 

55" 

597 

466 

353 

3.95567 

3.06J94 

319655 

17 

iB 

911 

359 

236 

646 

704 

589 

500 

3.95734 

3.06693 

3.19»98 

.8 

"9 

1.5099* 

3-55437 

3.60321 

2.65742 

3.718.3 

3.787.3 

3.86642 

3.95903 

3.06893 

320143 

19 

^^H 

ao 

3.51063 

3-55514 

3.60406 

3.65837 

3.71919 

2.7B834 

2.S67B5 

2.96070 

3  07093 

3.30385 

30 

^^H 

134 

593 

493 

'■65933 

3.72037 

3.78957 

2,86938 

2.96238 

3-07394 

3.30629 

ao5 

669 

578 

3.66039 

'35 

a.79081 

2.8707. 

3.96406 

3.07495 

3.30874 

»» 

n 

276 

747 

664 

125 

344 

305 

2.46574 

3.07697 

33 

34 

s-5«347 

2.55826 

3.60750 

2.66221 

3-73353 

3.79330 

387358 

3.96743 

3.07899 

3:3.368 

34 

^^H 

as 

1.51418 

3.55904 

2.60836 

3.66317 

1.72461 

3.39454 

3.87502 

3.96913 

3.08101 

3.31615 

35 

^^H 

a6 

489 

3.55982 

3.60933 

414 

S70 

579 

647 

3-97083 

3.08303 

3.31864 

26 

27 

561 

2.56060 

3,61010 

511 

680 

704 

793 

3.97354 

3.085.0 

3-32113 

37 

j8 

633 

'38 

097 

609 

790 

830 

3.87937 

2.97426 

3.08716 

3.33364 

38 

39 

2.51705 

3.56317 

3.6  II 85 

2.66706 

2,71900 

3.79955 

2.88083 

3.97598 

3-08923 

3.23616 

39 

^^H 

30 

3.S1777 

3.56396 

3.61272 

1.66803 

3.73010 

Z.80081 

3.88229 

2  97771 

3.09131 

3.32868 

30 

^^H 

3' 

849 

376 

359 

900 

207 

376 

2.97944 

3.09338 

3.33130 

3' 

3» 

9»3 

455 

446 

2.66997 

331 

333 

533 

3.9s.. 7 

4.09546 

3.33373 

3» 

33 

a-51994 

534 

534 

2,6709s 

343 

460 

671 

2.98=9. 

309755 

3.23637 

33 

34 

3.53067 

3.566.3 

a. 61 63  2 

2.67193 

3.73453 

2.80587 

2.8&81S 

2.9S466 

3.0996s 

3.33882 

34 

^^H 

35 

3.52140 

3-56693 

2.61710 

3,67291 

3.73565 

3.807.4 

3-88966 

2.98643 

3-10175 

3.34139 

% 

^^H 

36 

772 

798 

389 

676 

841 

2.89.15 

2,98817 

3..03S6 

3-34396 

37 

384 

853 

836 

488 

78S 

3.80969 

264 

3.48993 

3- 10597 

3.34654 

I 

38 

357 

3.56933 

3.61974 

587 

3.73900 

2.8.097 

3.99.70 

J.  10809 

3.349'3 

39 

3-53430 

3.5701a 

a.62063 

3.67687 

3.74012 

2.81226 

3-89554 

3.99348 

3.11023 

3-35173 

39 

^^^1 

40 

3-53503 

3.57093 

3.62153 

2.67786 

2.74135 

3.8.355 

3.89714 

399535 

3-11338 

3.35434 

40 

^^H 

41 

576 

17a 

240 

S85 

337 

484 

2.89864 

3,99705 

3.11453 

3.15695 

4r 

4» 

649 

352 

339 

3.67984 

350 

6.4 

2.90015 

3.99S8S 

3.11667 

3.35957 

4» 

43 

733 

333 

418 

3.68084 

463 

744 

167 

3.00066 

3.1.882 

3.26330 

4^ 

44 

3.53797 

3.57413 

2.62508 

3,68184 

3.74577 

2.8.B74 

3.90319 

3.00246 

3.12098 

3.26484 

44 

^^^1 

45 

3.53870 

3-57494 

3.6359S 

2.68284 

3.7469: 

2.330O5 

2.90471 

3.00437 

3-13315 

3.36749 

t 

^^^1 

46 

3.53944 

575 

384 

805 

136 

633 

3.00608 

3-13533 

3.27016 

47 

3.53017 

656 

484 

3.749'8 

267 

776 

3.00789 

3.13750 

3.37284 

47 

4S 

091 

737 

866 

S»5 

2.75033 

398 

3,90929 

300970 

3.12969 

3.37553 

48 

49 

3.53165 

3.57819 

3.62956 

2.686S6 

3-7SM7 

2.82530 

3-91083 

3.0. 153 

3.13189 

3.27831 

49 

^^H 

50 

3-53339 

3.57900 

3.63046 

2.68787 

2.75262 

3.82663 

2.91237 

3-0.334 

31341 1 

338091 

50 

^^H 

51 

313 

3.57983 

137 

8S8 

377 

795 

393 

301517 

313633 

3.28363 

5' 

5S 

387 

2.58063 

a37 

2.68989 

493 

2.82927 

547 

3.0.700 

3.13855 

3.38634 

S3 

53 

463 

146 

317 

2.69091 

608 

3.83060 

702 

3.0. 8S4 

3.14078 

3.38907 

53 

54 

3.53536 

3.58228 

a.63408 

2.69193 

3.75734 

3.83.94 

2.9.858 

3.03070 

3.14303 

3.291S1 

54 

^^H 

55 

3.5361 1 

2.58310 

2.63499 

2,69295 

3.7584" 

3.83328 

2.920M 

3.03356 

3.14537 

3.39456 

55 

^^H 

56 

686 

393 

59' 

398 

3.75958 

463 

.71 

3.02443 

3- '4753 

3.39733 

56 

57 

761 

475 

68a 

5"! 

2.76075 

598 

328 

302630 

3- 14979 

3.30009 

^^^1 

5S 

835 

557 

773 

603 

192 

733 

485 

3.03817 

3-15306 

3-303H6 

^H 

59 

3.53910 

3.58639 

a.63865 

3.69706 

2.76309 

3.83867 

3.93643 

3.03006 

3-  '5433 

3.30564 

59      ^B 

^^^^m 

60 

3.53986 

3.58732 

3.63958 

J.69809 

2.76437 

3.84003 

2.93802 

3.03197 

3- 1566. 

3.30843 

-^ 

^^^H 

■ 

L 

/ 

k 

1 

■ 

SHORT  METHODS  OF  DETERMINING  ORBITS 


SECOND  PAPER. 


By  a.  O.  LEUSCHNER, 
Director  of  the  Students'  Observatory, 

BERKKI.EV  Astronom:ca:Iv  Department 


Sectiou  of  the  American  Mathematical  Society.  In  this  case  the  solution  of  the 
orbit  without  assumption  regardiug  the  eccentricity  was  indeterminate  by  any 
known  metliod.  But  in  this  connection  it  was  sliown  that  the  Shori  Mciliod  readily 
permits  of  the  determination  of  the  limits  of  the  period  and  eccentricity  within 
which,  in  more  or  less  indeterminate  cases,  the  observations  may  he  satisfied,  and 
hints  were  given  for  the  computation  of  a  parabola  when  the  upper  limit  of  the 
period  or  seraimajor  axis  is  found  to  be  very  large.  With  the  application  of  these 
principles  the  SItmi  Afei/wd  ^a.ve.  parabolic  orbits  of  comet  a  1904  for  the  different 
sets  of  observations  under  consideration  in  accordance  with  the  parabolic  orbits 
deduced  by  the  usual  methods.  Hence,  even  in  this  exceptional  case,  the  S/iorl 
Melhod  in  a  modified  form  has  yielded  results  as  accurate  as  ma^-  be  desired. 

Concerning  L.aplace's  original  method,'  Bauschinger  quotes  Lagrange'  as 
having  reached  the  conclusion  that  analytically  it  constitutes  the  simplest  solation 
of  the  problem,  but  that  in  practice  it  does  not  afford  corresponding  advantages, 
because  the  differential  coefEcients  could  not  be  determined  with  the  uccessary 
accuracy.  PoiNCARK,  on  the  contrary,  in  a  paper  entitled  Sur  la  D^lcrmination  des 
Orbils  par  la  Atilhodf  de  Laplace^  \\z.s  recently  shown  that  in  the  first  hypothesis 
Laplace's  method  is  superior  to  that  of  Gauss,  inasmuch  as  for  unequal  intervals 
Laplace's  error  in  the  geocentric  distance  p  is  only  of  the  second  order  as  com- 
pared to  Gauss's  error  of  the  first  order. 

If  we  examine  further  into  the  question  in  dispute,  it  appears  that  of  late  a 
very  important  factor  has  been  left  out  of  consideration  in  judging  the  efficiency 
of  the  methods  which  are  based  on  Laplace.  All  published  iniyirovements  of  the 
same  are  methods  of  determining  orbits  without  assumption  regarding  the  eccen- 
tricity. They  ought,  therefore,  to  be  compared  only  with  similar  metliods,  as  PoiN- 
CARfi  has  done.  The  preliminary  orbits  of  comets  derived,  for  instance,  by  the 
Short  Afelhod  in  its  original  form  (Part  1)  are  not  always  comparable  to  parabolic 
orbits  derived  from  the  same  observations  by  Olbers's  method.  If  the  physical 
orbit  of  a  comet  happen  to  be  nearly  parabolic,  then  a  preliminary  orbit  derived 
from  a  short  arc  by  Olbers's  method  will  approximate  the  true  orbit  more  or  less 
closely.  If  the  physical  orbit  differ  considerably  from  a  parabola,  theu  a  prelim- 
inary orbit  derived  by  parabolic  methods  is  based  on  erroneous  assumptions  and 
will  fail  to  represent  subsequent  observations.  The  Sliori  Mtlhod  in  its  original 
form  (Part  i)  produces  a  preliminary  orbit  without  assumption  regarding  the 
eccentricity.  The  degree  of  approximation  of  this  orbit  to  the  physical  orbit 
depends  on  the  accuracy  with  which  the  observations,  in  the  nature  of  things,  per- 
mit of  the  determination  of  a  geueral  orbit.  If  the  range  of  practical  solutions 
within    which  the  observations  ma^-  be  represented    be  limited,  then  the  Sko\ 

'Lapi,ack,  jJ/rV.  C//.,  I.  I,  preniifire  partie,  Hvrf  11,  thup,  IV. 
'LAGRiNCE.  Oeuvres.  t.  XIV,  p.  108. 
^Bullflin  Astroiioiiiii/ut.  I.  XXIU. 
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the  necessity  of  introd^icing  an  additional  observation.  The  method  of  determin- 
ing circular  orbits  outlined  in  these  pages  is,  therefore,  not  intended  to  lessen  the 
numerical  work  required  by  the  usual  methods,  but  it  has  a  far  more  extended 
range  of  usefulness. 

The  comet  orbits  computed  at  the  Students'  Observatory  on  tlie  basis  of  the 
principles  just  outlined,  demonstrate  that  the  accuracy  of  the  differential  coeffi- 
cients of  the  geocentric  coordinates  is  such  as  to  lead  to  orbits  which  agree  more 
closely  with  the  true  orbits  than  orbits  computed  from  sirailararcsby  other  methods. 
Even  a  mere  cursory'  examination  of  the  orbits,  contained  in  IJck  Obserz'aloiy  Bulle- 
tins 73  and  thereafter,  reveals  that,  with  but  one  exceptiort,  they  approximate  the 
final  orbits  as  closely  as  those  computed  from  much  longer  arcs  by  other  methods, 
in  fact  in  general  from  arcs  twice  the  length.  The  material  for  this  comparison 
may  be  derived  from  the  A,  N.  The  final  orbits  are  probably  not  as  yet  available 
for  any  of  these  comet.s,  but  the  orbit  computed  from  the  longest  geocentric  arc 
will  serve  the  purpose  of  comparison  equally  well.  It  is  safe  to  conclude  on  the 
basis  of  these  results  that  if,  formerly,  discrepancies  from  the  true  orbits  have  been 
observed  in  orbits  derived  by  Laplacean  methods,  the  explanation  therefor  must 
be  sought  uot  lu  the  insufficiency  of  the  ditfereutial  coefficients,  but  in  the  range 
of  practical  solutions,  for  it  is  safe  to  assume  that  no  orbit  has  been  published 
that  does  not  actually  satisfy  the  observations  on  which  it  is  based.  This  range 
becomes  highly  restricted  if  an  assumption  be  made  regarding  the  eccentricity. 

Orbits  which  are  indeterminate  are  of  two  classes.  They  may  be  indetermi- 
nate, on  the  one  hand,  because  the  observations  can  actually  be  represented  by  a 
variety  of  orbits ;  on  the  other  hand,  because  the  adopted  methods  of  solution  may 
lead  to  an  indeterminate  result,  although  the  orbit  may  be  well  defined  by  the 
given  observations.  Thus,  for  example,  a  solution  by  Gauss's  method  becomes 
indeterminate  if  the  three  observations  lie  in  a  great  circle;  but  this  geometrical 
condition  in  itself  does  not  in  the  least  aiTect  the  accuracy  of  an  orbit  derived  by 
Laplacean  methods,  as  for  example  by  the  Short  Method.  In  dealing  with  cases 
of  the  first  class,  recourse  must  be  had  to  an  assumption  regarding  the  eccentricity. 
For  the  second  class,  for  which  general  metliods  are  applicable,  and  for  determin- 
ate cases,  the  solutions  based  on  Laplacean  methods  give  in  the  first  hypothesis 
results  of  greater  accuracy  than  solutions  by  Gauss's  method,  as  shown  above  by 
practical  experience  as  well  as  analytically  by  reference  to  PoincarS's  investi- 
gation and  my  own. 

The  foregoing  considerations  apply  to  the  first  hypothesis  in  preliminary 
orbits,  which  is  always  based  on  moderate  arcs.  To  discuss  the  relative  merits  in 
the  first  hypothesis  of  various  methods  on  the  basis  of  arcs  of  any  length  would  be 
of  purely  theoretical  interest  and  of  no  practical  value,  as  moderate  arcs  are  always 
available.     In  the  study  of  the  practical  problem  of  determining  preliminary  orbits 

'Compare,  also.  Crawfokd's  (onclusions  in  Patl  8. 
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coordinates  in  the  methods  based  on  Laplace.  The  results  of  the  first  hypothesis 
are  used  for  the  determination  of  more  approximate  values  of  these  quantities, 
which  then  fonu  the  basis  of  the  second  hypothesis,  and  so  forth.  Where  ratios 
of  triangles  are  used,  the  convergence  of  the  successive  hypotheses  depends  in  the 
main  on  the  intervals,  on  r,  and  ^.  and  may  become  very  slow.  If  the  highest 
accuracy  be  aimed  at,  as  in  v.  Oppolzer's  general  method,  the  computation  is  very 
laborious.  Thus,  in  v.  Oppolzer's  theoretically  very  elegant  and  precise  method, 
it  is  necessary,  as  I  have  mentioned  in  my  paper  On  the  General  Applicability^ 
etc.,  to  derive  hypothesis  after  hypothesis,  to  perform  a  series  of  trials  for  the 
distances  in  each  hypothesis,  and  to  perform  for  each  triangular  ratio  a  series  of 
approximations  in  passing  from  one  hypothesis  to  the  next.  Gibbs's  vector  method, 
although  the  most  accurate  method  of  all  in  the  first  hypothesis,  but  unfortunately 
requiring  too  large  an  amount  of  numerical  work,  does  not  readily  lend  itself 
for  application  to  a  second  hypothesis,  and  Poincark's  recent  presentation  of 
Laplace's  method  has  not  as  yet  been  cast  in  a  suitable  form  for  practical  appli- 
cation. 

Instead  of  forming  a  second  hypothesis  in  the  usual  sense  by  correcting  the 
geocentric  velocities  and  accelerations  on  the  basis  of  the  first  solution,  it  is  here 
proposed,  as  in  Part  i,  to  determine  at  once  from  differential  relations  such  correc- 
tions to  the  geocentric  distance  and  to  the  velocities  in  the  heliocentric  rectan- 
gular coordinates, — which,  together  with  the  geocentric  coordinates  at  the  middle 
date,  practically,  are  the  elements  of  t!ie  orbit, — as  will  remove  whatever  residuals 
the  first  solutiion  may  leave  in  the  first  and  third  geocentric  places.  This  mode  of 
approximation  is  not  comparable  to  the  method  of  forming  successive  hypotheses, 
but  obviously  leads  directly  to  the  required  result.  Hitherto  it  has  been  applied 
to  the  solution  of  more  or  less  definitive  orbits  from  normal  places,  with  the  aid  of 
the  differential  coefficients  of  the  geocentric  coordinates  with  respect  to  the  geo- 
metrical elements.  For  this  purpose  very  elegant  solutions  have  been  arranged, 
chief  among  which  is  that  by  Bauschinger.'  It  may  safely  be  asserted  that,  with 
proper  adaptation  to  the  computation  of  strictly  parabolic  and  circular  preliminary 
orbits  so  as  to  include  cases  in  which  a  general  solution  is  unwarranted,  the 
methods  of  diflferentiat  correction  will  lead  more  directly  to  the  final  result  than 
the  method  of  successive  hypotheses  in  the  usual  sense. 

The  advantages  of  the  method  of  differential  correction,  over  the  method  of 
successive  hypotheses  in  improving  an  orbit,  are  exactly  the  same  as  the  advan- 
tages of  the  method  of  differential  correction  over  the  ordinary  trials  in  the  succes- 
sive approximations  for  the  distances  in  Olbers'S  and  Gauss's  methods,  etc.  In 
the  course  of  the  ordinary  trials,  the  final  values  of  the  distances  of  one  trial  form 
the  initial  values  in  the  next  trial,  etc.  lu  the  method  of  differential  correction^ 
such  corrections  to  the  initial  values  of  one  trial  are  derived  differentially  fri 
^VerofentlUhuitgen  des  Kgl.  KtclnHinsliluls,  Berlin,  No.  aj. 
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the  diflFerences  between  the  initial  and  final  values  in  the  same  trial,  as  will  pro- 
duce an  agreement  of  the  initial  and  final  values  in  the  next  trial.  But  the  num- 
ber of  approximations  required  by  the  ordinary  trials  is,  in  general,  far  in  excess 
of  that  required  by  the  method  of  diflferential  correction. 

Another  simplification  involved  in  the  direct  solution  and  the  diflferential  cor- 
rection proposed  here  is  that  the  consideration  of  various  topics  essential  to  the 
older  methods  becomes  unnecessary,  as,  for  instance,  the  consideration  of  the  ratio 
of  sector  to  triangle,  etc. 

If  it  had  been  deemed  desirable  or  essential,  formulae  on  the  plan  of  succes- 
sive hypotheses  might  have  been  set  up  without  diflBculty.  For  this  purpose  it  is 
not  necessary  to  determine  the  corrections  to  the  initial  values  of  the  velocities 
and  accelerations  from  the  results  of  the  first  solution.  Instead,  an  expression  of 
a  =z  p  cos  6  may  be  derived  in  which  account  is  taken  of  the  third  and  higher 
derivatives  expressed  in  terms  of  the  coordinates  and  their  lower  derivatives. 
The  actual  derivation  of  these  expressions  of  the  higher  derivatives  is  somewhat 
complicated,  although  theoretically  quite  simple,  but  the  resulting  formula  for  o 
admits  of  a  second  hypothesis  as  soon  as  r  and  r'  =  ^  ^  become  known  in  the 
first  hypothesis.  In  this  manner  an  expression  for  n  has  been  derived  on  page  268, 
formula  (4a),  for  the  purpose  of  discussing  the  degree  of  approximation  of  the  only 
hypothesis  made  in  the  Short  Method.  The  formula,  however,  also  serves  the 
purpose  of  indicating  the  principles  on  which  we  would  proceed  in  making  a  second 
hypothesis.  For  the  purpose  in  hand,  it  was  deemed  unnecessary  to  take  account 
of  derivatives  of  the  geocentric  coordinates  higher  than  the  third. 

PoiNCARfe's  discussion  of  Laplace's  method  is  the  most  elegant  treatment  of 
that  subject  yet  attained.  His  choice  of  the  direction  cosines,  their  velocities,  and 
accelerations  as  fundamental  data  leads  to  a  symmetry  in  the  developments  aflford- 
ing  a  clear  perspective  of  the  method  and  permitting  of  easy  determination  of  its 
accuracy  in  relation  to  other  methods.  His  discussion  is  also  full  of  suggestions 
from  a  practical  point  of  view.  If  none  of  these  have  been  adopted  here  it  is  due 
to  the  fact  that  the  formulae  presented  below  had  already  been  applied  to  numer- 
ous cases  prior  to  the  publication  of  PoiNCARfe's  paper  and  had  proved  entirely 
sufficient. 

With  reference  to  the  corrections  for  parallax  and  aberration,  Poincare  points 
out  that  they  can  be  dealt  with  in  a  simpler  manner  than  has  been  done  in  Parts 
1-3.  This  was  recognized  soon  after  the  publication  of  the  Short  Method  in  1902 
and  was  referred  to  in  my  Notes  on  the  Short  Method  of  Determining  Orbits^  etc., 
presented  at  the  1902  meeting  of  the  Astronomical  and  Astrophysical  Society  of 
America.*     The  details  of  the  elimination  referred  to  are  given  on  page  233  et  seq. 

With  reference  to  the  question  of  multiple  solutions  it  is  shown,  among  other 
things,  on  page  291,  that  there  never  can  exist  more  than  one  physical  parabolic 

^Publications,  Vol.  i,  pp.  194-195- 
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solution.  By  applying  the  criteria  on  page  2SS  the  computer  may  delect  the  exisf- 
euce  of  additional  mathematical  solutions,  of  which  there  may  be  two.  By  follow- 
ing the  directions  outlined  on  page  291  he  may  then  discard  the  two  fictitious  out 
of  the  three  mathematical  parabolic  solutions  with  the  aid  uf  the  tables  at  the  end 
of  this  paper.  It  is,  indeed,  one  of  the  chief  advantages  of  the  method  outlined 
here  that  the  possibility  of  adopting  a  fictitious  for  the  true  solution  is  eliminated 
in  the  course  of  the  computation.  Further  advantages  are  that  the  feasibility  of 
a  parabolic  solution  may  be  readily  tested;  that  transference  may  be  made  to  a 
general  solution  with  little  additional  labor,  and  that  llie  degree  of  accuracy  of  the 
adopted  solution,  which  determines  the  range  of  practical  solutions,  is  readily 
ascertained.  While,  however,  there  never  can  exist  more  than  one  solution  when 
an  assumption  is  made  regarding  the  eccentricity,  two  solutions  may  sometimes 
occur  when  no  such  assumption  is  made;  but  at  the  present  stage  of  the  investiga- 
tion it  is  found  possible  to  distinguish  the  mathematical  from  the  physical  solution 
only  in  certain  cases;  that  is  to  say,  in  the  case  of  a  general  solution  two  orbits 
may  sometimes  result,  satisfying  the  three  given  observations  within  the  errors  of 
observation  and  the  degree  of  accuracy  of  the  direct  solution. 

To  assist  the  computer  in  the  application  of  the  methods  derived  here  and  in 
Part  I,  the  various  formula;  for  the  direct  computation  of  an  orbit,  with  or  without 
assumption  regarding  the  eccentricity,  and  for  the  derivation  of  an  orbit  on  the 
basis  of  a  previous  approximation,  are  collected  in  a  "Synopsis  of  Formulae"  at 
the  end  of  this  paper. 

Acknowledgment  is  due  to  Professor  Cr.'^wford  for  many  valuable  sugges- 
tions, particularly  as  regards  the  arrangement  of  the  formulee  in  a  convenient  form 
for  computation. 

Geneva^  Switzerland,  April,  igag. 
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The  geocentric  velocities  and  accelerations  derived  from  three  places  at  sliort 
intervals  as  in  formulae  11,  page  15,  are  practicall}'  always  sufficientl}^  accurate  to 
serve  as  the  ba^is  of  an  orbit  computation.  But,  if  the  geocentric  motion  be  very 
irregular,  as  is  sometimes  the  case  for  comets,  or  if  it  be  desired  to  base  the  pre- 
liminary orbit  from  the  start  on  a  longer  arc,  then  it  may  become  expedient  to 
deduce  the  velocities  and  accelerations  from  more  than  three  places.  For  long 
arcs  or  intervals,  however,  it  is  preferable  to  derive  initial  values  of  the  funda- 
mental data  ^,  ;r',  y,  J  from  the  existing  approximate  orbits. 

If  more  than  three  places  be  made  the  basis  of  the  computation,  the  initial 
geocentric  velocities  and  accelerations  may  be  determined  graphicall}^  or  analyt- 
ically. 

The  graphical  determination  of  the  velocities  and  accelerations  is  accom- 
plished in  the  usual  manner  by  drawing  smooth  curves  for  the  right  ascensions 
and  declinations,  then  tabulating  these  coordinates  from  the  curves  for  equidistant 
intervals  and  finally  computing  their  first  and  second  derivatives  by  the  formulae 
of  numerical  differentiation. 

The  analytical  determination  of  the  velocities  and  accelerations  from  an 3^ 
number  of  observations  is  readily  accomplished  by  successive  approximation. 

In  either  case,  it  is  essential  that  the  observed  or  apparent  places  are  expressed 
in  right  ascension  and  declination,  and  are  reduced  to  the  mean  equinox  at  the 
beginning  of  the  year  in  the  usual  manner  by  including  the  aberration  of  the 
fixed  stars,  while  the  dates  remain  uncorrected  for  planetary  aberration  until  the 
geocentric  distances  shall  have  been  determined. 

We  select  as  epoch  the  time  of  an  observation  lying  about  the  middle  of  the 
available  range  of  dates.  As  in  Part  i,  we  shall  call  this  date  the  normal  or  zero 
date  /o»  and  designate  the  corresponding  right  ascension  and  declination  by  a^, 
and  Sq.  Ultimately  the  epoch  will  be  the  true  date  of  this  observation.  Au}- 
other  of  the  available  right  ascensions  may  then  be  represented  by  Taylor's 
theorem  as  follows: 

a,  =  a,  +  ^^'-^"^  ./  +   ^^'--/*^^"'  a''  4-   ^^'-T  ^")'  ..'"  + (1) 


where  a'"  — ' 


.w 


with  a  similar  series  for  the  declinations.  The  numerical  values  of  the  differential 
coefficients  of  a  and  ^5  at  the  epoch  with  respect  to  the  time  are  to  be  determined 
from  the  observed  values  a-  and  S., 
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The  number  of  coefficients  that  can  be  determined  is  restricted  by  the  number 
of  positions  available  in  a  preliminary  series  of  observations.  The  number  of 
differential  coefficients  which  is  necessary  and  sufficient  in  a  given  case  depends 
on  the  nature  of  the  geocentric  motion.  The  number  is  sufficient  if  intermediate 
places  not  used  in  the  derivation  of  the  differential  coefficients  are  represented  by 
(l)  within  the  accuracy  of  the  observations. 

The  number  of  observalious  necessary  to  d»;termine  «  differential  coefficients 
is  n  +  ].  The  computation  of  these  differential  coefficients  by  a  solution  of  n 
simultaneous  equations  of  the  form  (l)  would  be  very  laborious  without  a  con- 
venient method  of  procedure,  even  if,  as  is  generally  the  case,  the  number  of 
differential  coefficients  to  be  determined  is  limited. 

In  the  first  approximation  wc  confine  ourselves  to  the  determination  of  the 
first  two  differential  coefficients  from  the  first,  last,  and  the  normal  observation  of 
the  series.  This  is  accomplislied  in  the  same  manner  as  the  velocities  and  accelera- 
tions in  a  and  "5  are  determined  in  formulae  II,  page  15.  The  unit  of  time  in 
these  formulx  is  1//-  mean  solar  days,  where  k"^  is  the  solar  constant  of  attraction. 
Inasmuch  as  this  unit  can  be  introduced  more  conveniently  later,  we  shall  for  the 
present  choose  the  mean  solar  day  as  the  unit  of  time  in  determining  the  succes- 
sive derivatives.  Hence,  we  let  k  =  \  in  II,  page  15.  Let  the  velocities  and 
accelerations  so  determined  from  three  observations  be  denoted  by 

'<.     K.     <'     K  (2a) 

If  determined  from  five  observations  by  formula  ( 1)  the  velocities  and  accelerations 
may  be  written 

K  +  .1,'.;,    .5;,  -i-  ,i,rf; ,    «;■  -f  ,i,<',    6\:  +  ,i,rf,;-  (gb) 

and  if  from  seven  observations 

«i + Ji^; + (ix ,      *"  +  <■*/; + '■*/'" ,      " 

and  so  forth.     For  the  true  values  a'.  6'. 

at  the  normal  date  we  shall  have 


of  the  velocities  and  accelerations 


{2d) 


with  similar  expressions  for  &'  and  5".  In  the  successive  approximations  of  the 
velocities  and  accelerations,  the  higher  differential  coefficients  are  neglected,  viz,, 
differential  coefficients  higher  than  the  second  in  the  first  approximation,  higher 
than  the  fourth  in  the  second,  and  so  forth.  In  general,  we  may  denote  a  differen- 
tial coefiicient  of  any  order  resulting  from  the  first  approximation  by  <t"l\  from  the 
second  hy  a"  +  ti,  «"'  from  the  third  by  o!'^-\-  ■'i  «?  +  «\ar  a-  s.  /.,  so  that 

and  similarly  for  «5"'. 

Hence,  "'i'  =  "■'„'  =  «;  =«•„'=■■■■  =  0 

and  3,<  =  J,"V  =  . . .  =  0 .    a-  s.  r- 
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For  the  second  approximation,  based  on  five  observations,  we  have  from  (1)  and  (2) 

«,= «.  +(<*-  «.)K  +  ^^o^  +  -'  ~  '-^-  K  +  '\<']  +  -^''-7  '-^--  3.^7  +  -^^  a.«'; .  (3) 

I  6  24 

i  =  1,  2,  4,  5;    «o  ~  ^3»  where  the  i  are  taken  in  the  order  of  time. 
Let  us  suppose  that  the  first  approximation  was  based  on 

Then  putting 


^i  -  b\  +  (^•  ~  ^o)  <  +  -  -  2      <  ] 

X.  =  ^.«7  ;  6,  =  ^^^-  >       (4) 

^  —  ^. 


4! 


2/a    =    diOl';      ; 


^'^       2! 


(5) 


we  have  the  following  system  of  equations 

a,u\  +  h,x^  +  c,2/a  +  2.=  0  (a) 

a^iP^  +  M«  +  c,2/«  +  2.  =  «2,a  (b) 

«4»'^^«   +    ^A^a   +   C,y^   +    2.  =  ^i4,a  (c) 

«5^«.  +   ^5^:.   +   CrJJ^  +   Z^  =:  0  (d) 

In  the  same  way  we  shall  have  for  the  declinations 

a,w^  +  h,x^  +  C|2/5  +  2a  =  0  (a) 

a^w^  +  &2^a  +  <'22/«  +  23  =  i22,a  (b) 

a^tr^  +  h,x^  +  r,i/3  +  25  =  11^,1  (c) 

^'o^^'a  +  ^5^8  +  ^\Vi  +  23  =  0  (d) 

As  only  the  unknowns  y  and  z  will  ultimately  be  required,  it  is  not  necessary 
to  compute  the  w  and  x.  The  following  form  of  solution  of  (5)  and  (6)  has  been 
arranged  after  Gauss's  method  of  elimination.  Neglecting  the  subscripts  ^and  <J, 
equations  (a)  give : 

Eliminating  w  from  (b),  (c),  (d),  by  means  of  (7)  and  letting 


(6) 


pi  —  *  Px  =  [pi  •  1]  ;    pi  =  ^  ,  Ci ,  1 


(8) 


/  =  2,  4,  5  . 

we  obtain 

\Jh  •  1]  •<•  +  h  •  1]  ;/  +  [1,  •  1]  2  =  n,  (e) 

[''.    ll^  +  K -1]  </  +  [!.  •l]s  =  ".  (f)  \      (9) 

[''.•l]^  +  hl]!/  +  [l.-l]2  =  0  (g) 

24b 
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Kliminatiug  x  from  (e)  and  (f)  by  means  of  (g)  and  letting 


b.-!]- 


[*.  ■  1]  r 

V,=  '.,   1: 
we  have  the  following  equation  in  y  and  2 
V,  ^  2] !/  +  [1, 
V',  ■  2]  J  +  [1, 
From  these 

^,  -        ».  [1,  -  21  -  ».  [1.  -A 

-        -         -  -     -21     ■     ■  - 


=  2.4. 


.  2]  =  =  „, 
^2]  =  =  ..,. 


21 


,r,  h  ■  2]  -  ...  [-■,  ■  21 


(ISI 


'-[t,-2Hl,-21-t,-2Hl,-21      ■     •  ~  h  .  2H1.    2]  ^^  h  ^  2J  [1,  .  21 

In  practice  this  form  of  solution  is  extremely  simple.     Its  chief  advantage 

consists  in  the  identity  of  the  coefficients  for  both  systems  of  equations,  (5)  and 

(6),  so  that  after  the  [/, .  2]  coefficients  are  computed,  equations  (12)  give 


and 


yi  =  ^^S'^  , 

The  combined  number  of  [/,  ■ 
The  numerical  values  of 


'lao  ,  from  Kj,.  and  1 


2.  =  ^is; 

1  and [A 


from  ft].,  and  «,.,  . 
;]  uoefRcients  to  be  coiiipnted  is  thirteen. 


M 


are  to  be  substituted  in  (2d)  together  with  tlie  first  approximation  for  the  veloci- 
ties and  accelerations  defined  in  ('ia),  in  order  to  obtain 
a'.  6;  a".  8". 
The  procedure  outlined  above  is  readily  extended  to  any  given  odd  number 
of  observations.  The  successive  approximations  have  beeu  based  on  an  odd 
number  of  observations  merely  on  account  of  the  symmetry  of  the  resulting 
funnulx.  Similar  forms  of  solution  may  readily  be  written  out  for  an  even 
number  of  observations.  The  velocities  and  accelerations  may  now  be  expressed 
in  the  proper  unit  of  time.  If  the  unit  of  time  is  to  be  ^  mean  solar  days,  «'  and  &' 
must  be  divided  by  k,  aud  ac"  and  S"  by  k'. 
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and  still  simpler  procedure  was  proposed  for  the  elimination  of  the  parallax,  the 
aberration  requiring  no  further  consideration  in  a  preliminary  orbit  calculation. 
This  procedure  is  as  follows: 
In  the  equations 

H  =^  ft  cos  5,  cos  11-^  =  J-  +  A';  '/  ^  P  cos  "5^  sin  i-,  =  i/  -)-  K 

5=P8inrf,=  t^  Z.  ^   ' 

let  H,  tf,  5,  p.  dg,  5,,  A',  1',  /  be  geocentric  coordinates.  Let  fi{p  and  ^\f)  desig- 
nate the  parallax  factors  for  the  reduction  of  the  observed  place  to  the  center  of 
the  Earth,  expressed  in  seconds  of  arc,  and  let  a  and  '5  be  the  observed  coordi- 
nates.    Then  we  may  write 

f^cos  {S  +  i'<i)  cos('f  -H;,fl)  =7-+  .V;     /3COs{tf -t-  fi)  sin  (<>  -\-  /.i;  )  ^  „  +    }' 

psm(6  +p^)  =  z  +  /.  ^*'' 

or,  expanding  the  sines  and  cosines  and  neglecting  the  second  aud  higher  powers 
of  Pi  and  p% ,  as  well  as  their  products, 

ft  cos  <?  COS  a  —  p  cos  S  sin  « ;iW  —  p  sin  fS  cos  «  y.»  =  j  -f-  .V 

ft  cos  5  sin  "  +  ft  cos  tf  COB  «  ;i»  —  /J  sin  ^  sin  "  /'^  =  y  +  1'  (8) 

fl  sin  tf  +  />  cos  a  /,^  =  .  +  ;f . 

Since  the  parallax  factors  p^p  and  p^p  are  known,  the  terras  containing  them  may 
be  applied  as  corrections  to  the  solar  coordinates.     Hence,  if  we  let 
^X  =  cos  tf  sin  a  ffi^p  +  sin  <S  cos  <>  /^^p  ;        J  K  =  —  cos  *  cos  « I'^ft  -f  sin  f^  sin  «  / 

JZ  =  —  cos  6  I'O^ft . 
we  may  write 

(£)  =  pcosS  cos  «  =  J-  +  A'  +  AX  ;     (»;)  =  p  cos  rf  sin  .>■  =;/+]'+  j  1' 

U)  =psinrf=.  +  Z+  J^.  '  *^' 

where  p  is  the  geocentric  distance,  while  «  and  5  are  referred  to  the  observer.  In 
curaputing  the  corrections  to  the  solar  coordinates  by  (4),  pip  and  />\p  must  be 
multiplied  b}'  sin  1"  to  reduce  the  corrections  to  the  proper  unit. 

It  will  be  observed  that  by  correcting  the  solar  coordinates  by  (.4),  the  parallax 
is  fully  taken  into  account  in  computing  coordinates  by  (5).  Thus,  for  instance, 
after  the  value  of  <7„  —  p^  cos  <5^^  has  been  derived  by  V,  page  i6,  the  heliocentric 
coordinates  at  the  middle  date,  needed  in  \'I,  follow  at  once  fiom  (6).  Similarly 
in  the  comparison  between  theory  and  observation  for  the  first  and  third  places 
no  correction  for  parallax  needs  to  be  applied,  it  being  contained  in  (5).  But  it 
remains  to  investigate  what  effect  this  elimination  of  the  parallax  has  on  the 
velocities  and  accelerations  which  are  involved. 

By  successive  differentiation  of  expressions  (5)  we  obtain 

[&)■'  =  {ft  cos  S  cos  «)"  =  x"  +  [A'  +  JA']"  (6) 

and  similar  expressions  for  (v)"  and  (5)".  If  the  a^  and  S^  were  given  at  the  start, 
the  same  operation  might  have  been  performed  on  (1).  We  should  then  have 
to  derive  the  velocities  and  accelerations  in  a  and  5  from  geocentric  positions  and 
the  expressions  would  have  been  correct,  so  far  as  this  parallax  is  concerned.  But 
as  the  Og  and  ^^  are  not  available  at  the  start,  it  is  proposed  to  use  (6)  and  to  intro- 
duce into  these  formulse  the  velocities  and  accelerations  derived  by  numerical  differ- 


(4) 
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with  similar  equalioiis  in  V  and  Z,  where  in  and  /«i  represent  the  mass  of  the 
Earth  and  of  the  Moou,  respectively,  and  where  the  subscript  vi  signifies  that  the 
coordinates  are  referred  to  the  center  of  mass  of  the  system  Earih-Moon.  The 
necessity  of  reducing  the  geocentric  solar  coordinates  taken  from  an  astronomical 
ephemeris  to  the  center  of  mass  of  the  system  Earth-Moon,  before  they  may  be 
introduced  for  the  elimiuatiou  of  the  solar  accelerations  iu  direct  orbit  solutions 
by  Laplacean  methods  has  been  pointed  out  bj-  Bruns  in  his  discussion  of  Lam- 
bert's theorem.'  The  reduced  places  are  referred  to  by  Bruns  as  barycenin'c  ' 
places. 

In  the  equation  4^  =  .*-  + A',  it  is,  of  course,  immaterial  whether  ^  and  A"  are 
referred  to  the  observer,  or  to  the  center  of  the  Eartli,  or  to  the  center  of  mass  of 
Earth-Moon  system,  or  to  any  other  arbitrary  intermediate  origin,  so  long  as 
5  and  X  are  referred  to  the  same  intermediate  origin.  The  same  statement  holds 
for  tlie  equations  ^'  — y  +  ^'  and  f,"  =.r"  +  ,V"  ,  which  give  the  heliocentric 
velocities  and  accelerations.  But  since  in  the  development  of  the  formulie  of  the 
Laplacean  methods  the  solar  accelerations  are  to  be  eliminated  by  means  of  the 
equations  of  motiou  (9a)  and  since  these  equations  are  rigorously  true  only  with 
reference  to  the  center  of  mass  of  the  Earth-Xtoon  system,  therefore  H  and  A'anust 
also  be  referred  to  the  center  of  mass.  In  a  rigorous  solution  of  the  orbit,  equa- 
tions (1)  and  their  derivations  must,  therefore,  be  replaced  by  the  equations 

S_  = /).  cos  «,  cos  tf.      =x-t-.V,  (U) 

jf:=.(/3„cos«„costf.)'=/  +  j::  (lb)    ' 

^*  =  {Pm  COS  «„  COS  SJ)"  =  /'  +  A';,'  ( Ic) 

and  the  corresponding  equations  in  r/^  and  fi„,  where  the  subscript  m  again  signi- 
fies that  the  coordinates,  velocities,  and  accelerations  are  referred  to  the  center  of 
mass  of  the  Earth-Moon  system.  But  just  as  the  geocentric  places,  so  also  must 
the  barycentric  places  of  the  body  remain  unknown  until  after  the  geocentric  dis- 
tances shall  have  been  determined. 

The  angle  subtended  at  the  body  by  the  line  joining  the  observer  and  the 
center  of  the  Earth  will  hereafter  be  called  the g-eoceniric  pa/-a//ax  and,  as  above,  be 
denoted  by/*.  The  angle  subtended  at  the  body  by  the  line  joining  the  center  of 
the  Earth  and  the  center  of  mass  of  the  Earth-Moon  system  will  be  called  the 
barycentric  parallax  and  be  denoted  by/",  while  the  angle  subtended  at  the  body  by 
the  line  joining  the  observer  and  the  center  of  mass  will  simplj'  be  called  the /ar- 
a//«^and  be  denoted  by/.  Similarly  the  corresponding  parallaxes  in  a  and  5  will 
be  denoted  by/J,/f;  P1,p1\  and/.,/,,  respectively.  The  corresponding  par- 
allax factors  will  be  denoted  by /fp,  /{p;  P"P„^P"p„\  and  /»P«,  /iP«,  respectively. 

Since  /.  =  pi  -f /*;  pi,  —  pi  +/",  we  have,  after  multiplying  by  p„  and  writing, 
with  an  error  of  the  second  order  only  of  the  parallax, /*p  ia-c  plp„  ;  /fp  for/fp„  ; 
p.9»  =  pl9  +PZP«  ;  AP„  =  plP  -\-pl.9„  ■ 

It  has  been  the  rule  to  neglect  the  geocentric  as  well  as  the  barycentric  par- 
allax in  the  first  direct  solution  of  the  geocentric  distances.     Harder  repeats  the 
direct  solution  after  correcting  the  observations  only  for  geocentric  parallax  ( 
'H.  URuiis  der  Lambtri'scki  Sal^,  A.  A'.  34^2. 
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the  basis  of  geocentric  distances  resulting  from  the  first  direct  solution.  Bruns, 
however,  corrects  also  for  barycentric  parallax,  before  repeating  the  direct  solution. 

As  stated  above,  on  page  233,  it  was  pointed  out  in  Part  i,  page  9,  that  the 
second  direct  solution  might  be  omitted  altogether,  and  that  the  small  changes  in 
the  orbit  resulting  from  the  geocentric  parallax  corrections  might  be  determined 
just  as  well  from  the  observation  equations  as  part  of  the  final  corrections  of  the 
heliocentric  coordinates  and  velocities.  This  remark  holds  also  for  the  barycentric 
parallax. 

It  is  evident,  however,  that  the  method  defined  by  equations  (4)  and  (5)  of 
eliminating  the  geocentric  parallax  in  the  first  direct  solution  may  at  once  be 
extended  to  the  simultaneous  elimination  of  the  barycentric  parallax.  For  this 
purpose  it  is  only  necessary  to  introduce  in  equations  (4)  the  parallax  factors  p^p^ , 
piP^  defined  above,  which  correspond  to  a  reduction  of  the  observed  a  and  S  to  the 
center  of  mass.  These  parallax  factors  we  have  seen  are  equal  to  the  algebraical 
sum  of  the  corresponding  geocentric  and  barycentric  pai-allax  factors.  As  stated 
above,  hereafter  this  sum  will  simply  be  designated  by  parallax  factor^  without 
modification.  Equations  (4)  will  therefore  be  applicable  to  the  elimination  of  the 
parallax  or  of  \\l^  geocentric  parallax  alone^  or  of  the  barycentric  parallax  alone^  as  we 
substitute  in  that  equation  the  corresponding  factors  for  pip  and/fp. 

Let  the  corrections  to  the  solar  coordinates  resulting  from  equation  (4)  on  the 
basis  of  pj)^  and  /^p^,  be  denoted  by  Jo^j  ^i^y  and  J2^\  and  let  JiX,  ^iV^  ^\Z 
represent  the  corrections  which  must  be  applied  to  the  geocentric  solar  coordinates 
in  order  to  reduce  them  to  the  center  of  mass.     Then 

AX=  AxX  +  A^  ;        AY=  z/iF  +  A^Y  ;        AZ=  AiZ  +  A^Z 
are  the  complete  corrections  which  must  be  applied  to  the  interpolated  solar  coor- 
dinates for  the  total  elimination  of  the  parallax  in  a  and  <5  (geocentric  and  barycen- 
tric), including  the  reduction  of  the  solar  coordinates  to  the  center  of  mass. 

We  shall  first  derive  J\X ^  ^xY ^  ^\Z,  Let  d^  and  d  be  the  distances  of  the 
center  of  mass  and  of  the  Moon,  respectively,  from  the  center  of  the  Earth,  a^^  ^,  l!ic 
geocentric  coordinates  of  the  Moon,  as  given  in  the  astronomical  ephemeridcs. 
Then  the  corrections  to  be  applied  to  the  geocentric  solar  coordinates  X^  K,  Z  are 

AxX=  —  f/,  cos  (^i cos  f^i  ;         A^Y  ='  —  d^  cos  ^^  sin  (^^  ;         A^j  =  —  (/,  sin  6^  . 

Let  TT  and  tt^  be  the  values  of  the  mean  horizontal  equatorial  parallax  of  the 
Sun  and  Moon  respectively,  and  ;;/  and  ;;/i  the  masses  of  the  Earth  and  of  the 
Moon,  respectively.     Then  we  have  with  more  than  sufficient  accuracy 

m,  7T         ft 

in  +  ///j         TT,  1  -f  // 

where  m  is  the  ratio  of  the  Moon's  mass  to  the  Earth's  mass  and  where  ^is  given 
in  astronomical  units.  With  Hinks's^  value  of  ;r^  87807  and  Newcomb's*^  values 
of  TT^  =  57'  2768  and  /'  =  ^  we  obtain 


.    ^„---(;'/437 
sni  1 


ft 


^M.N.R.A,  S.  Vol.  LXIX,  page  567. 

'^  The  Elements  of  the  Four  Inner  Planets  and  the  Fundamental  Constants  of  Astronomy.     Supplement  to  the 
American  Ephemeris  and  Nautical  Almanac  for  iSi^-j. 
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The  barycentric  parallax  factors  in  a  and  6  are  given  by  tlie  left  hand  sides 
of  equations  (15),  page  11,  if  J, A",  J,  J',  _/|Z  be  substituted  on  the  right  hand  side 
for  a^,  (ly ,  ?; ,  respectively.     In  the  first  of  these  equations  d,a  =  co&Sjia.     Heuce 


p:p.=- 


-  d,  cos  iS,  cos  ", 


I>TP^'=  ''1  [sin  <Scostf|  cos(n  —  «,)  —  cos  tf  sin  (?,]. 

By  adding  these  baryeeniric  to  the  geocentric  parallax  /adors  which  are  gener- 
.ally  given  with  the  observations,  the  required  parallax  /aciors  fji^  and  /'»/0.  may 
now  be  formed. 

For  equations  (la)  we  now  write  with  reference  to  the  center  of  mass 

^- =  P- cos  (tf +  j»,}  cos  {«■  +  /,.)  — r-f  A',  i       r/,  =  p„cos(d  +  ;j,)  sin  («  +  />,)  =  1/+  1'. 

^-  =  (J-  siti  {6  -i-  ,.^)  =  J  ^^ ;:_ , 

where  evidentlj'  A'^  =  A'+^,  A',  etc.  From  these  equations  we  derive  the  follow- 
ing equations  in  the  same  manner  as  equations  (4)  to  (11)  were  derived  from  equa- 
tions (1) 

J,.V  =  cos  (5  sill  "j'jJ^  +  sill  f5  cos  If /i(/j„  :         J,l'=  — cos  rfcos  <"  i:h>^  4-  stii  "^sirnT/i^p. 

^,/=  —  cosdp(p_  .  (4a) 

{£)  =  (J.,  cosiJ  cos  «  =  /  -f-  .V„  +  A,X  ;         (V)  =  fim  cos  "^siii  a  =  ;/  -(-  I'_  +  J^)' 

(5)  =  p_  sin  tf  +  2„  -(-  j,^  .  (.ia) 

(fa) 


And,  subject  to  later  correction, 


(.V,+ J,A')"  =  - 


lUJi  =  XA^X  +  r^J,  K  +  ZA,Z  . 


.,  ,  (^) 


(^)"  + 


?--'---^>[-^-T7^ 


«)". 


(9aa) 

(10a) 

(11a) 


Equation  (11a)  is  rigid  except  for  the  error  committed  in  using  the  substitution 
(San)  instead  of  (9a).  The  mass  «  +  w<,  of  the  Earth-Moon  system  is  negligible 
in  preliminary  orbit  computations. 

To  determine  the  remaining  error  and  to  allow  for  the  same,  if  necessary, 
we  may  write  (9aa)  by  means  of  (9a) 

where  powers  of  A^iR  higher  than  the  first  and  the  product,  _/.jA'  J>R,  are  neglected. 
Expression  (11a),  therefore,  requires  the  correction 

(18) 


M.xr.f- 


K 


In    this  expression   we  may    use    the  corrected   values  of  the  solar  coordinates. 
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Denoting  tliese  by  (AT),  (F),  (Z),  so  that 

(X)  =  (X,  +  JA')  ,  etc.  ;  (i?)  =  (/Z.  +  A^R)  ,  (14) 

we  obtain  for  the  corrected  equation  (11a) 

and  analogous  equations  in  the  other  two  coordinates. 

The  numerical  values  of  the  ^2^)  ^2^  and  ^2^  depend  by  (4a)  on  the  coordi- 
nates of  the  body  and  on  the  parallax  factors.  Hence,  unless  the  observations 
have  been  made  at  stations  differing  widely  in  latitude,  or  unless  the  hour  angles 
be  very  different,  they  may  vary  proportionally  to  the  intervals  for  the  three  dates. 
If  the  proportionality  hold  true,  then  (-^2^)0  =  (-^2  J'')  0  =  (-^2^)0  =  0.  But  we 
shall  first  consider  the  case  where  these  accelerations  cannot  be. neglected.  Then 
(^2^)0,  etc.,  must  be  obtained  ivova  jd2^n  ^2^,,  =  ^2^0  and  ^2^^^,}  etc.,  in  the 
same  manner  as  a'o  or  ^o  is  obtained  from  a^,  a^  =  ^oj  and  a,,,  etc.,  in  II,  page  15, 
and  the  last  two  terms  of  (15)  become  for  the  middle  date 

Let 

^i-Y,..  (/.  -  t.)  +  ^2^,  {t,,,  -t,,)  =  //,Xo  (c  -  fj  (1  +  dj  .  (17) 

Then  (16)  reduces  to 

where  0^  =  k  (^,,,  —  ^,,)  and  ^,,,  =  k  \t^^  -  t^.     After  deriving  analogous  expressions 
in  the  second  and  third  coordinates  and  letting 

'■"""=  fe+^fc]  ^'^•^^■^^""^  \h^-l^i  ]  ^«^-:-itanrf=  [(ly.+-^]  ^.^..  (19) 

equations  (15)  become 

If,  after  introducing  polar  coordinates  throughout  in  these  equations,  the  indi- 
cated differentiations  be  performed,  they  may  be  written 

<y"cosar  — 2a'sina'a'— asin^ra"— (Tcosa  {ix'Y—    ^    =^»S'cos.4  -^ — 7^»(l  +  3-^]  +jcosa 
<J'"sin  «  +  2  g' co%cna* -\-  G Qosixtx" — Gsixax 


where  the  subscripts  have  been  dropped,  as  all  quantities  refer  to  the  second  date. 


a"tan(J  +  2cy'(tan(y)'  +  (y 
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If,  as  usual,  the  first  two  of  these  equations  be  added,  on  the  one  hand  after 
multiplication  of  the  first  by  cosa  and  of  the  second  by  sin  «,  on  the  other  hand 
after  multiplication  of  the  first  by  — sin  a  and  of  the  second  by  cos  a,  we  have 

<r''tand  +  2CT'(taHtf)'  +  flp^ +(taiirf)''|  =  StanZ>[  J;~--^/l  -  3^^^^^ 

The  solution  of  these  equations  for  <t  and  <J',  which  is  conveniently  accom- 
^isbed  by  means  of  determinants,  gives,  after  replacing  the  subscripts 


(^0) 


'■■  ^    (^m  COS  (i„   —    H 


(^r(-M)l-« 


where 

^»  =  —   ;|7  j  [tanrf,cos(n  — a,,)  — un-n  „;,  +  sin  («  —  «„)  (tan«S);,  J 

4K^  —^  jrtanrf„cos(/(— <f„)  — tan'i    ",',  +  sin  ("  —  .r,J  f  («;,)' tan  rf„  +  (tan  rf); 

and  where  A'",  A,  and  k  are  defined  as  in  III  and  V,  pages  15  and  16. 
Divide  both  sides  of  the  first  of  (21)  by  (^)  cos  5,_  and  let 


<21) 


=  -(7ovc^,0'^N"«))"' 


(K)  COS  rf„ 


Then  the  first  of  (21)  may  be  written 


=  (")- 


"  /(/Ocosrf,, 

The  value  of  z  is  found  from  this  equation  by  eliminating  r  by  means  of 
'■^  =  /-l  +  {Rf  -  2  ^„  (/?)  cos  '/■ . 
or  if,  as  before,  we  introduce  ■£  =  (^> ,  by  means  of 

sV  +  I)  =  /<(fi)'. 
The  elimination  gives 


f' =  ,,■(«)■  = 


(fi)'cos'tf„(v)' 


(23) 


(24) 


(26) 


(28) 


W  C09'«„ 

where  w/  is  defined  as  in  III,  page  15.     Replacing  /i  and  (v)  by  means  of  (2S)  and 
(24)  we  obtain  for  tile  equation  in  r  =  -r^ 

(r  -  2  :  cos  *■  +  1)'  (.-  -  (■».))■  -  ,»■  =  0  ,  _    (27) 

wbicli  is  <fi  tHe  same  form  as  the  corresponding  equation  (7),  page  8,  except  that  i 
(7)  (»^)p;//,  the  parallax  being  entirely  neglected.  Since  (w)  differs  but  little  froi 
Wj'lTie  solution  of  (27)  is  accomplished  in  exactly  the  same  manner  as  that  of  (7) 
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page  8,  except  that  in  equations  (10)  and  (11),  page  8,  we  must  write  {v)  for  k. 
Hence,  if  z^  be  a  first  approximation  to  z^  taken  from  the  tables  at  the  end  of  this 
volume  with  —  or  r.  and  ^  as  arguments,  then  the  correction  Jz^  which  must  be 
added  to  Zi  ,  so  that  Z2  =  Zi^  ^iz^  ,  shall  satisfy  (27)  is  given  by 

S{z^)=^\{y)\-m'^M,  (28) 

and 

^''  ~  2/A(v)J/i,  +  3(v),(.,-cos^)]  •  ^^^^ 

The  only  additional  labor,  therefore,  required  for  a  complete  elimination  of  the 
parallax  in  the  determination  of  p^  consists  in  the  computation  of  the  auxiliary 
quantity  (;;/).  By  (23)  and  by  (9),  page  8,  we  may  also  write  in  a  convenient  form 
for  computation 

(m)  =  .(l  +  3-;-)+^^^^^.  (30) 

The  computation  of  (Tq  may  be  omitted,  as  it  is  not  required  in  the  further 
solution  of  the  orbit.  It  enters  only  in  the  expressions  for  p,  and  p,,,  ,  but  these 
distances  are  needed  solel}^  for  the  purpose  of  freeing  the  observed  intervals  from 
the  planetary  aberration  {cf.  V,  page  i6).  As  it  is  permissible  in  preliminary  orbit 
calculations  to  neglect  the  second  differences  of  the  aberration  corrections,  the 
computation  of  o"^  may  be  avoided.  The  expression  for  (f^  ,  however,  resulting 
from  equations  (20)  may  be  written  out  by  analogy  from  the  corresponding  formula 
in  V,  page  i6,  and  is 


a 'I 


=  -^'-[(i?)cosZ>cos(.l-«J-(r,]-(T,[-i,(l+  (31) 

or  it  may  be  computed,  if  desired,  from  the  first  of  equations  (20)  after  r  has  become 
known. 

Equations  (21)  give 

-^•-^^  ^        <=  A  (a.-J.)  +  J^.  .(32) 


G^  Ak  K      '  K 

from  which  o'^  may  be  computed  after  o^  has  been  found.     From  (32)  we  may  also 

write 

<       A        1  r  A  -y      \       ft  ■' • 

_  »  = __  Jk  —  JA     = ,  .      (33al 

which  equation  is  in  a  convenient  form  for  use  in  all  preliminary  orbit  solutions. 
In  fact,  in  the  solution  of  parabolic  orbits  the  values  of  A ,  ;r ,  J\  ,  and  Jk  are 
not  themselves  required,  but  only  the  value  of  the  ratio  -y-  involving  the  value 
of  the  ratio  —  and  the  value  of  /?.  Simple  formulae  for  these  quantities  may  l]re 
deduced  by  the  elimination  of  [^ — j/o^  v  "^^'r/O  )]  ^^^™  the  first  of  equations  (21) 
by  means  of  the  second  of  equations  (20).  This  elimination  gives,  if,  for  the  present, 
the  subscripts  referring  to  the  middle  date  be  suppressed 

.s 

G'  a"  H  i  S  Ah 

-  -r=—    -     -f-  sin  (.1  —  n()  +  ^'  —sin  (a  —  a)  — -—  -sin  (.4  —  a) 

<x  2  a'       2(\'  2  (r'G  '       lot'       A  ^ 


KG 
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Replacing  x  by  its  expression  in  III,  page  15.  and  -^x  by  (22)  and  letting 
C,  =  tan  (!  cos  {A  —  a)  —  tAXi  D  ;         T,  =  sin  {A  —  a) 
f ,  =  tan  rf  cos  (a  —  «)  —  tan  rf  ;         c,  =  sin  (a  —  «)  , 


we  obtain 


JVC. 


a"    jc.  J  C.    ciCT'-f  c,  (lanrf)* 

'  Y^  2rt'ff  ~  2(»'ff  Cia'-f  C.{la^)' 


0-  20*  C,«'+  C,  (tan«J)' 

or  introducing  for  N  its    expression    by  III,  page   15,  and  letting  «  =  («')*  tanrf 
+  (tan  «5)" 


Let 
then 


1      Ci  «■"  +  c, ..  j   _'.  f ■■ -_^'.  f^__ 

'2'  CiV+C,(taiitf)'       2«TC.«'-|-C,(ianrf)'" 
^  =  ~'-     y=-'-'-     *  =  «'+  /'(laiitf)' : 


1- 


i«"+r«    jc, 


By  identifying  terms  independent  and  dependent  of  tlie  parallax  in  this  equation 
and  in  (33a),  we  find 


r  . 


(33b) 


In  practice  ^x,  J\,  and  ji  which  are  given  by  (19),  (22),  and  (33a,  b)  may  gen- 
erally be  neglected.  But  if  they  be  applied,  their  computation  may  be  simplified 
in  most  cases.  For,  if  by  inspection  the  observed  coordinates  and  the  parallax 
factors  be  found  to  vary  roughly  as  the  time,  then  (/,  =1  (/,,  =  af,  =  0  ,  or  nearly  so. 
In  that  case  equations  (19)  become 

and  by  (4)  we  obtain  the  following  expressions  for  jci  and  jr.^ : 
1  \ 

-  cos  <5„ /..^j„  .       (35) 


J«)S«  =  --,;     jsin«. 


J  tan  d,,  cos  (n  —  «„)  —  j  tan  d  - 


(«)' 


sec  8„  pip^  ;  j  sin((i  - 


■,,)  =  - 


('■•)' 


Hence  equatious  (22)  reduce  to 
1       ( 


-  cos  (S„  ^i.f>„  (tan  (5);    . 


JX  = 


and 


2.v(«)'  i 


sec  &„  jiiii„  a'^  —  cos  <?„  ;ib/J„  ? 


(36b) 


1      cos  d„  y).p„  + /'seed,,  jj,p„ 

In  these  expressions  the  numerical  values  of  all  quantities  involved  are  available 
from  previous  computations. 

Collecting  results,  we  have  the  following  directions  fur  a.  partial  and  for  a  com- 
plete elimination  of  the  parallax  in  u,,  and  cf^ . 
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For  2,  partial  elimination  compute  (4)  and  (10),  and  retain  the  corrected  solar 
coordinates  throughout.  In  (30)  let  Jk  =  Q  and  solve  (27)  for  2.  In  (33a, b)  let 
/i  =  0  and  solve  for  o^  . 

For  a  complete  elimination  of  the  parallax,  proceed  in  the  same  manner  by 
(4a),  and  (10a),  except  that  /?,  and  in  general  solutions  also  Jyc^  must  be  computed 
and  retained,  the  necessary  expressions  being  either  (33a)  or  (33b)  or  simply  (36a,b). 
cf*^  may  be  neglected  entirely  or,  if  taken  into  account,  may  be  computed  by  (31) 
or  by  the  first  of  equations  (20). 

Instead  of  computing  JR  from  (10a,b),  its  value  may  be  obtained  by  taking 
the  difference  between  (/?)  as  derived  by  I,  page  15,  from  the  corrected  solar  coor- 
dinates or  by  (^Ry  =  {Xy  +  (K)^  +  (Zy  and  R  as  interpolated  from  an  astronomical 
ephemeris. 

To  allow  for  the  parallax  in  the  heliocentric  velocities  x\^y\^  and  z^ ,  we  have 
from  (5a)  by  differentation  and  omitting  the  subscripts  referring  to  the  middle  date 
,:'  =  {ay  —  XI  —  {A,xy  =  (p.  cos  S  cos  ay  -  X'  —  (J,  A'  +  J^.Y)', 

or 

x'  =  ((T,  cos  ay  —  X'  —  {jXy  =  G,  Y'-  COS  a  —  sin  aa'  1  —  X'  —  (J.Y)', 

or.by  (33a)  or  (33b), 

i:'  =  (y„       -  cos  a  —  sin  (xa*    —  ft  cos  a  —  X'  —  (-JA')'. 

Similarly 

2/'  =  (Ty      -  sin  «  +  cos  aa'    —  fi  sin  a  —  }"  —  (J }')' 
tan  6'  +  (tan d)'!  —ftt^rvd—//  —  {jzy, 


(37) 


:'=(tJ      -tan  (J' +  (tan  d)' I 


where  (jXy  ,  (J^Y  ,  (-^^7  must  be  obtained  from  JA\  ,  jA]^  ,  and  JX^^^  ,  etc., 
in  the  same  manner  as  a^  and  S^  are  obtained  from  a  ,  a^^ ,  and  a^^^ ,  etc.,  in  II, 
page  15.  In  the  /^r//^/ elimination  of  the  parallax  (jXf  ^  {jVy^  and  {^Zy  may 
be  entirely  neglected. 

In  all  other  respects  the  computation  remains  the  same  as  in  Part  i. 

In  the  comparison  between  theory  and  observation  (VI,  page  16),  either  the 
corrected  or  geocentric  solar  coordinates  may  be  used.  In  the  former  case  the 
observed  places  require  no  further  correction,  while  in  the  latter  the  geocentric 
parallax  is  applied,  as  usual,  to  tire  observed  places. 

The  procedure  outlined  above  for  the  elimination  of  the  parallax  is  extremely 
simple  in  its  application  and,  as  the  quantities  involved  are  small,  requires 
little  extra  computation,  even  \{  {jXy^  ,  {jVy^  ,  and  {jZy^  be  appreciable. 

In  correcting  a  preliminary  orbit  on  the  basis  of  a  longer  arc,  it  is  generally 
assumed  that  the  initial  geocentric  distances  are  known  with  sufficient  accuracy 
for  deriving  the  parallax  corrections.  But  if  the  final  distances  involve  a  change 
in  the  parallax,  then,  although  the  observations  as  originally  corrected  for  parallax 
may  be  properly  represented,  residuals  remain  which  are  equal  to  the  difference  of 
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the  parallax  corrections  corresponding  to  the  filial  and  initial  geoceutric  distances. 
In  the  differential  foniiulie  developed  in  the  First  Paper  (VII,  page  17),  any  change 
in  the  parallax  may  be  taken  up  in  the  course  of  the  calculation  by  applying  small 
corrective  terms  to  the  expressions  for  A,  ,  /-?„,  ,  B^  ,  and  /y,„  iu  forniulte  (23), 
page  12.  Let  «,  15;  a^,  6^\  and  ff^,  &c  be  the  observed,  the  geocentric,  and  the  com- 
puted place,  that  is,  the  place  computed  from  the  initial  fundamental  data,  and  let 
p  and  p  +  Up  be  the  initial  and  the  final  geocentric  distance,  respectively,  at  either 
the  first  or  third  date.     Then  the  true  residuals  of  the  initial  orbit  are 


=  d-f 


-rf„(88) 


(<i,«)  =  {cos<^J«)=cos(S  («,  —  «,)  =  cos'ir«+  -^— ",  );{M)  =  tf.- 
and  these  are  the  residuals  which  must  be  removed  in  the  difierential  correction 
of  the  initial   fundamental  quantities  p,, .  x'„  ,  y'„  ,  and  r„  .      But  as  the  final  or 

true  geoceutric  distance  /j  ^   Jp  is  not  known,  we  may  write    -  ,  -,-  = ^' 

neglecting  Itigiier  powers  of  .iw.     The  residuals  (;is)  will  then  take  the  form 

In  these  expressions  cos  6\{  "  +  \.    ]^  "A  ^"d      (  "*  +     '     )  -  ^.    represent  the 

residuals  of  the  initial  orbit  on  the  basis  of  the  initial  parallax  corrections,  and  if 
we  deuote  these  residuals  by  Z.a  and  M  as  on  pages  11  and  12,  then 


(.\")  ^ 


p' 


tfi ,  (.Id)  =  d^ 


l-lo 


(■ILl) 


By  replacing  in  (24)  and  (2.5),  page  12,  i,it  and  ^^  by  (^i,"')  and  (,'''*)  as  given  in 
(40)  and  transferring  the  terms  containing  the  parallax  factors  to  the  right-hand 
sides  of  (24)  and  (25),  we  observe  that  these  terms,  which  contain  the  unknown 
,1/j  ma}'  be  combined  with  A^p  and  Utp  .  Hence  in  order  to  allow  for  a  possible 
change  in  parallax,  it  is  only  necessary  to  write  in  (23) 


ior.l.     A'  =  A  +  co9<S-    ,     ;     for  /;,     H 
I' 

It  should  be  observed,  however,  that  the  correction 


(41) 


dp  in  (40)  pertains  to 
P,  or  f>,„  while  ip„  in  (24)  and  (25),  page  12,  pertains  to  i>f, .  While  fornuilie  to  take 
account  of  the  differences  dp,„  —  3i\  and  d"„  —  .V',  might  readilj-  be  deduced,  such 
refinement  would  be  unwarranted. 

The  corrections  to  A  aud  J^,  as  defined  iu  (41)  are  so  easily  computed  that  it 
is  advisable  to  take  them  into  account,  unless  there  be  reason  to  assume  that  the 
initial  orbit  is  very  close. 

These  considerations  regarding  a  possible  change  iu  the  parallax  from  one 
approximation  of  an  orbit  to  the  next,  apply  also  if  the  parallax  has  been  elimi- 
nated as  above  iu  the  solution  of  the  initial  orbit,  although  this  does  not  seem 
to  be  the  case  at  first  sight.  For,  the  values  of  ot^  and  S^  ,  occurring  iu  (4)  must 
correspond  to  the  parallax  corrections  based  on  the  same  unknown  value  of  p  as 
that  which  appears  iu  (1)  to  (3).     Otherwise  we  could  not  identify  in  (3)  the  pro- 
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ducts  of  p  into  pi,  and  p%  with  the  given  parallax  factors.  This  applies  to  all  three 
places.  This  conclusion  is  readily  verified,  if  we  remember  that  in  the  comparison 
between  theory  and  observation  for  the  first  and  third  places,  the  same  residuals 
will  result,  whether  we  use  the  uncorrected  solar  coordinates  and  correct  the 
observed  places  by  parallaxes  based  on  the  geocentric  distances  resulting  from  the 
initial  orbit  (cf,  VI,  page  16),  or  whether,  in  accordance  with  the  directions  for  elimi- 
nating the  parallax,  we  use  the  corrected  solar  coordinates  and  leave  the  observed 
places  as  they  are.  Hence,  even  if  the  parallax  has  been  eliminated  in  the  pre- 
liminary solution,  it  is  advisable  to  use  the  values  A'  and  B\  given  in  (41),  instead 
of  ^  and  B^  unless  it  be  safe  to  assume  that  the  first  orbit  is  so  close  that  the 
parallaxes  are  definitely  determined  from  the  initial  distances. 

It  will  be  observed  that  for  the  determination  of  the  heliocentric  coordinates 
and  velocities  by  VI,  page  16,  o'^  is  not  needed.     For  by  (37)  we  have 

xj  =::a„(T^  —  [Xy  ,  etc.,  where  a,  =  cos  a^^ sin  a,,  ryj  and  [XJ  =  X'  +  i^X)'  +  /^  cos  ^t,  etc. 

Hence,  beside  ^oj  only  the  ratio  ^  and  /?  appear  in  the  velocities.  Xq^  y^^  z^  are  inde- 
pendent of  the  corrections  (4)  applied  to  the  solar  coordinates,  except  in  the  rare 
cases  where  these  corrections  appear  in  ^0  and  [A"]',  etc.  But  even  then  we  may 
avoid  the  computation  of  o'^  by  using  (33a,b).  As  far  as  ^0  is  concerned,  the  correc- 
tions  enter  only  into  the  auxiliary  quantity  (;;/).  Similarly  -  —  ^  may  be  intro- 
duced  for-^**  in  the  expressions  for  p,  and  p,,,  in  V,  page  16. 

The  foregoing  elimination  of  the  parallax  has  a  simple  geometrical  interpre- 
tation. Draw  the  arc  of  a  circle  about  the  bod^^  through  J/,  the  center  of  mass, 
until  it  intersects  the  line  of  sight.  The  radius  of  this  circle  is  the  distance  of 
the  body  from  M.  Let  P  be  the  point  of  intersection.  Or  P  may  be  considered 
the  projection  oi  M  on  the  line  of  sight.  Then  the  coordinates  (^),  (7),  (5)  in  (5a) 
will  be  the  coordinates  of  the  body  referred  to  P,  The  parallax  /  is  the  angle  at 
the  body  subtended  by  MP=  p„,p  .  The  components  of  the  parallax  perpendicular 
to  and  in  the  body's  hour  circle  are  cosSp^  and/>5,  and 7l/y^^  =  (/^wCos5/a)^  +  (p,,,/6)-, 
-^/^  being  the  resultant  displacement  of  (>„,cos^5^a  and  p,„pi.  The  latter,  lying  in  the 
hour  circle,  makes  the  angle  90° — 5  with  the  equator,  while  the  former  is  parallel 
to  the  equator,  so  that  its  angles  of  projection  on  the  x  and  y  axes  are  90°  —  a  and 
a,  respectively.  The  projection  of  p,„p&  on  the  equator  is  sin  (5  P;„/«,  and  as  this 
component  lies  in  the  hour  circle,  its  angles  of  projection  on  the  x  and  y  axes  are 
a  and  90°  —  a,  respectively.  If  the  two  components,  p,„cos5/„and  p^P^y  be  thus 
projected  upon  the  three  axes  with  due  regard  to  the  algebraical  signs,  then  we 
shall  obtain  the  coordinates  of  P  referred  to  J/,  and  these  will  be  found  identical 
with  — -^2^>  — -^2^^>  and  — -/i'^j  as  defined  in  (4a).  Thus  these  corrections  sig- 
nify that  for  the  purpose  of  eliminating  the  parallax  and  preserving  the  distance 
of  the  body  from  J/,  the  origin  of  its  coordinates  is  changed  from  the  center  of 
mass  to  its  projection  on  the  line  of  sight.  Since  the  coordinates  (^),  (7),  (5)  of 
the  body  referred  to  /^  are  equal  to  tlie  sum  of  its  heliocentric  coordinates  x^  y^  z^ 


2^6 
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of  the  barycentric  coordinates  A'„,  J'„,  Z^,  of  the  Sun,  and  of  the  coordinates 
JjA',  ^aJ',  ^:rZ  of  J/ referred  to  /*,  equations  (4a)  and  (Sa)  might  have  been  set  up 
independently  on  the  basis  of  these  geometrical  considerations.  The  line  joining 
the  Sun  and  P  is  (A')  and  JR  is  the  difference  between  (A')  and  the  projection  of  A* 
upon  it. 

Reference  has  already  been  made  to  the  fact  that  the  planetary  aberration  is 
fully  accounted  for  within  the  accuracy  of  the  solution  of  the  preliminary  orbit  by 
combining  in  the  equation  ^  =  x  +  .V,  the  heliocentric  place  of  the  body  at  the 
time  (/— ajs),  with  the  place  of  the  Sun  and  the  observed  or  apparent  place  of 
the  body  at  the  time  /,  freed  of  the  annual  aberration  in  the  reduction  to  the 
beginning  of  the  year.  The  distance  fi ,  iuvulved  in  f, ,  »/,  5,  is  then  the  distance 
between  the  Earth  at  the  time  (,  and  the  true  place  of  the  body  at  the  time  /  —  ap. 
As  the  heliocentric  coordinates  and  velocities  are  thus  referred  to  the  time 
t  —  at>,  or  the  true  time,  the  epoch  will  also  be  the  true  time.  Tlie  effect  of  the 
aberration  is  thereby  eliminated  from  the  values  of  ^,  y,  s,  resulting  for  the  time 
i —  a/3,  provided  that  it  can  be  shown  that  the  distance  p,  as  defined  above  and 
as  determined  in  the  course  of  the  solution,  is  free  from  other  errors.  But  it  is 
evident  that  whatever  errors  may  remain  in  the  resulting  values  of  ffg  and  o'(,, 
and  therefore,  in  the  heliocentric  coordinates  and  velocities  derived  from  them, 
must  be  of  the  order  X-a' ,  the  factor  /'  being  accounted  for  by  the  fact  that  all 
intervals  must  be  expressed  in  the  proper  unit,  which  is  ]  meau  solar  days.  The 
error  involved  in  the  solutiou  of  (j„~  t,',  and  o'g.  on  account  of  neglecting  third  and 
higher  derivatives  in  the  initial  determination  of  the  geocentric  velocities  and 
accelerations  a'a,  a'^.  <5o  and  "5o.  is  of  the  second  order  if  the  epoch  chosen  be  the 
mean  of  the  observed  dales,  and  of  the  first  order,  if  the  epoch  be  identified  with 
the  middle  date,  unless  the  intervals  be  equiil,  in  which  case  it  is  again  of  the 
second  order.  If  it  be  of  the  second  order,  then  it  is  of  the  order  of  the  product 
of  the  intervals,  expressed  in  mean  solar  days,  multiplied  by  i'^.  With  intervals 
as  short  as  one  day,  the  errors  will  therefore  be  of  the  order  l'"  and  larger  with 
longer  intervals.  The  error  which  may  arise  in  the  heliocentric  coordinates  and 
velocities,  on  account  of  aberration  through  errors  in  o'd  and  o'^ ,  are  of  the  order 
aJb ,  as  stated  above,  and  since  ak<iir ,  it  is  not  necessary  to  take  account  of  the 
aberration  further  than  is  provided  for  by  the  foregoiug  choice  of  coordinates. 


'Hipressions  foi  correctioQB  to  allow  for  these  errors  ba 
igue,  t.  XXIII,  pp.  175-177-  In  these  expressions  i'  =  1.  so  t 
must  be  multiplied  by  k.  The  errors  might  also  be  taken  up  i 
to  that  employed  above  in  eliminating  the  parallax. 


e  been  produced  by  Poincar^,  ISulUtm  Astronom- 
at.  in  numerical  application,  the  aberration  factor  it 
the  course  of  the  solution  in  a  manner  ijuitesiliiilar 
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which  applies  to  positive  and  negative  values  of  ^.  Heuce  if  ^  be  always  taken 
positive,  the  signs  of  the  odd  power  terras  must  be  reversed  for  dates  before 
the  epoch.  This  form  is  very  convenient  for  ephenieris  purposes  wheu  a  large 
number  of  positions  are  to  be  computed. 

If  only  a  few  positions  are  required,  as  in  the  comparison  between  theory  and 
observation,  the  following  expressions,  arranged  by  Professor  Crawford,  will 
prove  advantageous.     They  contain  terms  inclusive  of  the  fifth  power  offlin_/" 
aud^  and  are  readily  produced  from  tlie  preceding  equations.     Let 
irr'Y  W  "■ 

T.-,.j— [-:(-T"-::-»-h:"-::])](-)  ,, 
-»^-:^-^-(-^-:("n:)])]! i 

For  the  parabola,  a  =  ex..     Hence 

/—■!'— [-:(-^■[-^('-^■)])]s |   „,. 

-«l-3[-^K-n-M)]! i 

As  soon  as  ♦-,  r\  and  a  have  been  computed,  the  magnitude  of  the  higher 
power  terms  in  /and  g  may  be  estimated  from  (3)  and  (4),  It  will  not  be  con- 
venient to  use  the  series  if  the  convergence,  judged  from  H  and  r,  is  slow,  and 
if  B'/i  and  ft'gf,  are  appreciable  within  the  last  decimal  of  the  calculation.  The 
choice  for  the  computation  of  the  places  then  lies  between  the  closed  expressions 
for/  and  g^  and  the  constants  for  ibe  equator.  But,  as  in  preliminary  orbit  com- 
putations the  intervals  are  moderate,  the  series  will,  in  general,  prove  sufficient 
even  for  small  values  of  r.  Long  intervals  are  used  in  practice  only  when  it  is 
desired  to  improve  an  approximate  orbit,  and  then  closed  expressions  for/  and  g 
and  ly  and  ^g  are  readily  derived  on  the  basis  of  the  preliminary  elements.  The 
computation  of  the  constants  for  the  equator  niav  be  deferred  until  a  satisfactory 
agreement  between  theory  and  observation  has  been  reached  by  means  of  the  / 
and^. 

Kukhnert's  closed  expressions  are 

/  =  I  -  '"  sin',./  =  1  +  "     (cos  2.1  -  1  )  ;  2  y  =--/:-  /:.  I 

,  ,,  -=  ft  „''j  (  2  3  —  sin  2  ?;■  J  =  'I'fi  r„  sin  2  ;/'  +  2  n..  r„  i-;  sin';/.  \ 

We  may,  however,  also  compute  y  from  ^  by  the  formula^ 

2  ;•  r;  COS*  4  (c  —  r,) 

'v.  Uppolzek,  Lthrbuch  zur  Bahnbeitimmung,  Vol.  i,  p.  97. 
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The  computation  of  the  true  anomalies  may  be  avoided  by  a  few  simple  transforma- 
tions, with  the  aid  of  the  formula 

1     /•  /'o  sin  i  (r  —  r„)  =  a  V   1  —  e^  sin  ^  .  (10) 

Let  y=  I  "7(1-17)"  .  (11) 

Then  the  first  of  (8)  may  be  written 

y=  v'^Tasin])    •  (12) 

Eliminating  sin^  from  (10)  by  means  of  (12),  we  have 

1    ~r  I',  sin  \  (v  —  Vo)  =  n  V  1  —  f"-"^  =  \\y    '  (^^ 

From  (9)  we  obtain  by  (11) 

r  u  cos'  i  (r  —  To)  =  TT  ~«  '  (^^) 

which,  added  to  the  square  of  (13)  gives 

or  ^»  =  2rro/— :^>;/^  (16) 

g  is  negative  for  dates  before  and  positive  for  dates  after  the  epoch  t^  of  E^  or  ^Q. 

After  Y  has  been  computed  by  (12),  yand^  are  readily  obtained  from  (11)  and 
(16).  The  eccentric  anomaly  E  involved  in  y  niay  be  obtained  in  the  usual  way 
by  the  solution  of  Kepler's  equation;  /  is  given  by  (7),  page  252,  and  r,  which  also 
appears  in  (16),  by  r  =  «  (1  —  ^  cos  E). 

Numerous   other   general   relations   involving  g  and  y  might   be    deduced. 

Thus,  for  instance,  by  squaring  and  adding 

a;  =  /To  +  9^'^ ;        V  =  f%  +  (jii[ ;      2  =  /lo  +  r^[  , 
we  easily  derive 

r'=/r?  +  2^(ro7-;)  -^<f(P  , 

.  Ai  •  rr  sin  (»'-'') 

which  may  serve  as  a  check  equation.     Also,  since  ^  = -= — -  ,  we  obtain  from 

(9),  after  some  simple  reductions, 

py^  =  r/'o  —  rro  cos  (i?  —  t'o)   • 

But  KuEHNERT  gives,  /oco  citato^ 

n\  COS  (r  —  To)  =  //-;  -h  ij  (ro  r'^. 

So  that 

vr^  =  /'o  ('•  —  ^0)  +  ''o  r'  —  !7  (''o  ^-i). 

For  the  parabola  we  may  derive  y  as  follows.     Since 


rr^  sin  (r  —  ?'o)  ''''0  2  sin  \  ( r  —  v^  cos  ^  (i?  —  to) 

9  =  -- 


\    p  r  2r/ 


(17) 


and  since  7       .  7  /.ox 

sec''  \  r  \  sec*  i  r©  ^ . 

we  obtain  from  (9)  and  (11) 

>^  =  l  T(tanVv  —  tan  ^  Co),  (19) 

or  since  _  

I    7  tan  i  V  =  1    r—  7  ;  1    q  tan  ^  lo  =  V  r^  —  q,  (20) 

therefore,  also, 

r=l     ,.  —  ry— 1      /'o  — 7,  (21) 

where  the  algebraical  signs  of  the  square  roots  are  the  same  as  those  of  the  corre- 
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spending  tan  i  r.     The  true  anomaly  v  may  be  obtained  in  the  usual  way  with  the 
aid  of  Barker's  table,     ro  may  be  derived  from 

sin  To  =  2  sin  i  i\  cos  i  ^o  =  i    2  7  rj ,  (22) 

or,  after  division  of  this  expression  by  cosH'^o^"  :  » 

from  

2  tan  4  to  =    ,  \^o) 

or  1    2  q  tan  \  i\  =  i\  /•; .  (24) 

For  the  circle  the  series  and  the  closed  expressions  for  /  and  g  assume  very 
simple  forms.     Thus,  if  in  (4)  we  let  r  =  a  and  r'  =  0,  we  obtain  for  the  series 

2  (r         24  or  6  tr         120  ir 

The  corresponding  closed  expressions  are  derived  from  (8)  by  letting  a  =  ro, 
and  r'=0,  as  above.  Since  for  the  circle  the  mean,  eccentric,  and  true  anomalies 
are  identical,  we  have 

2  ^"  =  — -  ;    /=  cos  2  if  ;     ii  =  a''  sin  2  (/' ,  (26) 

and  by  (12),  y  =  \/27/  sin^. 

Since  the  series  (25)  represent  the  cosine  and  sine  series,  the  relations  (26) 
might  also  have  been  written  out  at  once. 
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THE  CONSTANTS  FOR  THE  EQUATOR  EXPRESSED  IN  TERMS 
OF  THE  HELIOCENTRIC  RECTANGULAR  COORDI- 
NATES AND  THEIR  VELOCITIES. 


It  is  customary  in  orbit  computations  to  derive  the  constants  for  the  equator 
from  the  elements  which  define  the  position  of  the  orbit  plane  in  space.  In  VIII, 
page  18,  the  elements  are,  therefore,  derived  first,  and  as  these  elements  refer  to 
the  equator,  the  computation  of  the  constants  becomes  quite  simple.  But  to  con- 
form to  the  general  usage  in  stating  the  final  results,  it  is  necessary  to  transform 
the  elements  from  the  equator  to  the  ecliptic  (r/*.  page  14). 

In  many  cases  it  will  be  found  advantageous  to  compute  the  constants  for  the 
equator  as  soon  as  the  heliocentric  coordinates  and  velocities  have  become  known, 
and  then  to  derive  the  elements  referred  to  the  eliptic  directly  from  the  constants. 
This  obviously  renders  the  computation  of  the  equatorial  elements  altogether 
unnecessary  and  admits  of  perfecting  the  agreement  between  theory  and  observa- 
tion, before  proceeding  to  the  computation  of  the  final  elements  even  if  the  residuals 
are  computed  by  the  aid  of  the  constants  for  the  equator  instead  of  the  series  or 
closed  expressions  for  f  and  g. 

The  constants  a  and  A*  may  be  expressed  in  terms  of  the  heliocentric  coor- 
dinates and  velocities  by  means  of  the  equation 

/•  sin  a  sin  (s^i  A*  -t    r)  =  .^t  (1) 

and  an  equation  defining  sin  a  cos  (/4'  +  v)^  which  latter  we  shall  derive  on  the 
basis  of  the  following  well  known  relations: 

x  =  r  j  cos  n  cos  il  —  sin  xi  sin  £1  cos  /  j ;  ^  =  ''  1  cos  u  sin  kl  +  sin  n  cos  il  cos  /  j ,  (2) 

z  =  r  sin  u  sin  / 

and 

sin  a  sin  A  =  cos  /2  sin  b  sin  B  =^  sin  fl ;  sin  c  sin  C*  =  0  ;  ) 

sin  a  cos  A  =  —  sin  /2  cos  / ;       sin  h  cos  B  =  cos  /2  cos  / ;       sin  c  cos  C  =  sin  i ,        ) 

where  -r,  ^,  Zy  fl^  and  i  are  referred  to  the  equator,  and  where  //  =  a;  +  z;  is  the  argu- 
ment of  latitude.     Since  A'  -\-  v=  A  +  oj  -\-  A  =  Uy\\e  have 

sin  a  cos  {A'  +  v)  --  sin  a  cos  A  cos  a  —  sin  a  sin  .1  sin  // ,  (4) 

or  by  (3) 

sin  a  cos  {A'  -\-  c)  =^  —  sin  D.  cos  /  cos  u  —  cos  11  sin  n  . 

Eliminating  from  this  equation  sin  £1  cos  u  by  means  of  the  second,  and  subse- 
quently sin  u  sin  i  by  means  of  the  third  of  (2),  we  obtain 

sin  a  cos  {A'  -\-  v)  =^  sin  v  cos  £1  cos^  / cos  /  —  cos  /2  sin  v  , 

/• 

=^  —  sin  V  cos  £1  sin^  / '—  cos  / , 

/• 

= sin  i  cos  ii '—  cos  / . 

/•  r 
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or,  replacing  by  VIII,  page  i8,  sini'  cosi^  and  cosi  in  terms  of  the  coordinates  and 
velocities, 

V  'if  —  y' 


sin<«  cos  (.I'  +  r)  = 


_  _1_ 

.'-'  +  .V'  +  :'  = 
sin  a  cos  {.r  +  ')  = 


1    P 

■•  (  ;/'  +  :')  -  -^  {!l>/  +  ::')! 


'■y  +  ;'/.'/'  +  ::'  =  rr"  , 


or,  finally 
and,  similarly, 


sin  'I  cos  (A'  +  f )  = 


r  /'  —  r  r* 


sin  /'  cos  {W  +  '■)  =  — J: ; 

t    P 


I    P 
sill  '■  cos  (("  +  r)  ^ 


(«) 


Equations  (6),  together  with  the  three  equations  of  the  form  (1),  determine  tf, 
^,  r,  A\  B\  and  C  in  terms  of  the  heliocentric  rectangular  coordinates  and  their 
velocities  and  of  r,  r ,  /,  and  v.  The  radius  vector  r  and  its  velocity  r  are  given 
by  (5),  and  /  is  determined  by  the  equation 

/,   ^, ■*   ^■'  _(,./)■  :^    .•(('■'  -('■■)'),  (7) 

where  C^  is  the  velocity  in  the  orbit,  viz.: 

2       1 

(•,-'  =  /'  +  ,/'  +  :"= . 

r       a 
For  the  parabola  (8)  becomes  ,  _  2 


(8) 
(8a) 
(7a) 


and  ;.  =  2^  =  2  -■  —  WY  ■ 

Equation  (7)  is  readily  verified  by  squaring  and  adding  side  for  side  the 
expressions  for  tsinc  and  ecosc  in  VIII,  page  i8. 

The  mean  anomaly  '"  is  determined  as  in  VIII,  page  iS.  For  the  parabola, 
since  e  =  1,  we  may  also  write 

e  sin  )'  =  2  sin  i  <:  cos  i  "  =  c"  (/  /  =  c'  \.'  2^  . 

Eliminating  cos^  c  by  means  of  r  = f-r 

sini  '■  =  '-'^^  ,  (9a) 

•'^'^>'  f»^>'  sinir=   ''-.  {9b) 

It  remains  to  arrange  the  relations  existing  between  the  elements  referred  to 
the  ecliptii:  and  the  constants  for  the  equator  in  a  convenient  form  for  the  compu- 
tation of  the  former  from  the  latter. 

When  the  elements  are  referred  to  the  ecliptic,  the  constants  for  the  equator 
are  given  in  terms  of  the  elements  by 

sin  '<  sin  .1  ^  cos  i-X  ;  sin  h  sin  /(  =  sin  .0.  cos  f  i 

sin  'I  cos  .1  =  —  sin  /i  cos  / ;         sin  'i  cos  H  =  cos  fi  cos  /  cos  f  —  sin  i  sin  f 
sin  f  sin  C  =  sin  SI  sin  f 
sin  c  cos  C  =  cos  il  cos  )  sin  *  +  sin  <  cos  e  , 


COS  € 

sin  I 
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By  analogy  with  (4)  we  may  write 

sin  h  cos  {B*  +  ')  =  sin  6  cos  B  cos  u  —  sin  h  sin  B  sin  u 

sin  c  cos  (C  -+-  r)  =  sin  c  cos  C  cos  w  —  sin  c  sin  C  sin  w 

sin  6  sin  (^'  +  t?)  =  sin  6  sin  B  cos  u  +  sin  h  cos  ^  sin  u  i  \     ) 

sin  c  sin  (C  -+-17)  =  sin  r  sin  €  cos  tt  +  sin  r  cos  C  sin  u  . 

If  on  the  right-hand  side  of  equations  (11)  the  constants  for  the  equator  be 
replaced  by  (10)  in  terms  of  the  ecliptical  elements,  then  equations  (11)  will  serve 
for  the  determination  of  these  elements  in  terms  of  the  left-hand  members  of  (11), 
the  numerical  values  of  which  have  already  become  known  by  (1)  and  (6). 

Multiplying  the  first  and  third  equations  of  (11)  by  tanf  and  subtracting  the 
products  from  the  second  and  fourth,  respectively,  we  have  by  (10) 

sin  c  cos  (C  +  v)  —  sin  h  cos  {B'  +  v)  tan  e  = 

(cos  £1  cos  i  sin  e  +  sin  /  cos  s)  cos  u  —  sin  D.  sin  s  sin  u 

—  (cos  fl  cos  t  cos  £  —  sin  i  sin  e)  cos  u  tan  f  +  sin  JCl  cos  f  sin  u  tan  € 

sin  c  sin  (C  +  '-)  —  sin  h  sin  {B'  +  r)  tan  e  = 

sin  n  sin  e  cos  «  -+-  (cos  .Q  cos  i  sin  f  +  sin  i  cos  f)  sin  « 

—  sin  fl  cos  f  cos  w  tan  £  —  (cos  fl  cos  i  cos  f  —  sin  i  sin  f )  sin  u  tan  ^  , 

or,  transposing  the  right-  and  left-hand  members, 

sin  t 

cos  u  =  sin  c  cos  (C  +  r)  —  sin  b  cos  (^'  +  ^')  tan  € 

[  (12) 

sin  ?t  =  sin  c  sin  (C  +  v)  —  sin  />  sin  (/?'  +  ^*)  tan  s    , 
cos  f 

which  determine  sinz  and  u.     We  have  further 

a)  =  u  —  v;      A  =  A'—oo',      B  =  B' —  co  ;     C  =  C  —  gj  .  (13) 

Finally  /i  may  be  derived  from  the  first  and  the  third  or  fifth  equation  of  (10),  and  \ 
cost  from  the  second.     As  a  partial  check  we  may  use  the  well  known  relation 

sin  h  sin  <•  sin  (C  —  B)  ,     ^ 

tan  2  = r     —     t *  (1^) 

sin  a  cos  -l 

It  will  be  observed  that  the  semi-major  axis  a  is  defined  by  (8)  and  the  para- 
meter /  by  (7).     The  eccentricity  is  given  by 

The  residuals  in  VI,  page  16,  may  be  computed  either  by  means  of  they*and^ 
series,  or  by  means  of  the  closed  expressions  for  /  and  ^,  or  with  the  aid  of  the 
constants  for  the  equator.  In  any  case,  it  is  most  convenient  to  compute  the  con- 
stants first  and  from  them  the  elements.  If  the  constants  for  the  equator  are  to  be 
used  in  the  comparison  between  theory  and  observation,  then  they  should  be  com- 
puted as  soon  as  the  heliocentric  coordinates  and  their  velocities  and  r  and  r'  have 
been  derived  by  VI;  otherwise  their  computation  may  be  deferred  until  the  obser- 
vations have  been  properly  represented.  It  is  best  to  defer  the  computation  of  the 
elements  to  the  last  in  any  case. 

Collecting  results  for  the  computation  of  the  constants  for  the  equator,  and 
incidentally  of  a  and  ^,  which  are  not  needed  but  reveal  the  general  character  of 
tbe  orbit,  we  arrive  at  the  following  order  of  computation: 
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From  the  heliocentric  coordinates  and  velocities,  obtained  in  VI,  page  i6,  com- 
pute C^  and  a  by  (8)  or  G'^hy  (8a),  and  /  or  ^  by  (7)  or  (7a);  then  v  as  in  VIII, 
page  1 8,  or  for  the  parabola  by  (9a)  or  (9b);  finally  the  constants  for  the  equator 
by  (1)  and  (6)  and  e  from  (15). 

The  elements  which  determine  the  position  of  the  orbit  plane  in  space,  with 
reference  to  the  ecliptic,  are  given  in  terms  of  the  constants  by  formulae  (12)  to  (14). 
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THE  DIFFERENTIAL  CORRECTION  OF  THE  FUNDAMENTAL 

DATA. 


The  arrangement  of  the  diflferential  formulae  developed  on  pages  ii  to  13  and 
collected  in  [VII],  page  17,  is  intended  for  the  correction  of  the  direct  solution 
without  regard  to  the  eccentricity.  A  slight  change  in  the  arrangement  of  these 
formulae  will  facilitate  their  application  to  parabolic  and  circular  orbits  and  will  per- 
mit also  of  ready  transition  from  parabolic  and  circular  to  general  orbits  and  vice 
versa.  Thus,  if  in  the  original  solution  an  assumption  has  been  made  regarding 
the  eccentricity,  and  if  subsequently  it  becomes  apparent  that  the  observations 
can  not  be  represented  under  such  assumption,  then  practically  no  extra  labor  will 
be  required  for  the  determination  of  the  general  orbit. 

If  we  solve  equations  (25),  page  12,  for  Zx'^  and  ajVo?  respectively,  and  let 


p  ^  Cju  cos  ^U4  ^i  ^4  —  Gs  cos  cc,  d,  ot,,,  ^  A,  C,,,  cos  a,,,  —  A,,,  C,  cos  a, 

C,C,,,sm{a^,,  —  a^)  '        "^  C,  0,,,sin  (a,,,  — a,) 

_  C,,,  sin  a,,,  d,  cc^  —  C,  sin  a,  d,  a,,,  n        ^*  ^'"  ®^"  ^'"  "~  ^"'  ^'  ^^^  ^' 


(1) 


then 


C,  C,,,  sin  ( a,,,  —  or  J  C,  C,,,  sin  {a^^^  —  a^) 

d4  =  Px—QxdPo  ;      dyo  =  Py—QvdPo    .  (2) 

Substituting  these  values  for  dXQ  and  dyo  in  the  equations  (25),  page  12,  and  letting 

_  a<y,  +  C,  sin  <y,  (cos  a,  Px  +  sin  a,  Py)  _^B,  +  C,  sin  6^  (cos  a,  Qx  +  sin  a,   Qy) 

*  C^  cos  6^  '      ^'  C,  cos  S^ 

(3) 
p      _  d  <y,,,  +  C,,,sin  tf,,,  (cos  or^,,  Px  +  sin  or,,,  Py)  _  i?,,,  +  C,,, sin  (5,,,  (cos  a,,,  Q,  +  sin  a,,,  Qy ) 


C,,,  cos  tf,,,  '"  C,,,  cos  (y,,, 

we  obtain 

a^;  =  P,^  —  Q,^  dp,  ;  dz',  =  P,^^^  -  Q,^^^  dp,  .  (4) 

Formulae  (1)  to  (4)  may  be  applied  in  all  classes  of  orbits.  If  no  assumption 
be  made  regarding  the  eccentricity  in  determining  the  corrections  to  the  funda- 
mental data  Poy  Xqj  yoy  and  Zq  ,  then  equations  (4)  give 

and  BZo,  BXqj  dy^  are  obtained  from  (4)  and  (2).  It  will  be  observed  that  this 
process  remains  the  same  no  matter  whether  an  assumption  regarding  the  eccen- 
tricity was  made  in  the  previous  approximation  or  not. 

If  the  corrections  to  the  fundamental  data  are  to  yield  a  parabolic  orbit,  then, 
irrespective  of  the  character  of  the  previous  approximation,  the  corrected  funda- 
mental data  must  satisfy  the  equation 

<'-\-y?-\-z?=—  '  (6) 
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Five  conditions  therefore  are  available  for  the  determination  of  the  unknowns, 
namely,  equations  (2),  (4),  and  (0).  If  these  equations  are  inconsistent,  then  a 
parabolic  solution  is  not  possible.  Tlie  five  equations  referred  to  may  be  applied 
in  various  ways  for  the  computation  of  a  parabola  and  for  testing  its  sufficiency. 
In  the  case  of  a  circular  orbit  the  corrected  fundamental  data  must  satisfy  the 
equation 

/:■  +  ?/:'-(- 4' =  -^^  ■  (7) 

and  similar  considerations  prevail  as  for  the  parabola.  Conveuienl  formulae  for 
determining  parabolic  and  circular  orbits  and  testing  their  sufficiency  are  developed 
for  the  parabola  on  page  279,  and  for  the  circle  on  page  305. 

As  it  may  become  necessary  to  pass  from  one  class  of  orbit  to  another,  it  is 
advisable  always  to  use  the  foregoing  formulic  in  determining  the  differential  cor- 
rections lo  the  fundamental  data  in  place  of  the  expression  for  ^9^  and  the  formulas 
following  it  in  |Vn],  (page  17).  In  this  connection  it  will  be  observed  that  the  last 
of  formula  [Vn]  afford  a  check  only  on  the  computation  of  the  differential  correc- 
tions from  the  adopted  linear  relations.  The  sufficiency  uf  the  linear  relations 
and  of  the  final  results  may  be  rigidly  tested  by  computing  the  residuals  as  in 
VI,  (page  16). 

In  the  derivation  of  the  formula;  for  the  differential  correction  of  our  first 
hypothesis  or  of  any  preliminary  orbit,  (formula;  [VII J,  page  17),  the  squares  of  the 
variations  are  neglected  {cf.  page  11),  and  the  linear  variations  J/"  and  .1^  are  devel- 
oped in  series  progressing  in  ascending  powers  of  the  intervals  ( (Ifl),  page  1 1 ). 
These  series  are  obtained  from  the  series  foryaud^  ( (13),  page  10),  Tlieapplica- 
bility  of  the  _/and  g  series  to  longer  arcs  is  discussed  on  page  19.  A  comparison 
of  the  j/and  dg  series  with  the  f  and  g  series  shows  that  the  applicability  of  the 
former  to  longer  arcs  rests  on  the  same  conditions  as  that  of  the  latter. 

If  an  inspection  of  w,  r,  and  r  indicates  that  the  number  of  terms  of  they 
and  ^series  given  in  (13),  page  10,  is  not  sufficient,  the  simple  reraed3'  exists  of  com- 
puting as  many  additional  terms  as  are  found  to  be  appreciable  from  formulse  (1)  to 
(7),  pages  247-248,  or  we  may  use  the  closed  expressions  fory  and^.  But  in  the 
3/"  and  ig  series  some  of  the  neglected  terms  depend  upon  dr' ,  which  must 
remain  unknown  until  the  differential  corrections  of  the  fundamental  quantities 
i^e,  1  ^'0  O'o  !  K  have  been  found,  and  therefore  these  terms  can  not  be  computed 
in  advance,  except  in  circular  orbits  where  r'  =  o.  In  general,  it  will  then 
become  necessary  to  have  recourse  to  closed  expressions  for  .i/and  Sg,  and  these 
will  be  derived  below.  But  in  some  cases  it  may  be  found  more  convenient  to 
make  allowance  for  the  neglected  terms  in  the  course  of  the  differential  correction, 
particularly  so  if  the  number  of  additional  terms  to  be  considered  is  very  limited. 

When  the  slow  convergence  of  the  Sf  and  :}g  series  arises  from  a  small  value 
of  r  ratlier  than  from  long  intervals,  then  it  is  advisable  to  combine  with  the  addi- 
tional terms  in  the  J/ and  ?g  series  a  correction  so  as  to  express  ,ir  in  terms  of 
3P    more  accurately    than   is    accomplished    by    the   linear  relation  :}>■  =  cosfi  i}p 
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given  in  (24)  and  (25),  page  I2,  except  that  the  following  additional  terms  wiUfl 
appear: 

f*.,'.  i''      cos  «,  3  g,^  cos  [i  [■  y„  cos  0_ 
2<  ^ 


in      3, «,  ,  — 

+ 

in       d,  c„. ,  + 


ft 
sin  a,       "J^  3r'        sin  a,  3  "J,  cos/J  ["  x,  cosy! 


,J,  cos  /V  r  i/„  cos  0       1  ''"  1 
'!         I      >■.  ft  J 


(Jft)' 


cos /if '.cos/*       .  *■!,,„« 

ft  -  2^  ■    ft      T-i-;^ — *ftj <''•'' 

»  **«.  "I  i''^  CO*  ",..   3  f*;  cos  (i     \  U„  COS  /I  '/b  1  ,         .  . 

^i^T"*  ft  ]''"•' 

1—    (Jft)'  ; 


in       M.    , 


ft,,     '"     2 
sin  **.«       *!  Sr*       sin  «,„  3  "J  cos  /*   ["  /„  cos 
~~pZ~^'~27r         p.,.  V\,         L       ^" 

sin  <J, 


^.I.  t^'"'  3  W;  cos  /f  ri;,  cos  fi       .  Va'\  , 

...   ,      "•-'•-2>r-""°-~>—4^^ — 'ftj*'"-' 

-cos«,r.-^^^ """'■ ?, [-7^ 'ftj""-'   ! 

,cos«,  1         9,;,}/     3«,;,  cos/sr  I.C08/S     ,«.  1,,   ,,  / 

3  »;  cos /if  I.  COS /S  £,1 


(9)1 


sin  tf, 

■{—4^ 

— -^" 

cos<!,„(  »;,V         3 »;  COS /S  r  I,  COS  (1        ,5.1         ^,1 

+  ~^]  +  '--27r — ^— 1~-7^ — ^ftj''"-'! 


In  these  expressions  sr  has  been  eliminated  by  the  relation  3r  =  cos>Sjp.l 
But  when  r  is  small,  it  is  advisable  to  introduce  for  --  a  more  accurate  expression  I 
than  cos  ji.     Since  r^  =  x^  +  y"  +  s*  ,  omitting  the  subscript  zero  for  the  present, 
we  have  rigidly 

(,■  +    },)'  =(X   +   }X)'    +    (,/+    )l/)'   +    (!    +    dzV  . 

or  by  (17),  (18),  and  (19),  page  ir, 

2r  ,v  +  ( Jr)'  =  2r  cos  /S  Jp  +  (ap)' .  (1(( 

Let 

then,  by  replacing  dr  in  the  denominator  of  (11)  by  Op. 

2rcos/5  + Jpr-^ /'(^r -,    /'.V)  . 
After  multiplying  both  sides  of  this  equation  by  ?p,  we  obtain  the  following  quad-  ' 
ratic  equation  in  r^p  , 

(  /  ■  ?pY  +  2r  r  ?p  =  {2r  cos  fi  +  <V)  !p  . 
the  solution  of  which  gives 


■  ±  V  '-^  +  (2;-  cos  /y  -f  ip)  dp  . 


iim 


?,-  =  -  ,■  ±  V  ('■  +  COS  ^  fp)'  +  sin'  0  {Spy . 
Since  by  differentiation  ?•■  =  cos  /?  i1/j  is  the  first  term  in  the  expansion  of  Br  in  tei 
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of  the  heliocentric  coordinates,  as  in  (15),  page  ii.  The  variations  of  the  latter 
are  expressed  rigidly  in  terms  of  the  variations  of  the  fundamental  quantities 
/)g ,  Xp ,  _j'J ,  2o  ^nd  of  _/ and  ^,  except  for  the  term  J^  tif»'; ,  which  is  of  the  order  ^ 
multiplied  by  a  variation,  lliat  is,  of  a  higher  order  than  the  terms  retained  in  the 
variations  ;j/"  and  2g.  In  expressing  .i/and  3g  in  terms  of  the  variations  of  the 
fundamental  quantities,  linear  relations,  correct  inclusively  to  terms  of  the  order 
(^  multiplied  by  a  variation,  are  adopted,  except  that  ir^  is  expressed  rigidly  in 
terms  of  ^p„  .  By  this  procedure  all  terms  are  included  which  numerically  may 
become  comparable  with  the  smallest  terms  retained  in  .y  and  3^,  as  far  as  this  is 
possible  without  complicating  the  resulting  expressions. 

On  the  basis  of  the  foregoing  considerations,  we  may  now  determine  the  most 
advantageous  course  to  pursue  if  after  the  direct  solution  or  first  hypothesis  it 
becomes  necessary  to  improve  the  orbit.  The  correction  of  the  fundamental  quan- 
tities may  be  performed  by  means  of  differential  relations  in  which  the  variations 
3/ and  (i^f  are  expressed  either,  as  above,  in  series,  or  in  closed  form.  Closed 
expressions  for  ,y  and  ig;  are  to  be  adopted  when  the  if  and  :}g  series  do  not  con- 
verge rapidly.  The  convergency  of  these  series  depends  in  the  main  on  B  and  r. 
But  as  all  the  quantities  uecessarj'  for  estimating  the  magnitude  of  the  various 
coefficients  in  <>/  and  2g  are  available  from  the  direct  solution,  a  mere  inspection  of 
tbe  f?  terms  in  (16)  page  11,  or  of  the  terms  in  (9),  will  reveal  at  once  whether 
the  largest  of  these  theoretically  small  coefficients  are  greatly  in  excess  of  num- 
bers that  may  be  neglected  in  a  five-  or  six-place  computation,  as  the  case  may 
be.  If  the  magnitude  of  any  of  these  terms  does  not  exceed  50  units  of  the  last 
decimal,  the  series  in  df  and  dg  may  be  considered  satisfactory,  although  it  is 
obviously  not  possible  to  fix  the  limit  definitely,  as  it  also  depends  upon  the 
magnitude  of  the  residuals  which  are  to  be  removed.  If  these  are  small,  the  limit 
may  be  taken  considerably  smaller,  etc. 

The  relation  Si'a  —  !'  ii'..  enters  into  the  differential  formulas  whether  closed 
expressions  are  adopted  or  not,  but  for  closed  expressions,  which  are  generally 
employed  only  for  longer  arcs,  when  fairly  accurate  elements  are  available,  we 
may  let  /'  —  cos  ^. 

Assuming  now  that  the  series  for  ,iy  and  i'g  are  to  be  adopted  in  the  differen- 
tial correction  of  the  fundamental  quantities,  we  estimate  first  of  all  the  two  terms 
in  ff'  in  the  formuke  for /", ,  /",, ,  /. ,  page  12,  in  the  manner  indicated  above.  They 
should  be  included  if  they  count  within  the  last  decimal  adopted  for  the  computa- 
tion. For  r  we  use  tlie  approximate  value  cos  fi.  The  differential  correction  is 
then  performed  as  in  [VII],  page  17,  or  more  conveniently  as  in  (1)  to  (6).  As 
soon  as  ^p„  has  been  computed,  we  may  test  the  convergency  of  the  series  for  s^  by 
(13).  If  the  series  be  divergent,  the  method  of  differential  correction  fails,  and  we 
must  resort  to  the  method  of  arbitrary  variation.  But  as  then  i)t^>--~,  it  is  easily  ■ 
recognized  that  this  case  scarcely  will  occur  in  practice.     If  the  series  convergei 
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very  slowly,  we  compute  /^accurately  to  the  required  number  of  decimals  by  (14). 
If  r  diflfer  considerably  from  cos  /i?,  we  may  conclude  that  the  differential  correction 
will  not  remove  the  residuals  entirely  without  taking  into  account  the  additional 
terms  (9)  or  (16)  in  the  expressions  for  the  residuals,  and  it  is  advisable  to  com- 
pute these  terms  by  (16)  and  (16)  before  proceeding  any  further  in  the  computa- 
tion of  the  differential  corrections  than  is  necessary  for  the  determination  of  dr\ 
which  is  required  in  (16).  By  variation  of  the  formula  for  rr'  in  VI,  page  16,  we 
easily  derive,  omitting  the  subscript  zero, 

r  d/  =  X  dx'  +  y  dy'  +  z  dz'  +  {x' S  +  y'  v  +  r'5)  -^-  —  rTdP,  (17) 

from  which  ^r'  may  be  derived,  after  dx' ,  dy ,  dz'  have  been  computed  by  (2)  and  (4). 

If  now  the  terms  given  in  (16)  be  transposed  to  the  left-hand  sides  of  (24) 
and  (25),  page  12,  and  be  applied  as  corrections  to  the  residuals,  then  it  will  only 
be  necessary  to  recompute  P^^  P y^  P,  with  the  corrected  residuals,  all  other  aux- 
iliary quantities  remaining  the  same. 

The  computation  of  the  corrections  to  the  residuals  by  (14),  (15),  (16),  and  (17), 
presents  no  difficulties  and  requires  but  little  computation  as  the  terms  are  small, 
and  all  the  quantities  involved  are  available  from  the  previous  computations. 

With  the  improved  values  of  P^^  P y^  P^  the  computation  of  the  differential 
corrections  to  the  fundamental  quantities /o^ ,  ;tro ,  ^0 , -sr^  is  carried  through  in  the 
usual  manner. 

It  will  be  observed  that  in  the  foregoing  directions  for  taking  account  of 
higher  terms  in  the  differential  corrections,  no  allowance  for  the  difference  between 
cos  /i  and  F  has  been  made  in  the  expressions  for  f^  ,  fy  ,  and  y^.  This  differ- 
ence may,  in  general,  be  neglected  in  these  expressions,  but  should  it  involve  a 
considerable  change  in  the  three  terms  multiplied  by  Z^,  then  it  will  be  advisable 
to  recompute  also  the/^,  /y,/!,  and  all  auxiliary  quantities  which  depend  on 
them. 

From  the  preceding  considerations  we  conclude  that  the  computation  of  the 
additional  terms  in  the  expressions  for  the  residuals  will  be  required  only  for  large 
values  of  cV,  combined  with  slow  convergence  of  the  ^r  series.  But  as  such  cases 
chiefly  arise  from  excessively  small  values  of  r,  the  a/ and  ^^  series  will  then  also 
converge  slowly,  and,  as  stated  above,  these  cases  are  met  by  the  use  of  closed 
expressions  for  c^/and  ^ g , 

But  it  may  happen  that  after  the  differential  correction  of  the  fundamental  data 
has  been  carried  through  in  its  simplest  form,  the  resulting  residuals  point  toward 
a  possible  slight  improvement  of  the  orbit.  This  is  then  generally  accomplished 
as  outlined  above,  and  in  a  far  more  convenient  manner  than  by  a  second  applica- 
tion of  the  differential  formulae. 

Closed  expressions  for  (i/and  c'^^are  given  by  KuehnerT  in  A.  N,  2266  together 
with  his  closed  expressions   for  /  and  g.      These  expressions  apply   to   elliptic 
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orbits  and  become  indeterminate  for  the  parabola.  Special  forraulje  for  the  circle 
and  the  parabola  are  deduced  below  (for  parabola  cf.  also  page  300).  These  may 
be  derived  from  Kuehnert's  expressions,  for  the  circle  at  once,  and  for  both, 
after  y  has  been  introduced  in  place  of  the  product  \'  2^  sin  jj  by  (12),  page  249. 
This  product  is  indeterminate  for  the  parabola,  but  its  equivalent  /  is  definitely 
given  by  (19)  or  (21),  page  249.  ^__^_ 

The  expression  for  y  also  gives  sin  2;7=  (  —  j    *  y    \\  —  ^  .    In  the  notation 

adopted  in  formulje  (8)  to  (12),  pages  248-249,  Kuehnert's  expressions  {ox^f  asi^^g 
now  become,  after  some  simple  reductions, 

where  g  is  introduced  by  means  of  (8),  page  248,  to  eliminate  2;;  —sin  2;/  from  N\ 

2         1 
where  (";;  = represents  the  velocity  in  the  orbit. 

It  will  be  observed  that  the  expression  J  1 —^  may  be  computed  directly 

from  ^,  since    /  1  —  -^-  =  cos  ;/  =  cos  \(E  ~  E^)  . 

For  the  parabola  *il=  -  - ,  and  3 (GJ)  = ;  3r, .     Hence  the  terms  containing 

vl/and  A'destroy  one  another  in  j/and  tifrespectively.     If,  then,  we  also  let  t. 
we  obtain  for  the  parabola 

<V  =  —  f  —  +  2]  j.-„  +  L_!!Z'  J  (,.„ ,.;) 


a?: 


_  V  2  y 


in  accordance  with  the  expressions  derived  below  directly  and  given  in  (34)  and 
(35),  page  300. 

For  the  circle  ('l^=     -  =  —  ,  and  .■"V;  = .  ,ii„.     Hence  the  terms  containing 


•W  . 


i\ 


J/ and  A^in  ,T/and  ?f  may  be  combined  into  "^  Dro  and  ^  O^o,  respectively.     If  then 
we  let  y^  a  Jii  (IS)  and  (1£))  and  introduce  (18)  in  (19),  the  latter  reduce  to 
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or,  if  we  eliminate  y  by  (12),  page  249,  and  introduce  ^  by  (26),  page  250,  and  also 

writeaaforaro, 

3    ft/  3  _ 

a/  =  -2-;^aa  ;  ;^g  = —-- {Of  ~  g)  da  .  (22) 

These  expressions  may  also  be  derived  directly  by  diflferentation  of  equations 
(26),  page  250. 

In  order  to  derive,  on  the  basis  of  closed  expressions  for  a/^and  dg  in  an  elliptic 
orbit,  such  corrections  to  the  fundamental  data  />o>  •^o)>'o)  ^^^  ^l^^  ^^  will  remove 
the  residuals  the  foregoing  equations  (19)  must  be  introduced  into  the  develop- 
ments on  page  11  et  seq.  in  place  of  the  last  two  equations  in  (16),  page  11.  For 
the  sake  of  brevity  let  in  (18)  and  (19) 


rc  =  ^J  1  — ^  =  c^«  (f  =  cosi  {E  —  Eo)  ,  (23) 

where  the  algebraical  sign  of  y^  is  the  same  as  that  of  cos  ^.     Introducing,  then, 
the  expressions  (19)  for  d/  and  a^  into  the  first  of  equations  (16),  page  11,  where 

co=Xyy^  2 J  and  noting  that  by  (17),  page  11,  aG^o  =  — aPo,  where  zv^=  ^0  ^  v^  ^  ^O) 

Po 

we  obtain,  since  aro  =  cos  p  aPo , 


(24) 


But  since  'VJ  =  a-J"  +  yi'  +  z?  and  ur\,  =  a-„  rj  +  j/„  y[  +  J,  jj ,  therefore,  also 

3  ( G')  =  2  2  «:  aa/,   ;   a  (r,  rj)  =  :s  a>,  a«;  +  2  <»;  a<»,  ,  (25) 

or  if  Joj,  be  expressed  as  above  in  terms  of  dpo 

d  (rrj)  =  2  co:dco:  +  {2  ccf,  u,)  ^^  .  (26) 

Po 

Let 

2  taj  «•„      r[  ^0  +  yJ  Vo  +  si  <2«       "  ,„^, 

^.  =  -^-  = -^^    —       ,  (20 

and  eliminate  a(GJ)  and  a(rorj)  from  (24)  by  means   of  the  foregoing  relations. 
Then,  after  some  simple  reductions,  (24)  becomes 

i      <ffj        cos  0  V* 

a«=i/  -'  +  — /^[2(H^l/+«;A^)  +  a^„r']+l'Ycos^rAKro:K  +  i/T(yon]^ 


Let 


[^oUr  +  I    2  (^oK]  rdPo+  (Jdco'o  +  —  [^^0^0^+  I    2  co^r,]2a)^dGOo 

+  2  (o^oil/  +  ^  A^)  ^^  ^  doo', .  (28) 


^«  =  -  [«I  '•()  r  +  1  2  ^0  Vr]    ;   ^"«  =  H  ^f  -f  oj;  i\r 

Po         rl  I  r  1 


(29) 
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Then 

^^  =  L  dpo  +  9  dc^o  +  r/«  2  Q?o  dcoo  +  2/»^  2  Gij  a«I .  (30) 

Equation  (30)  gives  dx^  dy^  or  dz  in  a  closed  form  for  any  date,  the  auxiliary 
quantities ^^  ^gyygz  \  ^:r  j  ^^  >  ^^z  \  fx  y/y  »/*  being  defined  by  (29).  To  obtain  the 
values  of  dx  ^dy  ^  or  dz  for  a  particular  date,  the  values  oi  f  ^g  ^  y  ,  y^^  r,  M  ^  and 
iVfor  that  date  must  be  introduced  in  (29)  and  (30).  y  and  yc  are  given  by  (12), 
page  249,  and  by  (23);  f  ^n^g  in  terms  of  y  by  (11)  and  (16),  page  249;  M  and  N 
in  terms  of  y  and  yc  by  (18),  while  r  =  a{\  —  e  cos E^.  Thus  we  have,  for  instance, 
for  the  first  date 

Y^  - 

.         ^    ^0    ,  cos/^  r^     ,    1    2COS//X,,  ]  \   (31) 

fo  '0  L  /^  J  1 

and  analogous  expressions  in  y  and  -sr  for  the  first  date  and  for  all  three  coordi- 
nates for  the  third  date.  Thus  fy^^^  is  written  out  by  changing  x  into  y  and  the 
subscript  one  into  three  in  (31),  etc. 

If,  now,  equations  (15),  page  11,  be  applied  to  the  first  and  third  places,  we 
obtain,  by  (29)  and  (30), 

d.f^i  =  — [cos  «,/,,  —  sin  a^  /,J  ap^ 

-  sin  a^  \^  +  X,  ^"-  +  K  2  - "'^  1  dK  +  cos  « J  x,  ^^'  +  ^o  2  -^-1  dr'o 

LP.  A  P.  J  L  P,  P,  J 

-sin  a^  \  ?/o-^-'  +  ?/;2-^l  a//:  +  cos  «,  f -''-'  +  //o  '^-- +  .„;  2 -'^  1  ai/J 

L  p.  p.  J  LP.         p.  p.  J 

-sin a,  [       .0 --'  +  r;  2-^1  dzo  +  cos « J        2.. •''-^^  +  -%  2  ">^1  a.; 
LP.  p.  J  L  p.  p.  J 

a<y,  = [sin  6^  (sin  ^y,./;,  +  cos  a/,J  —  cos  (y,./'.J  a  A, 

P. 

—  sin  (5,  cos  a,  [  ''-'  +  ^o  •'"    +  ^  2  -^1  a^o  —  sin  6^  sin  «,  |  r,  ^^•"  +  ^'J  2  -'-^  ^rj 

L  P.  P.  P.  J  L  P.  P.  J 

•  j>       r        ^'f'*  I  '  o  '"••>  In'    •  ^  •     r  .^'  .    .^''•''  I  '  o  ^'*»- 1 1 ' 

—  sin(y,cos«,  //o  --+  //o2 a//o— sintf.sinrt',     h  //o     -+.Vo2 a?/o 

L  P.  P.  J  Lp.         p.  p.  J 

—  sin  (5,  cos  a,  f  ro  ~--  +  '4  2  --^1  ari;  —  sin  S^  sin  ^^  |  z,  •'"'  +  --;  2  ^^1  atj 

L  P.  P.  J  L  P.  P.  J 


+  cosrf,  f  .'\,  •'"-  +  .'•;  2  ^^1  34 

L  P.                P.  J 

+  cosf^\  [  //o  •^*'' + /A,  2  '''"la.v; 

L  p.          p.  J 

+  cos  (J,  [ '^'  +  :o  ''^'  +  =:/2 ''''  1  a::, 

Lp.  p.             p.  J 
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need  here  to  be  given.  The  computer  will  choose  from  the  available  tnethods  of 
solution  the  one  which  for  his  particular  problem  permits  of  the  most  convenient 
determination  of  the  unknowns  on  the  basis  of  the  iniraerical  values  of  the 
coefl5cieiits.  Nor  is  it  necessary  in  this  case  to  arrange  the  solution  in  a  form 
suitable  for  the  transition  from  one  class  of  orbit  to  another  as  in  (2),  (-1)  and  (5), 
since  special  formnlte  will  be  derived  below  for  the  transition  from  circular  and 
parabolic  to  elliptic  (or  hyperbolic)  orbits,  and  since  the  corrected  orbit  will  prove 
elliptic  (or  hyperbolic)  if  in  the  preliminary  orbit  calculatious  the  circle  or  para- 
bola proves  insufficient. 

Linear  differential  relations  have  been  adopted  throughout  in  the  foregoing 
developments  on  the  basis  of  closed  expressions  for  d/AnA.  ig,  as  these  latter  will 
generally  be  used  only  for  long  arcs  for  which  close  approximations  to  the  orbit  are 
almost  always  available. 

Quite  frequently  the  differential  correction  of  P^  ,  x'^  ,  y'^  ,  z'„  may  be  cousider- 
ably  simplified.  For  short  intervals  and  not  too  small  a  value  of  r^ ,  inspection  of 
formulae  (22),  page  12,  may  show  that  the  terms  \n  /^ ,  /, ,  /^  depending  on  fl*  and 
0^  are  very  small  in  comparison  with  the  first  term  of  each.       We  may  then  write 

,/j=/cos  tf„  COS  a„  ;    J\=/cos  "J,,  sin  ff,, ;    /.  =  fsin  <T„. 
Introducing  these  values  into  formulse  (23),  page  12,  we  obtain  for  the  first  and 
third  date. 


A,   =  ^  siu    (tr 


.  }c 


,l,„  =- 


.f... 


sin  (« 


",„)  cos  6 


[sin  (<!„  - 
-  [sin  (<*,,- 


,  )  -I-  2  sin  fJ,    cos  *„  s 
„)  -f-  2  sin  tf,„  cos  rf„  s 


,(«„-.'„.)i. 


where  in  S  and  J5,„  the  second  term  frequently  may  be  neglected  in  comparison 
with  the  first. 

If  the  inspection  proves  these  approximate  values  of  .4,,  A^^^,  B,  ^  fl,,  to  be 
sufficient,  they  may  be  used  in  formulse  (1)  and  (3)  on  page  255  in  place  of  their 
more  rigid  expressions.  The  subsequent  computation  remains  as  indicated  on 
page  255. 


z68 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


To  determine  the  error  in  ff,  we  must  determine  the  error  in  x  in  II,  page  15. 
Substituting  »'  for  «;,  6  for  ■»;,  etc.,  from  (2)  and  (3)  into  «,  we  have 
[tan  <?„  cos  (.-t  —  a„)  —  tan  />]«;  +  sin  {>!  —  «.,)  (tan  *);  — 


(»;)"tan  S„  —  <  (tan  S)\  +  «;(tani!)V—     ~[3(a4)"tani),.+  (t«n(t)',T  + 
-J-  I  [tan  <»,.  cos  (yt  -  «.„)  —  tan  C]  «■■•  +  sin  (/( —  »„)  (tan  S)~\ 


^  (tan  «);    ""■  + 


(tan  *)"', 


(4) 


or,  denoting  the  values  of  A'  and  'i  iii  III,  page  15,  where  third  derivatives  are 
neglected,  by  A'u  and  "o 

«  =  «,,  -u  . '    'JL 

-  j  "^;-  [3  <«;)'  tan  -5,,  +  (tan  rf}:]  -f  -~^'''  (tan  rf);  j  />'  cos/' «'"  (4a) 


~  tttan'i,„cos(.l  —  <r„)~  tan /}]«'"  + sin  (.1  — /<„)  (tanrf)'"! /,■  < 


3.VJ 


;  +  -^-^  «;■  [  R  cos  />  (tan  «J)"' . 


where  the  remaining  terras  may  be  omitted  for  the  purpose  of  estimating  the  error 
in  K.     This  error  is  of  tlie  second  order  for  equal  or  nearly  equal  intervals  and  of 
the  first  for  unequal  intervals.     It  becomes  inappreciable  for  nearly  uniform  geo- 
centric motion. 
Since 

\   1         M 

the  error  in  o  is  of  the  same  order  as  the  error  iu  h.  By  inspection  of  the  fonnutse 
for  a'  and  a"  in  V,  page  16,  the  same  orders  of  error  will  be  found  for  these  quan- 
tities. In  a  similar  manner  the  errors  depending  on  the  fourth  derivatives,  etc., 
may  be  deduced. 

In  the  first  hypothesis  the  derivatives  beyond  the  second  are  neglected.  In 
order  to  indicate  how  a  second  hypothesis  may  be  based  00  the  first,  we  shall 
develop  expressions  for  a"'  and  (tan  S)'".     By  successive  difTerentiatiou  of 

IT  cos  (f  =  J-  +  -V  ;        a  sin  «  =  ij  -\-  Y  \        a  tan  S  =  z  •\-  Z 
and  remembering  that 

.-„  ^    ''    •• 

'  "  k  ..It  " 
we  obtain  the  equations 
O'" cosa  —  Z  o" &ma  a'  —  ^a" [ca&tt  (n'Y  -^  s\nn  »"]  —  fj  )3cos"  i»' ff"  +  sin  t»  [«•'"  — ((r')^]j 

=  _'■+ 3 '-''+. V" 


-(-^)^-'^.3^:         .-e 


a'"  sin  «  -)-  3  o"  cos  ir »'  —  3  ff'  [si 

M*  3(/i'' 

=  -  7.-  +    ,.  -  +  ' 

ff^tantf -|-3ff"(tan'i)'  +  3  t'  (tan  5)" -f  a{Und)"' 


■r(«')'-cos<.»"]-<Tl:jsin"u'»"-cos..[«-- («•)']  I  ' 


(5) 
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which  determine  a'"  and  (tan  <S)'"  .     Multiply  the  first  of  these  by  cos  a,  the  second 

by  sin  a  and  add  the  results.     Then 

3  r'  1 

(T"'  =  3(r'(a')»  -f-  3  (T  «'  «"  H [x  cosa-{-  y  sin  a]  —  --  [/cos«  +  //sin  «]  +  A""cos  a  +  l""sin  a, 

or  since  by  VI,  page  16, 

ar  cos 01  -\-  y  sin  or  =  (T  —  [A' cos  «  +  }'sin  «']  ;       x'  cosot  +  7' sin  ot  =  (f  —  [A"  cos  «  +  }"  sin  a]   , 

therefore,  also 

(f''=^  <yp^  +  a'  aA—  a{  \—S  («')')=  —  "T  [-^'cosa  +  }'sin/r]  +   \  [A"  cos  a  +  T' sin  a]  + 

A""cosa+  r"sina.  (6) 

Substituting  this  expression  for  o'"  in  the  first  and  second  of  (5),  we  solve 

a"'=  (a'y—  ^  —  -  [(y' a"  +  (y"  «']+-''  [A'sina—  Icosa]-    ^  JA'sina—  }"cos«] 

—  -  -  [Z"'  sin  a  —  r'"  cos  ix\  (7) 


By  similarly  eliminating  O"'"  from  the  third  of  (5)  by  means  of  (6)  ,  we  obtain 

(tantf)'   _  3 


(tan  dy  =  —  3  tan  (J  a'  a"  +  ^  --  < \g"  (tan  (J)'  +  a'  ( (tan  (J)"  +  tan  (J  (a)',] ) 


+  — J(A^cosa+  r  sin  a)  tan  (J— Z] ^r(A"cosa+  K'sin  a)tand  — Z']  ^^^ 

[(A""  cos  a  +  r"  sin  a)  tan  6  —  Z'"]  . 

These  expressions  give  a'"  and  (tan  5)'"  in  terms  of  o^,  a,  tan  5,  their  velocities 
and  accelerations,  and  of  r  and  / .  P^or  a  second  hypothesis,  all  these  quantities 
are  taken  from  the  first  hypothesis.  It  should  be  observed,  however,  that  a  and  S 
and  the  solar  coordinates  remain  constant.  After  a'"  and  (tan<S)'"  have  been  com- 
puted by  (7)  and  (8),  we  may  either  compute  a',  a",  (tan 5)',  (tan 5)"  by  (2)  and 
(3)  and  then  repeat  the  solution  by  the  formulae  of  the  first  hypothesis,  or  we  may 
directly  compute  the  corrected  value  of  x  by  (4)  or  (4a). 

As  stated  in  the  introduction,  however,  an  expression  for  (T  may  be  derived 
which  permits  of  performing  a  second  hypothesis  without  the  necessity  of  actually 
determining  the  corrections  to  the  initial  velocities  and  accelerations,  or  of  com- 
puting a'"  and  (tan  S)'"  for  substitution  in  (4)  or  (4a).  This  may  evidently  be 
accomplished  by  eliminating  a'"  from  (2)  and  (7)  and  (tan  5)'"  from  (3)  and  (8)  by 
successive  substitution  so  as  to  express  a',  a"  and  (tan 5)',  (tan 5)"  in  series  of 
ascending  powers  of  the  initial  velocities  and  accelerations  a^ ,  a'J ,  etc.  By  intro- 
ducing these  series  for  the  geocentric  velocities  and  accelerations  into  the  formula 
given  for  «  in  II,  page  15,  we  shall  obtain  an  expression  for  the  second  hypothesis 
of  H  and,  therefore,  also  of  (X,  etc.  This  expression  will  involve  the  unknown 
velocity  r'  in  addition  to  the  unknown  quantities  occurring  in  the  equation  for  (T 
in  the  first  hypothesis.     The  terms  distinctive  of  the  second  hypothesis  will  also 
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i  facto: 


;  the  first  and  higher  powers  of  the  prodii 


nd  the  differences 


contain  a 

of  the  intervals. 

As  soon,  therefore,  as  the  velocity  r'  has  been  derived  in  the  first  hypothesis, 
the  complete  expressions  of  the  second  hypothesis  maj'  be  computed.  But  this 
procedure  would  lead  to  the  usual  complicated  numerical  operations,  even  in  minor 
plauet  orbits  for  which  /  is  generally  small.  The  process  would  become  still  more 
complicated,  if  extended  to  higher  derivatives  than  the  third  of  the  geocentric 
coordinates. 

As  stated  above,  we  have  therefore  chosen  the  plan  of  determining  from  differ- 
ential relations  such  corrections  to  the  fundamental  quantities  p  ,  ;r' ,  y ,  /  as  will 
remove  whatever  residuals  may  remain  after  our  first  hypothesis  or  direct  solution. 

With  reference  to  the  errors  of  ff,  t",  <t"  in  the  first  hypothesis,  Poincar^  has 
shown,  as  stated  in  the  introduction,  that  even  with  unequal  intervals  they  are  of 
the  second  order,  if  the  mean  of  the  three  dates  be  chosen  for  the  epoch. 

The  method  of  determining  the  error  of  an  orbit  solution  by  general  consid- 
erations based  on  the  order  of  neglected  terms  is,  at  best,  unsatisfactory,  since 
account  is  not  taken  of  the  special  conditions  which  may  exist.     It  is  far  more 
satisfactory  to  estimate  the  error   mtmerically  and  thus  to  arrive  at  the  accuracy  of 
the  result  in  each  particular  case.     It  is  even  possible  at  the  outset  to  compare  the 
relative  effect  of  the  various  sources  of  errors  and  to  plan  the  solution  accordingly 
by  eliminating  some  of  the  errors  and  neglecting  others.     This  method  of  pro-  ] 
cednre  will  preclude  an  indiscriminate  mechanical  application  of  the  formulae  for  [ 
the  solution  of  an  orbit.      But  it  makes  it  possible  to  obtain  the  best  orbit  deriv- 
able from  the  given  data.      The  accuracy  of  the  orbits  computed  in  the  Berkeley  ] 
Astronomical  Department  is   in  a  large  measure  due  to  such  an  analysis  of  the  J 
conditions  of  the  problem  in  each  individual  case. 

The  accuracy  of  the   preliminary  orbit  solution   depends  in  the   main  on  the  I 
following  four  conditions: 

(i)     The  magnitude  of  the  geocentric  motion. 

(2)  The  maguiinde  of  the  errors  of  observation. 

(3)  The  magnitude  of  the  parallax,  if  this  be  neglected. 

(4)  The  magnitude   of  the   neglected  terms  containing  the  third  and  \ 
higher  derivatives  of  i'  and  *. 

As  these  effects  are  independent  of  each  other,  they  may  be  considered  sepa- 
rately; nor  is  it  necessary  to  study  the  accuracy  of  the  resulting  solution  both  for 
solutions  with  and  without  assumption  regarding  the  eccentricity.     It  is  sufficient 
to  determine  the  accuracy  of  the  solution   for  the  general  case,  that  is,  withoatl 
assumption  regarding  the  eccentricity.      The  feasibility  of  a  special  solution,  that  I 
is,  with  assumption    regarding  the  eccentricity,   then  depends  on    whether  thei 
special  solution  falls  within  the  range  of  uncertainty  of  the  general  solution. 
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With  reference  to  \\\^  geocentric  motion  it  is  evident  at  once  that  the  number  of 
figures  to  which  the  velocities  <,  <,,  «;,  <y;,  6\^,,  tfj,  (tancJ);,  and  the  accelera- 
tions a'^'  and  (tan<y)o  can  be  determined,  depends  upon  the  number  of  places  in  the 
differences  of  the  observed  a  and  <5 ,  expressed  in  seconds  of  arc,  from  which  these 
velocities  and  accelerations  are  computed.  As  the  tenths  of  a  second  of  arc  are 
practically  always  uncertain,  even  in  the  most  accurate  observations,  we  may  con- 
sider these  differences  to  be  accuratel}'  known  to  the  nearest  second  of  arc,  except 
for  other  errors  of  observations  the  effect  of  which  is  to  be  considered  separately. 
No  special  calculation  therefore,  is  necessary  to  determine  the  number  of  places 
accurately  known  in  each  velocity  and  acceleration.  This  number  of  places  is 
obtained  at  once  by  a  mere  inspection  of  the  given  differences  of  the  observed 
a  and  8 . 

In  a  general  orbit  solution  2  =  ^  is  to  be  obtained  by  interpolation  from  the 
tables  at  the  end  of  this  paper  with  ^.  and  — as  arguments.     The  accuracy  to  which 

z  can  be  determined  depends,  therefore,  on  the  accuracy  of-^-,  but  by  formulae  III, 

page  15, 

1  iV  cos  (J  7?* 

(9) 


m        CX+C,(tanrf)'       *S'       ' 

where 

N=  a"  — a^(tan  6)'  +  a'  (tan  6)"  ;     0^  =  tan  (J  cos  (^l  —  a)  —  tan  D  :     C,=  sin  {A— a)  .      (10) 

In  this  formula  the  subscripts  referring  to  the  middle  place  have  been  suppressed. 
The  accuracy  of  —  depends,  therefore,  upon  the  accuracy  to  which  the  ratio 


in 

N 


can  be  computed.  The  number  of  known  places  in  ~  may  thus  be  obtained  by 
inspection  on  the  basis  of  the  number  of  places  to  which  the  velocities  and  accel- 
erations are  known.  It  may,  however,  occur  that  the  ratio  (11)  becomes  indeter- 
minate. In  such  cases  the  intelligent  computer  will  transform  his  coordinates 
and  velocities  from  the  equator  to  an  arbitrary  fundamental  plane  so  chosen  as  to 
give  the  most  definite  value  of  ^^-  . 

As  indicated  above,  after  ^  has  been  computed  and  the  number  of  places  to 

which  —  is  known  has  been  decided  by  inspection,  the  interpolation  of  z  from  tht 
tables  reveals  at  once  the  number  of  places  to  which  z  is  known. 

The  effect  of  errors  of  observation  can  not,  of  course,  be  determined  with  abso- 
lute precision.  Observations  of  the  point  images  of  minor  planets,  of  satellites, 
or  of  comets  with  a  well-defined  nucleus  are  always  more  reliable  than  observa- 
tions of  diffused  comets.  For  objects  observed  at  low  altitudes  the  observations 
often  are  affected  more  than  is  necessary  by  errors  arising  in  the  correction  for 
refraction.  But,  as  the  nature  of  the  object  and  the  conditions  under  which  the 
observations  were  made  are  always  known,  it  is  possible  to  fix  an  upper  limit  for 
the  error  of  observation.     No  account  can,  of  course,  be  taken  of  gross  errors  of 
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observation  and  reduction.      No  computer  can  be  held   responsible  for  an  Inac- 
curacy in  his  result  due  to  an  uncalled  for  error  on  the  part  of  tlie  observer. 

Let  H, ,  «„  ,  ;/,„  represent  the  correct  values  of  the  observed  «  or  ^;  <■, ,  c„ ,  r„. 
the  corresponding  errors  of  observation;  ?,»"  and  3,m"  the  errors  arising  in  the 
velocity  u'  and  the  acceleration  «"  from  the  errors  of  observation.  Then  by  sub- 
stituting H,  -f  e,  for  either  »,  or  5, ;  «„  +  (?„  for  either  «„  or  *„;  etc.,  in  the 
formulae  for  the  velocities  and  accelerations  given  in  III,  page  15,  and  omitting 
for  the  present  the  factors  — ^^—  and  ^—  ,  so  that  the  velocities  are  expressed  in 
seconds  of  arc  per  mean  solar  day,  we  obtain 

(,„  — '., ,  '«  —  ',,  ['».  — '..       '«—',]  '...  —  '..      ,    (.,  —  f. 

^'"'  ^  ~^       ''  t~^,       "  "  '~       '  "(„,-(,  "       '  ~      *^  " 

To  obtain  the  maximum  effect  of  these  errors,  let  the  sign  of  the  term  con- 
taining e.  be  changed  from  —  to  +.  I-et  also  t\  =  f  _  =  f,__  =  e  ,  where  e  represents 
the  maximum  error  nf  observation.     Then  the  error  of  the  velocity  «'  will  be  less 

than 

?y  =  2''"---"       '       .  (12) 

(„  —  I,  i,„  —  (. 

For  equal  or  ncirly  equal  intervals,  the  error  of  «'  is,  therefore,  less  than  e , 
divided  by  the  constant  interval.  For  unequal  intervals  we  have  by  division 
of  3i  h' by  tt' ,  where,  as  stated  above,  u  stands  for  the  velocity  in  seconds  of  arc 
per  mean  solar  day. 


5,w' 


--'..)"/„  +  (',,  —  ',)"!    has  been    previously  computed  in 


where  the  divisor  >*'=('„, 
the  derivation  of  «'  and  S' 

In  a  similar  manner  we  obtain  for  the  upper  limit  of  the  error  of  the  accelera- 
tion u" ,  expressed  in  seconds  of  arc  per  mean  solar  day  per  mean  solar  day, 
e„,  —  e„        e„  —  e,  e,„  ["1  ^       1  j.       '' 


S,ii"  - 


-I, 


L  =  2^ 


By  changing  the  sign  of  e^^  and  equating  the  errors  to  £ ,  as  before,  we  find  that 
the  error  in  the  acceleration  n"  can  not  exceed 


For  equal  intervals   S^u"  is  less  than  ie  divided  by  the  square  of  the  constant 

interval.     For  unequal  intervals 

r      1 

-+  - 

(H) 

where  all  quantities  involved  are  known  from  previous  computation. 
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As  soon  as  the  maximum  value  of  the  errors  of  observation  has  been  fixed  it 
is  possible,  therefore,  to  compute  the  maximum  errors  of  the  velocities  and  accel- 
erations by  formulae  (13)  and  (14). 

The  parallax  may  be  dealt  with  in  three  diflferent  ways: 

(a)  It  may  be  neglected  entirely.  In  that  case  its  eflfect  on  the  velocities  and 
accelerations  is  the  same  as -that  of  the  errors  of  observation.  The  parallax  errors 
may,  therefore,  be  included  in  the  estimate  of  the  maximum  error  e.  It  is,  of 
course,  not  possible  to  know  anything  definite  about  the  parallax  until  after  the 
geocentric  distances  have  become  known.  By  choosing,  however,  the  error  of 
observation  sufficiently  large  to  include  the  probable  parallax  as  judged  from 
the  observational  data,  the  eflfect  of  the  parallax  may  be  determined,  at  least  in  a 
preliminary  manner.  The  estimate  of  the  parallax  can  be  verified  and,  if 
necessary,  corrected  as  soon  as  the  geocentric  distances  have  become  known. 

(b)  Or  the  parallax  may  be  eliminated  partially^  by  applying  to  the  solar  coor- 
dinates at  the  middle  date  the  corrections  Ji^^  ^2^  and  ^iZ^  given  by  equa- 
tions (4),  page  234.  In  the  partial  elimination  of  the  parallax  the  coordinates  are 
referred  to  the  projection  of  the  center  of  the  Earth  upon  the  line  of  sight  as  origin. 
It  should  be  remembered  that  the  partial  elimination  of  the  parallax  does  not  elimi- 
nate the  barycentric  parallax  from  the  coordinates.  Nor  does  it  eliminate  the 
eflfect  of  the  parallax  on  the  velocities  and  accelerations.  The  error  in  these  latter 
must  therefore  be  derived  as  though  the  parallax  had  been  entirely  neglected. 

(c)  Or  the  parallax  may  be  eliminated  completely  by  means  of  the  formulae 
derived  on  pages  236  and  following. 

The  decision  as  to  which  of  the  three  methods  of  dealing  with  the  parallax 
shall  be  applied,  depends  upon  the  observational  data.  If  the  estimated  error  of 
observation  and  the  error  introduced  by  neglecting  the  third  and  higher  deriva-: 
tives  of  the  coordinates,  which  will  be  discussed  below,  are  comparatively  large, 
then  little  or  nothing  can  be  gained  by  completely  eliminating  the  parallax.  For 
the  convenience,  however,  of  subsequent  computation  it  is  advisable  to  apply  the 
partial  elimination  of  the  parallax  in  all  cases.  This  convenience  arises  from 
the  fact  that  the  partial  elimination  of  the  parallax  leads  to  the  geocentric  distance 
at  the  middle  date  and  that  the  parallax  need  not  be  considered  further  in  comput- 
ing the  heliocentric  coordinates. 

Whether,  in  case  of  an  accurately  observed  object  and  of  small  errors  due  to 
the  neglect  of  the  higher  derivatives,  the  parallax  is  to  be  eliminated  partially  or 
completely,  will  depend  on  whether  the  complete  elimination  will  greatly  enhance 
the  accuracy  of  the  solution.  In  general,  the  observations  may  be  represented 
with  the  same  degree  of  accuracy  with  or  without  elimination  of  the  parallax,  but 
by  completely  eliminating  the  parallax  a  more  accurate  orbit  will  result  so  that  a 
better  representation  of  the  subsequent  motion  is  attained. 


274 


PUBLICATIONS   OF  THE  LICK  OBSERVATORY. 


But  siuce  all  preliminary  orbits  must  necessarily  be  approximate  ou  accoutu 
of  the  shortness  of  the  observed  arc  and  siuce  practical  considerations  demand 
that  all  extra  computation,  however  small,  be  avoided,  the  complete  elimination  of 
the  parallax  should  be  undertaken  onl^'  in  those  rare  cases  in  which  a  solution 
otherwise  can  not  be  accomplished.  Such  cases  may  occur  for  an  accurately 
observed  object,  if  the  motion  is  very  small,  if  the  intervals  are  quite  short,  and 
if  the  parallax  factors  (barycentric  plus  geocentric)  are  very  different  for  the  three 
observations.  In  all  other  cases  the  partial  eliminalion  of  the  parallax  will  suffice 
for  practical  purposes.  If,  for  instance,  the  parallax  factors  for  the  three  observa- 
tions are  nearly  constant,  as  would  be  tlic  case  for  observations  made  at  moderate 
intervals  at  the  same  observatory  at  nearly  the  same  hour  angle,  then  the  neglect 
of  the  parallax  considered  as  an  error  of  observation  would  not  affect  the  velocities 
and  accelerations,  since  these  depend  on  the  differences  of  the  observed  «  and  5. 

It  would,  of  course,  be  entirely  useless  to  eliminate  the  parallax  completely 
if  the  parallax  factors  indicate  tliat  it  is  much  smaller  than  the  possible  errors  of 
observation  and  the  errors  due  to  the  neglect  of  the  higher  derivatives  of  a  and  «5. 

(d)  In  determining  the  effect  of  negleetitig  the  higher  derivatives  of  a  and  3  we 
shall  confine  ourselves  to  the  consideration  of  the  third  derivatives.  According 
to  the  theory  of  numerical  differentiation,  if  the  intervals  are  constant,  a  third 
derivative  may  be  expressed  in  a  series,  the  first  term  of  which  is  the  mean  of 
the  two  third  differences  on  either  side  of  the  date.  Let  this  mean  be  denoted 
by  _/"'",  where  «  stands  for  either  a  or  6  . 

By  equation  (2),  omitting  the  algebraical  sign,  the  error  of  the  velocities  a' 
and  accelerations  «"  due  to  neglecting  the  third  derivatives,  is  therefore 
*,  *„,/'"  „      K..~  ",/"■ 

M  =  — ^-  ^-  ;    ?,M  =      g      -^  . 
while 


(IB) 


_f' 


(16) 


where  /],  and  /'"  are  the  means  of  the  first  and  third  differences  on  either  side  of 
the  middle  date  corresponding  to  the  constant  interval  H.  Dividing  (15)  by  (16) 
we  obtain 


5,«'  _  B,  #„, 


For  equal  intervals  ^,  =  fl,„  =  f*  and 


(17) 


except  for  the  effect  of  fourth  and  higher  differences. 

If  four  observations  at  equal  intervals  be  available,  the  /'"  are  given  at  once 
by  the  observations  and  the  velocities  derived  from  three  observations  may  be 
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mined  from  the  observations  on  the  basis  that  the  observations  are  correct  to  the 
nearest  second  of  arc.  Equatious  (20)  and  (21)  now  further  determine  how  many 
of  the  places  given  by  the  geocentric  motion  are  lost  on  account  nf  the  various 
errors  involved,  so  that  the  number  of  places  accurately  given  in  -  has  Bnally 
become  known  in  any  particular  case  and,  as  stated  above,  the  accuracy  of  ^^  deter- 
mines the  accuracy  to  which  z  can  be  interpolated  from  the  tables.  In  this  manner 
a  fairly  close  estimate  of  the  accuracy  of  the  resulting  orbit  compulation  may  be 
obtained. 

An  orbit  becomes  indeterminate  when  becomes  indeterminate.  As  stated 
above,  ill  some  cases  inspection  will  show  that  the  indeterminateness  may  be 
removed  by  referring  the  coordinates  lo  a  new  fundamental  plane.  But  if  the 
indeterminateness  is  due  entirely  to  errors  of  observation  then  no  solution  can  be 
made.  In  this  case,  which  is  not  probable  in  practice,  tlie  errors  of  observation 
would  be  comparable  to  the  motion. 

Finally  the  indeterminateness  may  arise  from  the  neglect  of  the  third  and 
higher  derivatives.  Too  much  weight  has  been  attached  in  the  past  to  this  possi- 
bility. In  fact  it  has  been  used  as  the  chief  argument  against  the  convergence  of 
the  Laplace.^n  methods.  Experience,  however,  as  well  as  the  foregoing  discu-ssion, 
are  sufficient  proof  that  indeterminateness  will  rarely  arise  from  this  cause.  In 
fact,  with  short  intervals,  such  as  are  always  available,  and  particularly  for  slow 
motion,  the  first  direct  solution  h:is,  in  most  cases,  yielded  a  satisfactory  represen- 
tation of  the  observations. 

If  an  indeterminateness  should  arise  on  account  of  tiie  neglect  of  the  third 
and  higher  differences,  this  fact  can  be  inferred  from  the  differences  of  the  observed 
"■  and  ^,  at  the  outset,  before  the  solution  is  undertaken.  The  remedy  then  lies  in 
the  use  of  at  least  the  third  differences  by  basing  the  computation  nu  more  than 
three  observations  by  the  formula  derived  on  page  230  and  following,  or  by  having 
recourse  to  shorter  intervals,  if  such  be  available.  I'or  equation  (19)  shows  that 
for  one-half  the  interval  the  third  differences  will  be  reduced  to  approximately 
one-eighth  of  their  value,  etc.,  so  that,  theoretically  at  least,  it  is  always  possible 
to  choose  intervals  so  small  that  the  third  and  higher  diff'ereuces  will  not  affect 
the  solution  at  all.  lint  it  should  be  remembered  that  the  geocentric  arc  will  be 
less  and  the  number  of  decimals  to  which  the  orbit  can  be  computed  will  be 
reduced  in  the  ratio  in  which  the  number  of  seconds  in  the  geocentric  arc  is 
reduced  by  the  shorter  intervals. 

It  is  safe  to  say  that,  by  carefully  judging  the  conditions  of  the  problem  at 
the  outset  in  every  case,  the  computer  will  never  run  the  risk  of  performing  a 
fruitless  computation  if  he  apply  the  Laplacean  methods  in  the  form  in  which 
they  are  here  presented.  This  has  been  the  experience  in  all  orbit  computations 
at  the  Students'  Observatory  of  the  University  of  California  in  recent  years. 

The  order  in  which  the  effect  of  the  various  errors  referred  to  above  should 
be  considered  must  be  decided  by  the  computer  in  each  individual  case.     Very 
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this  most  unfavorable  case,  we  shall  assume,  as  above,  that  the  errors  t  are  namer- 
ically  equal,  but  that  tlieir  algebraical  signs  are  such  that  every  error  counts  fully 
in  one  or  the  other  error  sum.  The  error  sums  will  then  reduce  to  ^  e  and  -^  e . 
It  is  clear,  of  course,  from  equations  (24)  that  in  practice  they  can  not  reach 
their  maximum  for  both  the  velocities  and  the  accelerations  at  the  same  time.  In 
order  to  judge  the  relative  error  made  by  neglecting  the  third  and  higher  differ- 
ences in  the  case  of  three  observations,  we  might  let  Cj  --  fj  -  0 ,  but  if  five  obser- 
vations are  made  the  basis  of  computation,  then  we  shall  also  have  to  deal  with 
five  errors  of  observation.  On  that  account  it  is  more  accurate  to  base  the  com- 
parison on  the  error  sums  as  given  above.  For  equal  intervals,  therefore,  we  must 
compare 

in  H,<'  :  i  /"'  (..  +  /  »•)  witli  |  e ;  in  /*"  »"  :  ^.  f  (-.  +  1  .<■)  (vith  f  <■ . 
It  follows,  therefore,  that  little  can  be  gained  by  the  use  of  more  than  three  obser- 
vations if 

/■■■{.< +  ;»)^  9.;        /■'("+  i„)^64f. 

As  was  found  above,  the  accuracy  of  an  acceleration  is  diminished  in  a  greater 
degree  by  the  errors  uf  observation  than  that  of  a  velocity.  A  detailed  discussion 
of  the  velocities  may  therefore  be  dispensed  with.  In  order  to  gain  anything  then, 
by  basing  the  computation  on  more  than  three  observations,  y„*'  would  have  to  be 
considerably  greater  than  64f ;  that  is,  for  every  second  of  error  of  observation,  the 
fourth  difference  would  have  to  exceed  1'.  In  the  case  of  comets,  the  errors  of 
observations  are  quite  frequently  greater  than  S".  To  gain  anything  then,  the 
fourth  differences  in  "  and  ^  would  have  to  be  iu  excess  of  5'. 

From  these  considerations  it  appears  that  the  criticisms  that  have  been 
applied  to  the  Lapl.'^cean  methods,  and  which  were  refuted  above,  are  still  more 
unjustifiable  when  the  errors  of  observations  are  taken  into  consideration.  In 
general,  one  element  of  uucertaintj'  in  any  method  of  orbit  solution  depends  npon 
the  perceutage  error  in  ihe  motion.  This  element  is  necessarily  about  the  same 
for  all  methods.  It  is  brouglit  out  here  very  distiuutly,  that  in  attackiug  the 
Laplacean  methods  altogether  too  much  emphasis  has  been  laid  in  the  past  ou 
the  effect  of  the  third  and  higher  differences.  The  conclusion  drawn  above,  is, 
therefore,  fully  justified. 

In  the  case  of  unequal  intervals,  the  error  in  the  accelerations  was  found  to 
be  approximately  r.  ■  Comparing  this  error  with  the  error  sum  — c,  which 
method  of  comparison,  although  not  as  rigid  as  the  foregoing  comparisons,  is 
sufficient  for  our  purposes,  it  is  found  that  in  order  to  gain  anything  y^"  would 
have  to  be  in  excess  of  16  c,  so  that  in  tlie  case  of  unequal  intervals  the  iuclusiou 
of  a  fourth  observation  would  be  more  justifiable.  It  is,  however,  more  advan- 
tageous, even  in  the  case  of  unequal  intervals,  to  base  the  computation,  whenever 
possible,  merely  on  three  observations  aud  to  remove,  if  necessary,  any  inaccura- 
cies in  the  resulting  elements  by  the  simple  methods  of  differential  correction  to 
be  discussed  later. 
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which  is  the  desired  equation  of  the  sixth  degree,  since  o^  =  Pocos<s,, ,     Expanding 
the  squares  within  the  second  parenthesis  and  introducing  the  auxiliary  quantities 

a»  =  (aJ  +  a;  +  a;)cosM,,  ;  6  =  KXJ  +  a,  ^  +  (/,  Z;)  cosc^,,  ;  Cr\=  X'l  ^  TI  ^- Vl  ,  (11) 
where,  provided  the  parallax  be  entirely  neglected,  the  velocity  G^  may  also  be 
computed  from  the  well-known  relation 

rr;=^-l,  (11a) 

we  may  write  equation  (10)  in  the  form 

(pj-  2Po  7?cos^'  +  /P)  (aVo-  2  h  p,  +  Giy  -.-.  4  (12) 

or. 

F{p,)=-.ry^-4^0  (13) 

where 

r=--/oJ  — 2Po^cos^  +  /?«  ;     r  =  a'pi  —  bfJ,+  01  (14) 

A  first  approximation  to  the  value  of  Po  in  equation  (18)  may  be  obtained 
by  taking « ==  -^  from  the  tables  at  the  end  of  this  paper  with  the  arguments  ^ 
and  —  .     The  formulae  for  ip  and     -are  given  on  page  15,  formulae  III.     Let  the 

approximate  value  of  Po  obtained  with  the  aid  of  the  tables  be  denoted  by  Pi  and 

let 

(p;-2p,/ecos^'  +  /n(aV;"2M,-f  (;:)-4  =  J/,  ,  (15) 

or,  by  equations  (13)  and  (14)  , 

r,y^,-4  =  M,.  (16) 

Then  it  will  be  necessary  to  determine  a  correction  Jp^  to  p,  in  such  a  manner 
that  P2  =  Pi  +  ^Pi  will  satisfy  (12)  ,  or  (13)  and  (14).     We  may  write  approximately 

J  ^(Pt)  =  [ "  r-T-l  M  =  -  ^'A  .  (17) 

But  from  (13)  and  (14)  we  have 

['■^4^1  --  2  r, [2  /; (a  p,-b)  +  r, (a  - R cos^)] .  (18) 

Hence  from  (17)  and  (18) 


M  =  - 


(19) 


2  r  I  [  2  ^  ;  (  a  A  -  -  /> )  +  r  1  (  Pi  —  ^^  cos  ^0  J 
and 

p,  =--  p,  +  Ap,  .  (20) 

If  P2  does  not  satisfy  (12),  or  (13)  and  (14),  then  we  let 

F{p,)  =  M, 
and  repeat  the  approximations  until  a  value  of  p  is  found  which  satisfies  (12),  or 
(18)  and  (14).     In  general,  not  more  than  two  approximations  will  be  required. 

If  we  derive  the  equation  in  Po  in  a  slightly  diflferent  form,  approximate  values 
of  the  roots  may  be  found  graphically  with  more  convenience  than  with  the  aid  of 
the  tables  at  the  end  of  this  paper.  The  modified  form  also  seems  to  be  prefer- 
able for  numerical  computation. 

Equation  (3)  gives 

r,  =  +  [/Jj  -  2  Po  R  cos^'  +  7?*]^  ,  (21) 
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Let  f{2'^  =  M\  and  continue  the  approximations  untiiy"(^)  =  0  . 

To  obtain  a  first  approximation  to  s  from  the  tables,  we  enter  them  as 
before  in  case  of  equations  (12)  or  (13)  and  (14)  with  the  arguments  ^and  --. 

To  obtain  the  roots  of  equation  (24)  graphically,  we  determine  the  values  oi  s 

for  the  intersections  of  the  parabola 

,,r=(z-i,y  (28) 

and  the  curve 

where  we  shall  take  the  z  as  abscissae  and  the  y  as  ordinates. 

The  parabola  is  the  same  in  all  cases.  Its  axis  coincides  with  the  line -8'  =  ^% 
and  ^  =  0  is  a  tangent  at  the  vertex.  We  maj',  therefore,  once  for  all,  plot  the 
parabola  jv  =  ^  on  a  convenient  scale. 

The  curve  (29)  is  symmetrical  with  respect  to  z  =  c  and  lies  wholly  above  the 
line^==  —  q"^  ,  because  the  negative  sign  of  the  square  root  is  excluded,  r  alwaj^s 
being  positive.     For-2'=±oo  ^y  =  —  /^;  hence  the  line  ^'=—/*  is  an  asymptote 

to  the  curve.      At  z  =  c  ^  y  =  -^   — /^the  curve  has  its  maximum.      By  letting 

-^^=0  we  readily  find  for  the  points  of  inflection  z  —  c=   ~'p,^/  =  ^|^ — q*^.     The 

distance  of  the  points  of  inflection  above  the  line  j  =  —  q"^  is  therefore  \/  ?  or  .816  .  . . 
times  the  distance  of  the  vertex  of  the  curve  above  the  same  line. 

Since  the  parabola  lies  wholly  above  the  z  axis,  we  are  concerned  only  with  that 
part  of  the  asymptotic  curve  which  lies  above  y  =  0 .     For  j  =  0-we  find  from  (29) 

[(z  —  cy  +  if']  q 

or 


,-c=±^'^-,^,  (80) 

An  approximate  value  of  z  —  c  may  be  obtained  from  (30)  by  formulae  (23)  ,  if  in 
the  latter  we  let  (;i  =  -j^  —  1  and  7e=  1.     Then  ^'::=  1  and  7'^-=  J,  —  ^-  =  -^(l— -^)i 


while  h  —  -—  . 


Since  ^'*"  is  positive,  we  have  fi^  <  iv  . 
We  may  now  write  (30)  in  the  form 


(31) 


or 

1 


r  r-: 


±    ,r,  j4-.^= "''/'.  (82) 

Denote  this  value  of  .i  — ^  by  (^ --(),„  .     Then 


2 
Mod.  (:  -~r)„.  ^-    5.,,  '- 

7 


(I'd 
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duce  the  two  halves  of  the  curve  lying  on  either  side  of  <2  =  0.  But,  since  only  that 
portion  of  the  curve  which  lies  above  ^'  =  0  is  under  consideration,  we  may  plot  to 
every  ±5  the  corresponding  value  ^  =  v  — /"  Owing  to  the  adopted  limiting 
value  -^  of  ^,  negative  values  of  ^  will  not  occur. 

In  practice  it  is  convenient  to  plot  the  parabola  on  tracing-paper  once  for  all 
and  the  asymptotic  curve  on  a  separate  sheet  for  each  individual  case.  It  is,  how- 
ever, to  be  remembered  that  only  the  positive  portion  of  this  curve  needs  to  be 
drawn.  If,  then,  in  the  plot  of  the  curve  we  also  draw  the  line  z=p\  the  intersec- 
tions of  the  parabola  and  the  asymptotic  curve  may  be  found  by  superposing  the 
parabola  on  the  curve  in  such  a  manner  that  the  axes^'--0  of  the  two  plots  coincide 
and  that  the  axis  of  the  parabola  coincides  with  the  line  z=p\  The  abscissae  of 
the  points  of  intersection  then  represent  the  required  values  of  ^. 

As  the  asymptotic  curve  may  become  quite  steep  for  large  values  of  - ,  it  is 
advisable  to  plot  the  abscissae  on  a  larger  scale  than  the  ordinates.  The  scale  two 
to  one  has  been  adopted  in  the  applications  that  have  so  far  been  made  of  this 
graphical  method  of  determining  the  roots  of  the  equation  of  the  sixth  degree. 

The  number  of  mathematical  solutions  of  the  problem  will  be  the  same  as  the 
number  of  intersections  for  which  z  is  positive.  It  can  be  shown  that  the  number 
of  positive  roots  of  the  equation  of  the  sixth  degree  will  be  either  one  or  three. 

For  practical  purposes  it  is  sufficient  to  study  the  behavior  of  the  roots  by 
considering  the  intersections  of  the  parabola  and  the  asymptotic  curve,  which 
latter,  for  the  sake  of  brevity,  we  shall  simply  call  the  "curve." 

The  number  of  possible  intersections  of  the  parabola  and  the  curve  depends 
on  the  number  of  possible  contacts.  If  the  two  curves  can  have  but  one  point  of 
contact,  then  there  can  be  but  two  intersections.  The  case  of  no  contact,  corre- 
sponding to  a  single  real  root,  is  excluded,  as  the  equation  in  z  is  of  the  sixth 
degree  and  therefore  the  real  roots  must  occur  in  pairs.  For  the  same  reason  any 
even  number  of  contacts  is  excluded.  If  three  contacts  are  possible,  then  there 
may  be  four  intersections  and  therefore  four  real  roots.  To  determine  the  num- 
ber of  contacts  we  write  equations  (28)  and  (29)  in  the  form 

\  (:  -   '•  )•  -^-  •'*■ 

where 

:'=-:-/;       ^'-  '      y'  (40) 

The  axis  of  the  parabola  and  the  curve  then  coincides  with  -s'  =  0  and  z*=^c'  respec- 
tively, c  being  the  distance  between  these  axes.  The  axis  of  the  parabola  lies  to 
left  of  the  axis  of  the  curve  if  /  is  positive,  and  to  the  riglit  if  c'  is  negative. 

Diflferentiating  equations  (8V>)  with  respect  to  z  we  have 


2S6 
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Since  the  absolute  term  of  this  equation  is  negative,  there  always  exists  one  posi- 
tive and  one  negative  root.  The  other  two  real  roots  must  either  be  both  positive 
or  both  negative.  The  equation  may,  therefore,  have  either  one  or  three  positive 
roots.  For  instance,  if  both  p'  and  r  are  negative,  then  every  coefficient  in  equa- 
tion (47)  becomes  positive,  excepting  the  absolute  term.  There  being  in  that 
case  only  a  single  variation  of  sign,  the  number  of  positive  roots  or  of  solutions 
is  only  one.  But  if  both  p'  and  c  are  positive,  then  the  coefficients  are  alter- 
nately positive  and  negative,  excepting  the  coefficient  of  z  and  the  absolute 
term.  This  condition  of  signs  admits  of  at  most  five  positive  roots  and  one 
negative  root.  But  as  at  least  two  roots  must  be  imaginary  aud  one  real  root 
must  be  negative,  the  number  of  positive  roots  can  not  exceed  three.  The  same 
results  would  have  been  obtained  if  (46)  had  been  expanded  as  it  stands,  that  is, 
without  introducing  the  simplification  A"  =  I,  but  equation  (47)  would  then  have 
become  very  complicated. 

Three  positive  roots,  or  what  is  the  same,  four  real  roots,  can  exist  only  if  the 
curves  have  three  points  of  contact,  that  is.  if  equation  (4a)  or  (44)  has  three  real 
roots.  Whether  the  .number  of  real  roots  be  one  or  three,  the  substitution  of  each 
real  root  in  (41a)  gives  the  condition  which  the  constants  must  satisfy  in  order 
that  the  curves  may  be  in  contact  for  the  particular  point  defined  by  such  root  s' . 
We  might  thus  determine  the  limits  within  whicli  the  roots  must  lie.  But  in 
practice  the  number  and  the  approximate  value  of  tlie  positive  roots  is  more  con- 
veniently determined  graphically  from  the  intersections  of  the  parabola  and  the 
curve.     Equation  (44)  has  one  or  three  real  roots  according  to  whether 

>  or  <  0  .  (48) 


(O'^d)' 


Hence  for  positive  values  of  /  more  than  one  solution  can  never  exist.     But  if  ^ 
is  negative,  the  criterion  (48)  must  be  applied  to  decide  the  number  of  contacts. 
Let  us  now  consider  the  case  that 


(n"  (!)-• 


so  that  we  shall  have  three  points  of  contact.  The  number  of  real  roots  will  be, 
four.  Of  these  one  or  three  may  be  positive.  In  order  that  there  maybe  three 
positive  roots  z  or  three  solutions,  all  three  points  of  contact  must  lie  on  the  posi- 
tive side  of  r  =  0 .  We  may  determine  the  conditious  which  must  be  satisfied  so 
that  there  may  be  three  positive  roots  with  tlie  aid  of  equation  (43),  In  this 
equation  2  =  z — p,  so  that  the  roots  z'  are  measured  from  the  axis  of  the  para- 
bola. Now  let  c  =  c  ~ p  be  negative.  Then  every  coefficient  in  (43)  will  be 
positive  and,  therefore,  all  three  roots  will  be  negative.  If,  however,  c  is  posi- 
tive, then  all  three  roots  will  be  positive.  In  the  first  case  the  axis  of  the 
parabola  lies  to  the  right  of  the  axis  of  the  curve  and  the  points  of  contact  are 
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contained  between  z  ---  c  and  z  p\  In  the  second  case  the  axis  of  the  para- 
bola lies  to  the  left  of  -s:  —  ^r  and  the  points  of  contact  lie  between  z  -■-  p'  and 
z---  c .  Both  cases  apply  to  positive  and  negative  values  of  c  and  /' .  Let  us 
designate  for  both  parabola  and  curve  that  part  which  lies  to  the  right  and  the 
left  of  their  axes  by  the  positive  and  the  negative  half,  respectively.  Then  in 
the  first  case,  when  c*  is  negative,  the  points  of  contact  lie  on  the  positive  half 
of  the  curve  and  on  the  negative  half  of  the  parabola,  while  in  the  second  case 
they  lie  on  the  negative  half  of  the  curve  and  on  the  positive  half  of  the  parabola. 
The  following  cases  may  occur: 


I       c*  =  c  —  p'  is  negative 

(a)  p'  negative,  r  negative 

(b)  [/>'  negative,  c  positive] 

(c)  ])'  positive,   c  negative 

(d)  p'  positive,   c  positive  {p>  c) 


II      r'  =  r  —  7/  is  positive 

(a)  p'  negative,  c  negative  ( ;/  >  c) 

(b)  p'  negative,  c  positive 

(c)  [p'  positive,   c  negative] 

(d)  p'  positive,   c  positive  . 


The  cases  (lb)  and  (lie)  must  necessarily  be  excluded  in  this  grouping,  as  the 
first  is  provided  for  under  lib  and  the  second  under  Ic.  Cases  la  and  Ila  need 
not  be  considered  here,  it  having  been  shown  above  ( page  2S6  )  that  only  one 
positive  root  exists,  if  both  /'  and  c  are  negative.  It  remains  to  consider  the 
cases  Ic,  lb,  lib,  and  lid.  For  Ic  and  Id  the  points  of  contact  lie  between 
z  =  c  2Lud  z—p'.  The  axis  ^  -  0  lies  to  right  of  z  =  c  for  Ic  and  to  the  left  for 
Id.  In  the  latter  case,  therefore,  the  three  points  of  contact  lie  on  the  positive 
sideof  5  =  0and  there  are  three  positive  roots.  In  the  former  case,  Ic,  the  num- 
ber of  positive  roots  will  be  one  or  three  according  to  whether  the  point  of 
inflection  on  the  positive  half  of  the  curve  lies  on  the  negative  or  the  positive  side 

of  the  axis  z  =  0.     For  this  point  of  inflections  ^-  c  -{-  — -- .     Hence,  there  will  be 

s 

one   or  three   positive   roots  according  to  whether   c  +  -  -^^  <    or   >   0 .       Let 

tanV''  =  V^'  Then,  since  c=cosil^  is  negative,  there  will  be  one  solution  if 
180—  V^  <  V'  <  180'' ,  and  three  solutions  if  90°  <  i/^<  180°  —  1/'' . 

Similarly,  we  observe  that  for  cases  lib  and  lid  the  points  of  contact  lie 
between  z  =  p'  and  z  =  c  ^  while  the  axis  z  ^-  0  lies  to  the  right  oi  z  —  p*  for  lib  and 
to  the  left  for  lib.  In  the  latter  case,  therefore,  the  three  points  of  contact  lie  to 
the  right  oi  z  —  ^  and  there  are  three  positive  roots,  while  in  the  former  case,  lib, 
there  will  be  one  or  three  positive  roots  according  to  whether  the  axis  r-  0  lies 
to  the  right  or  the  left  of  the  point  of  inflection  of  the  negative  branch  of  the 

curve.     For  this  point  of  inflection  z  -■-  c  —  —  ,,  .     The  number  of  positive  roots 


will,  therefore,  be  one  or  three  according  to  whether  c  — 


I    2 


or  >  0 .     Hence, 


since  c  =  cos<^  is  positive,   there  will   be  one  positive  root,  if  (A'  <  i/'  <  90°  and 
three  positive  roots  if  0  <  ^^  <  (/»',  where  tan  4'       \/  2  and  i/»'      54°  44' . 
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Collecting  results,  we  find  that  three  positive  roots  exist  \{ first: 


where  by  (45a) 


nd  \i  secondly : 


[9C2.'-|    ,")-7r"]; 


^[i-   :(■"-•'■■)] 


-;' 


(49) 


<->0  ; 
90°  <  f  <  125°  16' 
0°  <  (/■  <  54°  44' 
xth  degree  in  (i„  or  z 


((12)  or  (46))  will  have 


either  j/  >  0  , 

or  i>'  >  0  ,        <■  <  0  , 

or  ;/  <■  0  ,         r  >  0  , 

In  all  other  cases  the  equation  of  the  six 

only  one  positive  root. 

In  applying  these  criteria  it  suffices  to  use  approximate  values  of  the  quanti- 
ties involved.  If  either/'  or  c  are  negative,  theyiV^^  criterion  needs  to  be  applied 
only  if  ^  lies  between  the  limits  specified  for  the  existence  of  three  solutions.  It 
should  also  be  remembered  that  only  one  solution  exists,  \{  p  is  positive,  that  is, 
if  9(2j-'-)-  ?")  —  "*■"  is  positive.  The  sign  of/  is  readily  ascertained  from  a  mere 
inspection  of  the  numerical  values  of  j  ,  y' ,  and  c  ,  all  of  which  are  available.  The 
value  of  q  needs  to  be  computed  only  if  /  is  negative  and  theu  only  with  sufficient 
accuracy  to  determine  the  algebraical  sign  of(|)'  -.  (^)\  Thus,  the  number  of 
positive  roots  is  determined  practically  without  additional  computation.  In  most 
cases  a  mere  inspection  of  the  available  auxiliary  quantities  will  suffice. 

Having  thus  disposed  of  the  number  of  positive  roots,  we  may  proceed  to  a 
further  consideration  and  a  recapitulation  of  the  graphical  determination  of  the 
numerical  values  of  r' ,  from  which  ^^^=^'+/'-  By  (39)  the  roots  z  are  de- 
fined as  the  intersections  of 

■"" '"       ''"^        ■'"[(.'-c')'  +  >T"'~'^"-  *^> 

where  by  (36)  and  (37) ,  (35)  and  (40)  we  plot  the  asymptotic  curve  for  equidistaut 
values  of  S  from 

;/='/—'/=-"  —  cos ^  —  7  '  ;         t'  ---  (^  +  ,' .  (.51) 

Thus  the  asymptotic  curve  may  be  plotted   directly  with  reference  to  the  axes  of 
the  parabola,  which  are  ^  =  0 ,  s'  =  0 . 

Formulse  (38)  gives  the  maximum  positive  value  S^  of  S  required  in  (51),  and 
on  page  284  it  was  pointed  out  that  only  that  part  of  the  curve  needs  to  be  plotted 
which  lies  between  s  ^-  0  and  2  =  c  +  S„  ,  where  B,„~  s  tanS„  .  Expressed  in  terms 
of  s'  we  are,  therefore,  concerned  only  with  that  part  of  the  curve  which  lies  between 
z  —  — /*  and  z  --  s  tan  S„,  +  r' .  Now,  as  it  has  been  decided  that  i^  should  always 
be  chosen  positive,  we  must  plot  the  portions  of  the  curve  to  the  right  and  the 
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left  of  /  =  0  from  2=  ^  -{•  c  and  ^  ^  —  5  +  c\  respectively,  together  with  the  value 
of  rf  corresponding  to  5,  Hence,  the  largest  value  of  5  which  must  be  used  with 
the  negative  sign  is  obtained  from  2  =  —  ^  -^  c  =— p'  or  from  ^  =  c  +  p'  =  c.  This 
result  is  also  at  once  evident  from  the  fact  that  the  curve  is  symmetrical  with 
reference  to  5  =  0  and  that  5  =  —  ^for^  =  0,^  being  the  distance  from  2  —  Q 
to  5  =  0. 

We  may  also  easily  derive  the  numerical  value  of  ^  which  corresponds  to  the 
identical  conditions  2  ^   0  or  2  ^  —  p  or  ^  =  —  c .     Expressing  5  in  terms  of  5  we  have 

5  tan  ^  =  — r  or  tan 3  =-  —  ^  -  —  cot  ^  =  tan  (^  —  90°).   .  Hence,  if  V'  >  90°,  the  values 

of  5  required  in  (51)  are  contained  between  5  =  ^  — 90°  and  ^  =  5^  and  7  and  5 
need  not  be  computed  for  values  of  5  outside  of  this  range;  that  is,  all  roots 
correspond  to  values  of  ^  within  the  range.  Similarly,  if  V'  <  90°,  we  again  have 
the  limits  5  =  ^  —  90°  and  5  =  5^.  The  negative  value  of  the  lower  limit  in  this 
case  signifies  that  negative  values  of  ^  may  be  determined  from  S  —  s  tan  (—  S) , 
In  every  case,  then,  the  values  of  S^  required  in  (51)  are  contained  between 
5=^^  —  90°  and  :&  ==  3,«  . 

In  determining  the  intersections  of  the  parabola  and  the  curve  it  is  necessary 
to  plot  only  a  short  arc  of  each  on  either  side  of  the  intersections.  The  scale 
may  be  chosen  sufl&ciently  large  to  suit  any  desired  degree  of  accuracy. 

For  the  intersections  the  coordinates  of  the  curve  satisfy  the  condition 
(5  +  cj  =^ri  —  q'K  Let  /  =  (5  +  c'f  -{??-  q%  Then  at  the  intersections  /  =  0. 
Remembering  the  definition  of  7  and  5  in  terms  of  S  by  (36)  and  (37),  we  may 
find  the  region  of  an  intersection  with  the  aid  of  a  table  of  natural  tangents 
and  cosines  and  of  a  multiplication  table  like  Crelle's  Recluntafeln  or  mechanism 
like  a  slide  rule,  by  noting  down  approximate  values  oi  2'  =  8^-^  c  and  jV  =  7  +  q^ 
for  a  few  values  of  -9  between  the  limits  S  =  ^^  —  90°  and  J9  =  S^  and  estimating  the 
value  of  5  for  which  /  changes  sign.  Let  this  value  of  S  be  called  ^^ .  Then 
compute  rj  and  S, ,  etc.,  for  a  few  values  of  S,  greater  and  less  than  5o ,  to  the  degree 
of  accuracy  to  which  it  is  desired  to  find  2  at  the  intersection  from  the  plot. 
Having  determined  2  at  the  intersection  from  the  plot,  we  finally  have  2  =  2'  +p' . 

But  the  graphical  solution  may  be  simplified  still  further  by  plotting 

y'^{^  +  n'-{r,-<n  =  f{^)  (52) 

for  a  few  values  of  ^  greater  and  less  than  J&o  with  -S  as  abscissa  and  y'  as  ordi- 
nate. The  solution  is  then  given  by  the  intersection  of  the  curve  y  =y(S)  with 
the  ^  axis.  In  case  of  three  positive  roots  y  will  change  sign  for  three  values 
of  ^0  between  ^  — 90°  and  ^^ ,  and  each  of  the  three  roots  is  obtained  in  the  same 
manner  as  in  the  case  of  a  single  root.  The  intersections  of  the  curve  y  =  /  {^) 
with  the   -9  axis  give   the  accurate   values  of  S^o  corresponding  to  the  positive 

roots.     For  each  intersection  i>o  the  value  of  2  —  -^|  is  then  given  by  (35),  or 

z  =  ^Q  +  c  =  s  tan  ^0  +  c  •  (53) 
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Instead  of  plotting  tlie  values  y  =/(^),  the  values  ot y  may  be  arranged  in 
tabular  form  with  S  as  argument,  P'rom  this  table  the  value  of  %  corresponding 
to  y'  =  Q  may  then  be  inlerpolated.  Graphical  constructions  are  thereby  entirely 
avoided. 

The  investigation  of  the  number  of  positive  roots  and  the  various  methods'  of 
deriving  their  numerical  values  having  been  disposed  of,  it  remains  to  consider, 
(a)  whether  the  parabolic  iiypothesis  is  feasible,  and  (b),  if  so,  whether  in  case  of 
three  positive  roots  any  of  these  roots  may  be  discarded  as  fictitious.  It  is  evident 
that  a  parabolic  solution  is  feasible  only  if  it  is  also  a  general  solution.  In  the 
general  solution  the  positive  roots  of  the  fundamental  equation  (7),  page  8,  are 
obtained  by  interpolation  from  the  tables  at  the  end  of  this  paper  with  t/'  and  -  -  as 
arguments.  In  a  parabolic  solution  —  is  required  only  if  the  first  approximation 
of  the  geocentric  distance  is  obtained  from  the  tables,  but  even  if  the  geocentric 
distance  is  determined  graphically,  it  is  necessary  to  perform  the  simple  compu- 
tation of  ---  and  to  interpolate  the  geocentric  distance  from  the  tables  for  the 
general  solution  in  order  to  test  the  feasibility  of  the  parabolic  solution.  The 
maximum  number  of  positive  roots  in  the  general  solution*  is  two.  If  none  of  the 
positive  roots  for  the  parabolic  solution  agree,  within  the  uncertainty  of  the  solu- 
tion, with  a  positive  root  for  the  general  solution  as  taken  from  the  tables,  then 
the  parabolic  hypothesis  must  be  abandoned. 

(a)  On  pages  270-278  it  was  shown  how  the  uncertainty  of  —  and,  therefore,  hy 
means  of  the  tables  also  of  z,  may  be  expressed  numerically  in  any  given  ease. 
If  we  denote  by  _/r  the  uncertainty  of -,  theu  the  parabolic  hypothesis  is  infeasible, 
if  the  value  of  s  for  the  parabolic  solution  differs  from  the  value  of  s  for  the 
general  solution  b_v  more  than  Jz^  or  in  case  of  multiple  roots,  if  none  of  the  values 
of  s  for  the  parabolic  solutions  agree  with  the  values  of  z  for  the  general  solutions 
within  the  uncertainty  Jz  for  each  general  solution.  The  parabolic  hypothesis, 
therefore,  may  be  abandoned  in  the  course  of  the  computation,  and  it  is  not 
necessary  to  proceed  to  the  representation  of  the  first  and  third  places.  But  the 
parabolic  hypothesis  should  not  be  abandoned  at  this  stage  of  the  computation,  if 
the  uncertaintj'  Jz  is  caused  chiefly  by  the  neglected  third  differences  of  the  coor- 
dinates as  estimated  from  the  first  and  second  differences.  The  rejection  of  the 
parabolic  hj'pothesis,  therefore,  should  be  based  only  on  that  part  of  the  uncer- 


'Since  writing  tills  paper  Mr.  B.  A.  Bkrnstein  of  tlie  University  of  Califumia  and  I  liave  derived  another 
very  simple  graphical  construction  uf  the  roots,  which  dispenses  with  the  numerical  calculation  of  the  co6rdiiisle«, 
Mr.  Bernstein  has  applied  the  same  principle  to  the  determination  of  the  roots  in  deriving  an  orbit  without 
hypothesis  regarding  the  eccentricity,  but  fur  practical  purposes  the  roots  in  the  general  case  are  more  readily 
obtttined  by  interpolation  from  the  tablea  at  the  end  of  this  paper.  A.  O.  Lbuschnf.R  and  B.  A.  Berhsteik, 
NoU  on  the  Graphical  SolutioHi  of  the  F undiimenlal  Kijualioni  in  the  Short  Methods  nf  Determining  Orbits. 
BuUelin  of  the  American  Mathematical  Society,   Vol.  XVIII,  Number  6. 

'For  one  of  the  moat  complete  discussions  of  the  number  of  solutions  in  the  general  case  compare  Mrs.  Voukc 
(Gracs  ChishoLUI,  Monthly  Notices  of  the  Roy  at  Aslronomical  Society.  Vol,  l.VII,  page  379. 
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tainty  dz  which  is  due  to  the  errors  of  observation  and  to  the  limitation  of  the 
number  of  available  places  expressed  in  seconds  of  arc  in  the  first  and  second 
differences  of  the  observed  coordinates. 

Whether  the  parabolic  hypothesis  be  abandoned  or  not,  any  residuals  arising 
from  the  neglected  third  and  higher  differences  may  be  removed  by  differential 
correction,  but  the  accuracy  of  the  resulting  orbit  still  will  be  determined  by  the 
accuracy  of -3'  as  conditioned  by  the  errors  of  observation  and  by  the  number  of 
places  available  in  the  first  and  second  differences  of  the  coordinates.  The  value 
of  Jz  referred  to  here  is  the  maximum  uncertainty  of  2.  Hence  Zi  =  2  +  Jz  and 
2^2  =  ^  —  ^z  may  be  considered  the  maximum  and  minimum  values  of  z  consistent 
with  the  observations.  To  each  of  these  limits  corresponds  a  limiting  value  of 
the  elements.  The  difference  between  these  elements  represents  the  range  of 
numerical  solutions.  It  is  frequently  of  interest  to  compute  this  range  for  at  least 
the  period  and  eccentricity  and  thus  to  obtain  a  fairly  accurate  estimate  of  the 
accuracy  of  the  adopted  orbit. 

(b)  In  case  of  multiple  solutions  it  is  easily  shown  that  only  one  of  the 
three  roots  for  the  parabolic  solution  can  agree  with  a  root  for  the  general  solution, 
so  that  the  other  two  parabolic  roots  may  be  discarded  as  fictitious.  This  is  of 
importance  because  it  will  obviate  the  possibility  of  adopting  one  of  the  fictitious 
roots  as  the  physical  solution.  As  stated  above,  it  is  evident  that  a  parabolic 
solution  in  order  to  be  feasible  must  agree  with  a  general  solution.  Since  the 
general  case  admits  of  at  most  two  solutions,  the  case  of  three  parabolic  solutions 
is  at  once  excluded.  The  case  of  two  parabolic  solutions  does  not  exist,  as  it  was 
shown  above  that  the  number  of  positive  roots  for  the  parabolic  solution  is  eitlier 
three  or  one.  Hence  at  most  one  of  the  parabolic  roots  can  agree  with  a  general 
root. 

But  if  the  tables  indicate  the  existence  of  two  general  solutions,  whether  one 
of  them  be  parabolic  or  not,  then  it  is  not  possible  to  discriminate  between  the 
roots  in  the  course  of  the  computation,  for  both  roots  must  correspond  to  values  of 
r  which  are  either  both  smaller  or  both  greater  than  R^  according  to  whether  in 
the  first  of  the  equations  (1)  «  is  positive  or  negative,  since  in  the  nature  of  the 
solution  not  only  the  fundamental  equation  (7),  page  8,  but  also  the  equations  (1) 
apd  (3),  page  279,  from  which  it  is  derived,  are  satisfied. 

It  may  happen  that  a  value  of  z  cannot  be  found  in  the  tables  to  correspond 
to  the  given  arguments  —  and  i/\  The  value  ot  —  is  then  affected  by  a  serious 
error,  which  may  be  due  either  to  an  unusual  error  of  observation  or  computation 
or  to  the  error  produced  by  neglecting  the  third  and  higher  differences.  Since, 
however,  the  magnitude  of  the  third  differences  can  be  estimated  with  a  fair  degree 

of  accuracy  (page  274),  the  case  where  a  serious  error  in  ^^^  would  arise  from  the 
neglect  of  the  third  differences  can  be  avoided.     It  is,  therefore,  in  general  always 
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possible  to  determine  the  cause  of  the  iuacciiracy  of  —  and  to  discard  lUe  observa- 
tions if  necessary.  If  care  be  taken  in  the  application  of  these  methods,  the 
neglected  third  differences  will  never  lead  to  a  value  of—  that  can  not  be  found  in 
the  tables  together  with  the  corresponding  argument  ^,  Any  discrepancy  that 
may  exist  will  be  slight,  and  then  the' value  of  2  may  be  taken  from  the 
tables  for  the  tabular  value  of  —  corresponding  most  nearly  lo  the  computed  value 

If  the  parallax  has  been  neglected  entirely,  then  it  contributes  to  the  error  of 
observation.  In  the  rare  cases  in  which  the  possibility  of  the  solution  of  the  orbit 
depends  upon  the  elimination  of  the  parallax,  the  values  of  m  and  (»/)  in  equation 
(27),  page  240,  may  differ  so  considerably  that  they  may  not  be  considered  equal 
for  the  purpose  of  interpolating  a  first  approximation  of  z  from  the  tables.  But  in 
such  cases  the  tables  no  longer  apply,  because  if  nt  and  («)  differ  considerably, 
the  equation  referred  to  no  longer  has  one  root  equal  to  zero  and,  therefore,  does 
not  reduce  to  the  equation  of  the  seventh  degree  which  the  tables  are  intended  to 
solve.' 

After  an  initial  value  of  j  or  p ,  where  ;—  ^,  ,  has  been  found  in  accordance 
with  the  foregoing  directions,  it  remains  to  determine  their  final  value  j^orp/. 
Let  the  initial  value  of  a  or  p  be  denoted  by  j,  or  Pi ;  then  the  final  value  Pf  or  z^  is 
obtained  by  successive  application  of  either  formula  (15),  (IR),  (19),  and  (20)  or  of 
formulse  (24),  (25),  (27a)  and  (27b). 

The  elimination  of  the  parallax  and  aberration  is  accomplished  in  accordance 
with  the  directions  given  on  pages  233  to  246  in  the  general  solution  of  an  orbit. 
But  it  should  be  observed  that  in  and  {in)  do  not  enter  into  the  solution  of  a 
parabolic  orbit  and  that  m  needs  to  be  computed  only  if  a  first  approximation  of 
^  =  ^  is  to  be  taken  from  the  tables  at  the  end  of  this  paper.  But  the  parallax 
enters  into  the  ratio  -^  ■which  is  required  in  (B)  and  which  by  (7)  may  be  replaced 
by  —  in  the  auxiliary  quantities  (8),  if  the  parallax  be  neglected.  To  allow  for 
the  parallax  in  ^  ,  we  make  use  of  equations  (37),  page  243,  in  place  of  equa- 
tion (9). 

By  (S)  and  if  we  let 

[X]'  =  Jf'-f(J.T)'-|-/9cos«  ) 

[r]'-r'+(jr)'  +  /SsiD<r  (M) 

[2]'  =  if'+(^^)'  +  /Jtantf,  ) 

equations  (37),  page  243,  may  be  written 

'■'  =  ",«o"[-vr :         y  =  ".-T.-EiT ;         ^' =  «.  <^,  -  [^T  ■  (55) 

These  equations  then  take  the  place  of  equations  (9)  if  it  be  intended  to  perform  a 
complete  elimination  of  the  parallax,  so  that  the  only  change  is  in  the  numerical 


■Thesolutioii,  however,  is  easily  accomplished  by  Uie  graphical  method,  referred  loin  Footnote  2,  page  390. 
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values  of  the  solar  coordinates,  while  the  nature  of  the  solution  remains  the  same 
as  if  the  parallax  were  neglected. 

The  final  value  P/  or  Zf  =  j^  obtained  in  the  preceding  solution  is  the  value 
of  Po  or  -stq  ,  that  is,  the  value  ol  2  or  p  at  the  middle  or  normal  date,  and 


<^o  =  Po  cos  (J,,  =  -^  cos  (J,, .  (56) 

The  derivation  of  the  heliocentric  velocities  ;ri,  yj)  -^o  and  the  representation 
of  the  first  and  third  places  are  accomplished  practically  in  the  same  manner  as 
in  the  general  case,  Part  I.  The  necessary  formulae  are  given  under  V  and  VI, 
page  16.  It  should  be  observed,  however,  that  some  minor  modifications  in  the 
use  of  these  formulae  have  been  proposed  in  the  preceding  pages.  These  modifica- 
tions are  introduced  in  the  Synopsis  of  Formulae  preceding  the  tables. 

As  a  check  on  the  parabolic  solution  we  have 

-  =  ~-'A'  +  V?  +  C  y  (57) 

a        r^ 

where  -  should  be  equal  to  zero  within  the  uncertainty  of  the  numerical  operations. 

If  the  residuals  of  the  first  and  third  places  are  found  to  be  satisfactory,  the 
elements,  constants  for  the  equator,  and  an  ephemeris  may  be  computed  by  VIII, 
page  18,  and  in  accordance  with  the  additional  directions  given  on  pages  251  to 
254.  If  the  residuals  are  not  sufficiently  small  for  the  purpose  in  hand,  then  it  will 
be  necessary  to  determine  such  corrections  to  the  fundamental  data  o^^  -^ojXj  -^oj 
as  will  remove  the  residuals.  Any  small  difference  - ,  resulting  from  (1),  may  be 
removed  at  the  same  time  and  the  observations  may  thus  be  forced  to  conform 
as  closely  as  possible  to  a  strictly  parabolic  orbit.  Differential  formulae  for  the 
removal  of  the  residuals  and  of  -  are  developed  in  the  next  paragraph.  If  -  should 
exceed  the  uncertainty  of  the  computation,  that  is,  if  it  should  be  larger  than  a 
few  units  of  the  last  decimal  employed  in  the  calculation,  it  follows  that  a  mistake 
has  been  made  in  the  previous  computation  and  the  same  must  be  revised. 

The  differential  formulae  developed  in  the  next  paragraph  will  always  produce 
a  parabola,  but  the  residuals  can  be  reduced  to  zero  only  if  the  orbit  is  accurately 
parabolic. 
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THE  DIFFERENTIAL  CORRECTION  OF  PARABOLIC  ORBITS. 

The  first  approximation  of  the  orbit  of  a  comet  may  be  made  either  with  or 
without  assumption  regarding  the  eccentricity.  If  it  does  not  yield  a  satisfactory 
representation  of  the  observations,  and  if  it  is  intended  to  base  the  second  approxi- 
mation on  the  assumption  that  the  orbit  is  parabolic,  then,  as  stated  on  page  279, 
the  corrected  fundamental  data  p ,  x'  ^y\  and  z  must  satisfy  the  equation 

x'^  +  /r  +  r'"^-^.  (1) 

t 

Let  ^p,  c)r,  ^x\  dy\  and  ^-2-' be  the  required  corrections  to  the  initial  quanti- 
ties Po»  n J  ^0 ,  jVo)  and  z^ ,  so  that  p  =  Pq  + dp^  r  =  rQ+  dr^  x  =  x'q+  dx" ^  etc.  Then 
the  corrections  ap,  a.r',  dy'  ^  and  dz'  must  be  determined  so  as  to  remove  the  resid- 
uals of  the  first  approximation  and  satisfy  equation  (1).  Equation  (1)  may  be 
written  rigidly 

>o  +  t^''o     '\       n  'u  »•! 

or,  since  x^''  +  y^^  +  ^ro"  ==  -  —  -  , 

2  a:;  ax'  +  2  y;  ,1/  +  2 .-;  dz'  +  {d/y  +  ( dn'y  +  ( dzy  -  ^  -  ^  ^/  +  ^  ^-^.'"  -  +  ^-^*  +  •  •    (2) 


'0  '0  '0  '0 


If  the  first  approximation  was  made  on  the  assumption  that  the  orbit  is  parabolic, 
then  —  will  be  small  and  of  the  order  of  the  uncertainty  of  the  numerical  opera- 
tions. The  equations  which  determine  the  corrections  c»P,  dx\  dy\  and  dz  so  as 
to  remove  the  residuals  are  given  in  (2)  and  (4),  page  255,  and  are 

d/  =  1\  --QjfJ  )        dn'  =  P,-Q,  dp  ;        dz'  =  1\  -  il^  :sp  =  P^    -  Q^^  ap  .  (3) 

Since  t)r  may  be  expressed  rigidly  in  terms  ofapby  formulae  (11)  or  (12a),  pages 
258-259,  equations  (2)  and  (3)  furnish  five  conditions  for  the  determination  of  the 
four  unknowns  dp  ,  Ox' ,  Oy  ,  and  dz  .  To  reduce  the  conditions  to  the  necessary  and 
sufficient  number,  any  one  of  conditions  (3)  may  be  discarded.  But  the  greatest 
symmetry  of  the  resulting  formulae  will  be  attained  by  discarding  one  of  the 
expressions  for  dz  or  by  combining  the  two  expressions  for  oz'  into  one,  by  form- 
ing their  mean  either  with  or  without  the  assignment  of  weights.  If  the  observa- 
tions can  be  represented  by  a  parabola,  then  it  is  immaterial  which  of  conditions 
(3)  be  discarded,  but  if  the  orbit  is  not  parabolic,  then  residuals  will  appear  in  the 
a  or  5  of  the  first  and  third  places  according  to  the  plan  adopted  in  reducing  the 
number  of  conditions  from  five  to  four.  Thus,  if  either  of  the  expressions  for 
dz  be  discarded,  then  a  residual  will  appear  in  the  corresponding  declination,  since 
P^  depends  on  dS^  and  /^     on  di\^^ .      By  combining  the  two  expressions  for  dz 


2g6 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


preliminary  orbit  calculations.  In  the  solution  of  equation  (6),  an  approximate 
value  of  ?p  is  first  obtained  from  Qdp^  P.  With  this  the  remaining  terms  on 
the  right-hand  side  of  (6)  are  computed  with  tlie  aid  of  (3).  If  the  sum  of 
these  terms  be  denoted  hy  J  P ,  then  a  more  accurate  value  of  3p  results  from 
Qdp  =  P  -\-  J  P.  With  the  new  value  of  V ,  the  corrections  .U' ,  !>y' ,  and  i2'  are 
recomputed  by  (3),  etc.,  and  this  process  is  continued  until  the  corrections  remain 
constant. 

At  this  point  a  test  may  be  applied  to  ascertain  whether  a  parabolic  solution 
is  feasible  on  the  basis  of  the  given  geocentric  places.  For  this  purpose  we  snH- 
stitute  the  final  corrections  to  the  fundamental  data  into  both  of  the  equations 
(26),  page  12,  and  compute  3S^  and  t'^,,,.  If  the  computed  values  of  these  residuals 
agree  within  the  probable  errors  of  observation  with  the  original  values  which 
are  to  be  removed  by  the  process  of  differential  correction,  then  a  parabolic  orbit 
is  feasible  and  the  solution  of  the  differential  formulse  is  checked  at  the  same  time. 
It  will  be  observed  that  whatever  discrepancy  may  exist  will  reveal  itself  in  the 
residual  corresponding  to  the  equation  wliich  has  been  discarded  in  the  parabolic 
solution,  or  in  accordance  with  the  weights,  if  both  expressions  for  ?s'  in  (4), 
page  255,  have  been  retained.  If  the  corrections  defined  in  (16),  page  259.  were 
taken  into  account  in  the  process  of  differential  correction,  then  the  test  is  to  be 
applied  to  the  residuals  35^  and  ?^,„  as  modified  by  these  corrections. 

If  the  test,  as  applied  by  equations  (25),  page  12,  indicates  that  a  parabolic 
solution  is  infeasible,  then  we  may  pass  at  once  from  the  parabola  to  a  general 
orbit  by  solving  equation  (5),  page  255,  for  3P„  and  then  equations  (2)  and  (4), 
page  255,  for  3.r;,  3}'^,  3jo- 

After  final  corrections  to  P01  -^oi^ot  and  4  have  been  adopted,  the  corrections 
to  -foj^^o,  and  £u  are  obtained  iu  the  same  manner  as  in  the  general  case,  viz.: 


St^  -SP  ; 
P, 


?!/  = 


-30  ; 


With  the  corrected  heliocentric  coordinates  and  velocities,  the  comparison 
between  theory  and  observation  and  the  computation  of  the  elements  is  then  per- 
formed by  forninl:e  VI  and  VIII,  Part  I,  whereby,  however,  the  modifications  out- 
lined in  the  preceding  pages  should  be  observed. 

The  auxiliary  quantities  P  and  Q  arise  in  the  solution  of  equations  (24)  and 
(25),  page  12,  and  are  defined  in  (1)  and  (3),  page  255.  On  pages  256  and  following 
it  has  been  shown  that  in  extreme  cases,  namely,  for  long  intervals  or  small  helio- 
centric distances,  or  both,  these  equations  may  not  be  sufficiently  rigid  to  give  the 
final  results.  The  accuracy  of  the  differential  solution  may  then  be  increased  and 
a  repetition  of  the  differential  correction  avoided,  the  same  as  in  the  general  case, 
by  subtracting  expressions  (I6),  page  259,  from  the  residuals,  as  soon  as  approxi- 
mate values  of  Jp,  3f',  and  r  become  known  through  the  solution  of  equations  (6), 
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pendent  relation.  But  as  this  equation  when  differentiated  involves  the  additioniLl 
variation  sr.  it  is  necessary  to  provide  one  more  equation  by  means  of  which  ir 
may  be  eliminated.  Before  deriving  this  equation  we  shall  differentiate  (10)  and 
(11)  above  and  (11),  page  249.    Then  we  shall  obtain 


from  (10): 
or  by  (9ft) 

from  (U) 


,V  =  Jr,  +  2    v  +  f=     .ly  +  1   2  >-  .1  (.,,  r-.)  , 


"lly-H  2  y!(r.'',)  ; 


i'.1=[t    2  r,-{-i{r.r;)r]3y+y  2  y  »'.  +  r' H'.''.)  ■ 

from  (II),  page  249,  by  logarithmic  differentiation  after  squaring  both  sides: 


1-/     r.     y'-' ■ 


2Jr  = 


(12) 
(13) 


(14) 


After  Dy  has  been  expressed  in  terms  of  ?r«  and  3  (ro  y^),  equations  (13)  and 
(14)  give  L>^and  S/  in  terms  of  the  same  variations.  Jv  is  given  by  (12)  after  Sr 
has  been  eliminated.  To  derive  the  additional  equation  needed  for  the  elimina- 
tion of  3r  we  differentiate  the  well-known  equation 


which  gives 


=  I    2   I  (tan  i  r  —  tan  i  r,,)  -f-  i  (tan"  i  r  —  tan"  i  r„)  | )  , 


—  3-T7.1'/  =  V   2  }s. 


(15) 


(16) 


where  Ov  and  J:'o  may  be  expressed  in  terms  of  Or  and  i^ru  after  differentiation  of 
the  equation  r  =  ^  sec-  i  v  ,  etc.     This  gives 

lIi-  =;  sec'  i  '■  Ol  +  <i  sec'  4  i:  tan  iv  Hv  , 
or,  after  both  sides  have  been  multiplied  by  -  sec^  i  v  cot  i  v  , 


"l    r-q 


(17) 


and  an  analogous  expression  for  sec*  i  v„  Jffo  -     Equation  (IB)  then  reduces  to 

which  is  the  equation  required  for  the  elimination  of  dr  from  (12).  Equation  (18) 
cobtains  d^ ,  but  the  differention  of  the  square  of  (9)  gives,  by  (9)  and  by  (20), 
page  249,  _     _ 
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by  means  of  which  dq  may  be  expressed  in  terms  of  dr^  and  dir^  r^.  We  shall, 
however,  for  the  present  retain  dq  in  (18)  and  introduce  dq  for  dir^  r^)  in  (12)  by 
(19).  After  y  has  been  replaced  by  (21),  page  249,  and  both  sides  of  (12)  have  been 
divided  by  V  r  —  q^  (12)  may  be  written 


Vr  —  q        V  r  —  q  Vr—q  iv  r^  —  q       Vr^  —  q\ 

or 

-J^  =  2  ,r  +  -^^^  -h'—-  .-J=l  ">■  (20) 

Vr—q  1^^0  —  7         IV  I'^—q        Vr  —  qX 

Equating  now  (18)  and  (20),  after  both  sides  of  the  former  equation  have  been 
divided  by  r,  we  obtain  for  the  required  equation  \n  dy 


2dy=-        / dr,  +       ^  +  —-y--^--^-  —  -7^- dq. 

rVr^  —  q  L        q  rqV  r^  —  q        I    2rq    } 


(21) 


In  order  to  obtain  the  desired  expressions  for  d/  and  a^  it  remains  to  elimi- 
nate dy  from  (14)  and  (13)  by  (21)  and  to  replace  dq  by  dir^r^)  by  (19).  Thus 
equating  (14)  and  (21),  after  y  has  been  replaced  in  the  former  by  (21),  page  249, 
we  have 


I  ^'0  r  I'  r^  —  qi 


Vr  —  q  —V  r^—q 


[  ^       M    r,-q        1/2  r    J  q 

If  in  this  equation  we  eliminate  ff  by  (15)  and  dq  hy  (19)  and  introduce  true 
anomalies  and  q  throughout  by  (20),  page  249,  and  by  r=q  sec"  i  v,  etc.,  we  obtain 
without  further  reduction 

q  sec'  i  v^ h  q  tan  iv  —  \   g  tan  j  v^      q  sec'  ivp  —  q  sec^  j  v      i^^tanjt? 

Vq  t€iniv  —  Vq  tan  4  v^         L  q  sec'  ^  r^  q  sec  ^  \v  \  q  tan  \  \\  q 


g'sec'i  y  — g'sec^^t'o  ,  _i/^(tan^  t;  — tan  i  t?o)   ,  1    7  (tanM  v  — tan'i  rj  ,   ^ 

— — -j^ ; TO -  -H I   or, 

^'sec^rT/r/tan^ro  7  sec' it;  7  sec' it; 

v/2         ,        r  /-  ^'sec'i  r  — 7' sec*  i  t'o  »/   (  3  (tan  ^  r  —  tani  rj 


1/2^  r    -  ^  7'sec'i  r— 7'secMt^o         »/J 

+  -^^tan4ro    i/7taniT;  + ,,      ,.-: ][ ^7    M 

1/  Of  L  7 secM  V  1   7  tan  4  t'  ( 


+  "'""'  -T-^.^^^^''°|]3(r.r;).  (23) 


7  L  7  sec '  4  t'  1   7  tan  ^  r^  (  7  sec '  \  v 

tan*  \v  —  tan'  \  v 
q  sec'  \  V 

After  multiplying  both  sides  of  this  equation  by  V  q  sec  ^  i  c',  we  note  that  q 
disappears  from  the  coeflScient  of  dr^^  while  the  coefficient  of  d  {r^  r^)  retains  the 
factor  v'q.  Of  the  six  terms  of  the  coefficient  of  dr^  the  sum  of  the  second  and 
fourth  becomes 

sec'^r„(sec'ir„  — 1)        . 

, T  =  secM  ''o  tan  \  \\  . 

tan  \  i\ 

Then  the  sum  of  the  second  and  fourth  and  the  third  terms  reduces  to 

sec '  -J  Vp  tan  \  \\  —  sec '  i  v  tan  \  c  —  —  (tan  i  v  —  tan  i  r J  —  (tan^  -k  r  —  tan '  ^  r,,)  . 
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The  latter  of  these  two  terms  cancels  against  the  last  term  in  the  coeflScient  of  dr^^ 
while  the  former  may  be  combined  with  the  fifth  term.  The  coefficient  of  dr^  then 
becomes 

(tan  4  r  -  tan  i  r J    f  — "".^  \  '-  +  2]  .  (24) 

The  coefficient  of  i   2q  d  {r^  r^  in  (23)  is 

tan  \  x\  tan  \  v  sec'  ^  r  +  sec'  \  v  —  sec  *  \  i\  —  3  tan  \  i\  (tan  ^  r  —  tan  \  v^) 

(25) 
—    tan  \  \\  (tan'4  r  —  tan'i  r^)  . 

The  sum  of  the  first  three  terras  of  this  expression  may  be  written 

tan  4  v  tan 4  r^  ftan'i  r  tan  4  r^  +  1  +  tan*  ^  r— 1  —  2  tan'4  r^  — tanM  fj .  (26) 

Of  the  five  trigonometrical  terms  of  this  expression  the  sum  of  the  second  and 

fifth  is 

tan  \  x\  (tan  *  i  ''  —  tan '  i  \\)  , 

and  this  cancels  against  the  last  term  of  (25).  The  sum  of  the  first  term  and  one- 
half  the  fourth  of  (26)  gives 

tan  \  r,  (tan  ^  r  —  tan  \  \\)  ,  (27) 

while  the  remainder  of  (26)  becomes 

(tan  \  V  +  tan  \  r  J  (tan  ^  r  —  tan  ^  r  J  .  (28) 

Finally  the  sum  of  (27),  (28),  and  the  fourth  term  of  (25)  gives  for  the  coefficient  of 

V  27  ^(^0^0'): 

(tanfr- tan^r,)'.  (29) 

After  introducing  (24)  and  (29)  in  (23)  we  obtain,  therefore, 

a  sec'  i  t'   sec'  ^  r     ^      ,        ,  ,       Fsec'  4  v   .     1  

or  by  (19),  page  249,  and  if  we  introduce  r=q  sec^  i  z',  etc., 

a/=:  -^-  U-  +2]  ,1,.,+  ll^i^i,  (r^ri)  .  (31) 

The  substitution  of  this  value  of  a/ in  (14)  gives 

dy  =  --  di\  -  -^  -  ^{r,A) .  (82) 

^'  1    2  /• 

Eliminating  a/  from  (13)  by  means  of  (32)  we  have 

,1^  =L2jr  [r-  r,  -  1^2  (r^rj)  r]  ^r,  +  -^  [/— r,-  i    2  (''o  ''O  r]  c^^  ^r.r',)  ,  (33) 

and  by  (10),  and  collecting  results  from  (31)  and  (33),  we  finally  obtain  in  accord- 
ance with  (20),  page  262, 

''0 ''     L  'u        J  ^'0  '• 

cos  ft  1   9  1/3  r* 

/*  r 

where  cos  p  dPo=  0  >'o  - 

Introducing  these  values  of  ?/and  c^^  into  the  first  of  equations  (16),  page  11, 
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where  a>  =  x,y,  z,  and  noting  that  by  (17),  page  11,  lioo^=  ^-  dp^,  where  w^=  H^,  %, 


^5,  we  obtain 


or 


■{■  --  \<r,y-\-V2a>,\  a(r. rj). 


(86) 


'0 


But,  since 
therefore  also 

3('-.  »-0  =  ^  «,  i"yJ +2  «^.  a «. 

or,  if  9<Og  be  expressed  as  above  in  terms  of  dp, 

a(r, <)  =  2  «,  a«J  +  (2  fi/,  «'.)-^  .  (37) 

Let 

9,, ___  ^-  .  (38) 

and  eliminate  d{r^u)  from  (36)  by  means  of  (37).      Then 


+  9^<+  ~  \<r^y  +  V2oaA  :S ao^dof^, 


0 

or  if 

5'«  =  ^^;[«;r,r  +  l/2c«,]  (39) 

and 

tp^       cos  fi      \     f  r  \  —  7 

/.=/  -  +  -.  ;-^'  h»    T  +  2)  +  1/2  «;r,r    +  9.9.,  (40) 

then 

do^=f^dPo  +  g  a^  +  !7«  -^  <»o  a«J.  (41) 

The  expression  for  /^  may  be  simplified  by  means  of  (39).     For 


or 


r'  V~  +  V  2  (a)'»r^  r  +  12  <»J  J  +  ^,«)r.  , 


Equation  (41)  gives  a.r,  ay,  or  d2  in  a  closed  form  for  any  date,  the  auxiliary 
quantities  ^;^,  ^y,  ^;,, /r, /,,, /,  being  defined  by  (39)  and  (42).  To  obtain  the 
valuer  of  dXy  dy^  or  dz  for  a  particular  date  we  must  introduce  in  (39),  (41),  and  (42) 
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the  values  of  y,  y,  and  r  for  that  date.     Thus  we  have,  for  iustancei  for  the  first 
date 

9..  =  ^^  U  r.  Y.  +  V  2  J  ;  4  =  X  1^  4-  ^/x,  ;.;  +  ,..  W  +  L  2  «>s_/»l  ^^g^ 

^•'•.  =/,,  ^Po  ^-  [f//  4-  ih,  ^J  ^•'o  +  if,,  .v«  a?/;  +  i/,^  =0  iJ-J  •  (44) 

and  analogous  expressions  for 

9y, »  9m,  » /,, » /r, »  5^,,,, .  f7y,,, .  fl',,,, .  /x,,, .  /,,,, .  /,,,, .  and  a//, ,  a^, ,  ax,,, ,  ay,,, ,  a^,,, . 

If  now  equations  (16),  page  ii,  be  applied  to  the  first  and  third  places,  we 
obtain  by  (39),  (41),  and  (42),  for  the  first  place 

a,«,=^,^aPo  — sina,  f— +  a:o?-''l   axj  — sin  a,2/,  ^  ay;  — sin  a,2,  ?L'  azj 

LP.  PA  Pi  P. 

+  cosa,a:,-^-?iaai  +  cosa,    [-^+2/,  ^'il  ay^  +  cos  a,  z^ -- 3^J 

Pi  V,  P4  Pt  A  Pi 

id,  =  ^,ap,— sm<y,cosaJ--+a;o^W  — sintf,cos«,2/o--'ayi  — sm«y,C08a,8,£lia2;     )  (46) 

ImPt  P4     1  Pi  Pi  I 

—  sin  <y,  sin  a,  Xo— 'a^J  —  sin  tf,  sin  a  A    -  +  t/o  -~'    ayj  —  sin  *,  sin  a,z^  ^dZo 

p,  IPs        pA  P4 

+  cos  <y,  xo?"  dxl  +  COS  <y,  2/0'^  dy'o  +  cos  <y,   f  -  +  ^o  '^1  a^' . 

Ps  Ps  IPs  Ps\ 

Similarly,  analogous  expressions  are  obtained  for  a,a,„  and  a^J,,^.  The  auxil- 
iary quantities  Af^^  Af^  Bf^  Bf^^^  have  the  same  definition  as  ^,,  ^^^,,  ^^,  B^^^  in 
formulae  (23),  page  12. 

Equations  (46)  may  be  simplified  by  the  introduction  of  further  auxiliary 
quantities.     Let  Ag^ ,  Ag^^^ ,  Bg^ ,  Bg^^^  be  defined  as  functions  of  g^  ^g^     in  the  same 

manner  as  A, ,  ^„, ,  ^, ,  ^,„  or  here  A^^ ,  ^^^^^ ,  B^^ ,  ^^^^^  are  defined  by  (23),  page 

12,  as  functions  of /^^  and  /^^^^ ,  so  that 

A,     =  —  [cos  OL.  a      —  sin  IX.    q^  1 


^      =       [cosn',,,0     — sinrt',„c/     1 

9,,,  ,j        •-  '"^^Hfit  <".'»,„  J 

■»,,   =  —  -     [sin  S,  (sin  «,  r/,^    +  cos  a,  g^)   —  cos  d,  </,  ] 

-^.o,  =  "~  «    t®'"  *'"  (^*°  "'"  9'...  +  *^°^  """.r/,,,,)  —  cos  rf„,  g,J  , 
and  let  C,  and  C,„  be  defined  as  in  (23),  page  12,  then 

a,  rt',  =  -4/^  apo — [sin  fl',  c, — a-o  i-i^j  a^j  +  [cos «,  c,  +  2/0 .4 j  a^/j  +  -0  ^^,  a^; 

a  <y,    =  B^^    dPo  —  [sin  <y,  cos  a^  C,  —  Xo  ^K)  ^-''o  —  [sin  (^,  sin  «,  0,  —  2/0  ^  J  a?/; 

+  [cos  (J,  c,  + .%  /g  a4 

a,  «,„  =  ^I/^^^  aPo  —  [sin  «^^,  C„,  —  To  A,^J  dJ-o  +  [cos  a,,,  C,„  +  .Vo  ^1.,,,]  dy'o  +  Zo  ^,,,,  azj 
d  ^as  =  ^/,„  cVo  —  [sin  c^„,  cos  fl',,,  C„,  —  a-o  ^,^^J  cVj — [sin  (J,,,  sin  a„,  C,„  —  y^  B^^J  ayj 

+  [cos  <y,„  C„,  +  2o  ^...1  dzo . 


(46) 


(47) 
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Equations  (64)  and  (55)  have  the  same  form  as  equations  (8),  page  294,  and 
together  with  (2),  page  294,  lead  to  the  same  equation  (6),  page  295,  in  the  deter- 
mination of  a  parabolic  orbit.  The  same  considerations  as  to  the  arrangement  and 
the  test  of  a  parabolic  solution  apply  here  as  in  the  case  where  the  if  and  ig  were 
expressed  in  series  (pages  294  to  296).  In  the  foregoing  arrangement,  any  remain- 
ing  discrepancy  will  appear  as  a  residual  in  the  first  declination. 

It  will  be  observed,  however,  that  the  form  of  a/ and  Zg  is  the  same  for  all 
classes  of  orbits  only  if  they  are  expressed  in  series,  but  that  the  closed  expres- 
sions (34)  and  (35)  of  ^f  and  Zg  introduced  here^  for  the  parabola  diflFer  from 
Kuehnert's  general  expressions,  (18)  and  (19),  page  262,  in  that  they  are  based 
on  the  condition  that  the  orbit  shall  remain  parabolic.  Hence,  if  the  application 
of  the  test  referred  to  on  page  296  reveals  the  infeasibilily  of  a  parabolic  solu- 
tion, and  a  general  solution  becomes  necessary  by  solving  equation  (5),  page  255, 
then  this  general  solution  still  is  in  part  conditioned  by  the  parabolic  relation 

iGi  = ~  -  (cf.  page  262),  so  that  the  resulting  orbit  will  be  as  closely  parabolic  as 

the  observations  permit. 

The  effect  of  this  process  of  passing  from  a  parabolic  to  a  general  orbit  is 
that  the  adoption  of  too  short  a  period  or  of  too  small  an  eccentricity  is  practically 
excluded,  which  is  of  particular  importance  in  the  case  of  comet  observations 
admitting  of  a  large  range  of  practical  solutions. 


^The  closed  expressions  of  <)/  and  ^g  for  the  parabola  had  been  deduced  independently  before  it  was  discov- 
ered that  general  expressions  for  <)/  and  ^g\\2A  been  published  by  Kuehnhkt. 


3o6 
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positive  and  those  of  z^  and  z  remain  positive,  then  there  will  be  no  variation  ofl 
sign  in  (47),  and  consequently  no  solution.     Let 

i  =  2;'''-f  -  J  >   then  these  conditions  are:  /'  >  0  ,  r  <  0  and  1 

(i+:0''  ,.,  •  +  2':-  v  +  2'      '*'*' 

that  is,  there  is  no  solution  if  c  is  smaller  than  the  smallest  of  the  expressions  I 
of  the  first  group  and  larger  than  the  largest  of  the  expressions  of  the  second  j 
group,  which  is  readily  ascertained  by  inspection  of  the  auxiliary  quantities. 

Suppressing  now  the  subscript  zero  fur  quautities  referring  to  the  epoch,  we 
note  that  the  condition  G' =  ^  modifies  the  gaieral  solution  ouly  to  the  extent 
that  the  semi-major  axis  a  shall  be  equal  to  the  radius  vector  r  at  the  middle 
date  or  epoch.  Since  three  complete  observations  are  used,  the  solution,  there- 
fore, will  generally  produce  a  conditioned  ellipse  with  the  planet  at  one  of  the 
extremities  of  the  minor  axis  at  the  epoch.  To  test  the  possibility  of  a  circle  it 
is  sufficient  to  ascertain  whether  r*-,  which  may  be  computed  as  soon  as  the  helio- 
centric coordinates  and  velocities  have  been  derived,  is  less  than  the  numerical 
uncertainty  of  ^'^  =^  r  ~  a'  ^'°^  in  /  =  r*  {G-~  r'-)  we  may  let  r'  =  0,  if  r'^  does 
not  affect  the  defiuitely  known  portion  of  fT*,  so  that  p  =  r  ^  a.  The  accuracy  of 
r  and,  therefore, of  6^  is  determined  as  on  pages  270-276.  But  if/ •=a{\.  — ^) - 
within  the  accuracy  attainable  from  the  observations,  then  a  circular  orbit  will ' 
represent  the  observations  with  the  same  degree  of  accuracy  as  the  conditioned 
ellipse.  If  r'  cannot  be  put  equal  to  zero,  the  computer  should  proceed  to  the 
solution  of  Agever-al  orbit. 

This  conditioned  solution  prevents  the  computer  from  adopting  a  large  eccen- 
tricity within  the  range  of  possible  solutions.     The  elements  S^,  i  and  »  of  the  I 
circle  are  the  same  as  those  of  the  conditioned  ellipse  while  the  radius  is  equal  to  I 
r(  =  a}  of  the  latter.     The  residuals  are  computed  most  conveniently  by  means  I 
of  the  constants  for  the  equator. 

Similar  considerations  will  sometimes  enable  the  computer  to  change  the  j 
general  into  a  circular  solution  by  letting  fl  —  r,  if  their  difference  is  less  than  the 
uncertainty  of  r,  and  then  ascertaining  as  above  whether  r'  can  be  put  equal  to  I 
zero.  The  elements  (,  /l,  and  «  of  the  circle  are  then  the  same  as  those  of  the  I 
general  solution,  while  the  radius  of  the  circle  is  equal  to  the  computed  radius  \ 
vector  at  the  middle  date  of  the  general  solution. 

Attention  has  already  been  called  in  the  Introduction  (pages  223  and  224)  tO'l 
the  relation  of  the  method  outlined  above  to  the  usual  methods  of  deriving  cir- 
cular orbits,  so  that  this  comparison  may  here  be  omitted. 
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general  orbit.  In  the  latter  case  Zp^  is  computed  by  (5),  page  255,  and  then  3.ro, 
t"^^'j,  and  t^^o  by  (2)  and  (4),  page  255.  The  remaining  computation  proceeds  as 
usual  by  VI  and  VIII,  Part  i,  except  for  such  slight  modifications  as  have  been 
proposed  above  in  various  places.  This  solution  is  conditioned  /;/  part  by  ^r  ~  da 
and  Zr^  ="0,  so  that  it  precludes  the  adoption  of  a  large  eccentricity,  within  the 
range  of  possible  solutions,  when  a  small  one  is  possible. 

If  it  be  proposed  to  attempt  a  representation  of  the  observations  on  the  basis 
of  an  improved  circular  orbit,  then  the  further  procedure  will  be  analogous  to  that 
adopted  in  the  diflferential  correction  of  the  fundamental  data  in  a  parabolic  orbit. 
The  required  formulae  are  readily  derived  from  those  obtained  for  the  parabola. 

The  corrected  fundamental  data  must  satisfy  the  conditions 

(4  +  cv;)»  +  ( //;  +  Z])'^y  +  (r;  +  a^:)'        ]  ^  and  /  =--  o . 

Allowing  for  the  possibility  that  the  initial  orbit  may  not  be  strictly  circular,  we 
have  for  the  same 


,»2 


2        1        1/^1         1  \    .   1 


Proceeding  now  exactly  as  in  the  case  of  the  parabola  on  page  294  ei  seq.^  we 
observe  first  of  all  that  in  equation  (2),  page  294,  J  takes  the  place  of— and  that 
the  coefl&cient  2  of  dr  and  of  its  second  and  third  powers  drops  out.  Hence,  when 
later  dr  is  replaced  by  dp  and  both  sides  of  the  equation  are  divided  by  2,  this 
number  will  appear  in  the  denominators  of  all  the  terms  containing  ^p,  (Jp)*,  and 
{dpf .  In  place  of  equations  (5)  and  (6),  we  shall  therefore  obtain  for  circular 
orbits 

Q  --  ""2' .r  -  W  Q.  +  vo  Q,  +  '4  QA  ;      p  -  ^  -  Uo  i\  +  lA  i\  +  z.  i\] 

^     (8) 

in  which,  on  account  of  the  usually  large  values  of  r©,  the  terms  in  {dpY  and  Op)' 
may  practically  always  be  omitted. 

The  further  procedure  is  analogous  to  that  in  parabolic  orbits. 

As  in  the  direct  solution  it  remains  to  ascertain  whether  r'  may  be  put  equal 
to  zero  within  the  accuracy  of  the  solution.  After  the  differential  correction  the 
number  of  places  to  which  G'  is  known  with  accuracy  in  general  is  not  less  than 
the  number  of  places  contained  in  the  mean  of  the  differences  of  a  or  (5,  expressed 
in  seconds  of  arc.  The  same  criterion,  however,  together  with  the  test  whether 
r -~  a  within  the  accuracy  of  the  solution,  may  be  applied  more  conveniently  to 
the  corrected  general  orbit.  In  fact,  the  solution  of  equations  (8)  probably  never 
will  be  of  advantage,  as  the  corrected  orbit  rarcl}'  will  prove  circular. 

A  collection  of  formulye  for  the  direct  solution  and  for  the  correction  of  cir- 
cular orbits  is  included  in  the  Synopsis  of  FornmUr^  given  at  the  end  of  this  paper. 
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with  similar  expressions  for  ~  and  '^-' .     But 

dx)       fci    p      i(l  +  «cosr)^       (\r        d\         p         1  pesinv      dv  kesinv 

di  ~~  ~?~  ""  ^'^  '      dt^'  dt  L 1  +  c  cos  r  J  "^  (1  +  c  cosr)'  dt  "~      y'p  ^ 

Hence 

dx       k{l+fcosr)   ,  kesinv   ,         •     /  i.   ,     x 

—  = ^ sinacos(.4   +  r)  +     -    -_--sinasin(A  +  r)  , 

dt  I'p  \/p 

where  the  unit  of  time  is  a  mean  solar  day.     Since  x'  =  j  ^- ,  etc.,  we  finally  have 
after  a  simple  trigonometrical  reduction 

sin  a  _        .  ^ ,  ^  ^  _ 

A  =  ->   -  [cos  {A'  +  r.)  -t  e  cos  A'] 

VP 

y',  =  -^'[cos{B'  +  r„)  +  ecosB']  >      (4) 

V   P 

sin  c 
z'o  =  —  -.-  [cos  ( r  +  t'o)  +  ^  cos  C]  . 

r  p 
For  the  parabola/  =  2  ^  and  d?  =  1.     Hence  equations  (4)  reduce  to 

•;  =    I  _  sin  a  cos  (J'  +  i  u)  cos  ^  t'o 

yj  =    I      sin  />  cos  (/i'  +  ^  <'o)  cos  i  r©  >      (5) 

2j  =    /  -  sin  c  cos  ( C  +  i  ''o)  cos  i  Vo . 
\  7 

For  the  circle  ;^  ^  =^  >"       „»  /  j  ^=  ^  »  ^t^d  j  =  ^-     Hence  equations  (2)  become 

x'o  =--  — —  sin  a  cos  {A'  +  Vq)  ;   t/J  --  — —  sin  b  cos  (W  +  r^)  ;     zj  =  -  -  sin  c  cos  ( C  +  r.)  ,       (6) 

where  ^'  +  z'o  =  ^  + ;/«,  etc. 

Before  the  approximate  values  of  the  fundamental  data,  derived  by  the  fore- 
going directions,  may  serve  as  the  basis  of  the  diflferential  correction,  they  must 
be  written  out  to  the  number  of  decimals  to  which  the  orbit  is  to  be  computed,  if 
necessary  by  adding  ciphers.  Initial  values  of  the  heliocentric  coordinates  are 
then  accurately  computed  from  Xq  =  Po  cos  a^^  cos  S^^  —  Xq  ;  etc.,  where  a  ^ ,  S^^  are 
the  coordinates  of  the  adopted  zero  or  middle  date. 

From  the  heliocentric  coordinates  and  velocities  at  the  middle  date,  the 
residuals  of  the  first  and  third  places  are  next  deduced  with  the  aid  of  the  expres- 
sions for  y  and  ^  as  in  VI,  page  i6.  The  differential  correction  of  the  funda- 
mental data  may  then  be  performed  on  the  basis  of  these  residuals  in  the  usual 
manner.  It  is  evident  that  closed  expressions  for  /  and  ^,  ^/  and  3jf  must  be 
used  in  the  computation,  if  the  criteria  given  on  pages  260  and  261  indicate  the 
insufficiency  of  the  series. 

The  particular  formulae  to  be  used  for  the  most  convenient  solution  of  the 
problem  according  to  whether  the  initial  orbit  is  circular,  parabolic,  or  elliptic  are 
outlined  in  the  Synopsis  of  Fornmhr^  at  the  end  of  this  paper. 


SHORT  METHODS  OF  DETERMINING  ORBITS.  3^^ 

The  initial  orbit  which  serves  as  the  basis  of  the  diflferential  correction  is  an 
artificial  orbit  defined  by  the  following  six  constants:  The  observed  right  ascen- 
sion and  declination  at  the  middle  date;  the  geocentric  distance  and  the  heliocen- 
tric velocities  in  rectangular  coordinates  corresponding  to  the  preliminary  orbit. 

The  preliminary  orbit  has,  therefore,  only  the  four  elements  Po  >  -^o  ?  ^o  ?  ^'q  i^ 
common  with  the  initial  orbit,  while  the  remaining  two  elements  a,  and  <J,,  of  the 
initial  orbit  are,  in  general,  not  satisfied  by  the  preliminary  orbit. 

It  will  be  observed  that  great  accuracy  is  not  required  in  computing  />o,  -^o^^oj  ^'q 
from  the  preliminary  orbit  and  that  these  values  may  even  receive  slight  arbitrary 
changes  to  suit  the  convenience  of  the  computer.  But  after  certaiii  values  have 
been  adopted  for  these  quantities  they  must  be  strictly  retained  to  the  required 
number  of  decimals  in  performing  the  comparison  between  theory  and  observa- 
tion and  the  diflferential  correction. 

Concerning  the  elimination  of  the  parallax  and  aberration  the  usual  rules  are 
to  be  observed.  These  corrections  may  therefore  be  applied  in  advance,  if  the 
artificial  initial  orbit  may  be  considered  a  close  approximation.  It  is  evident  that 
the  initial  brbit  is  more  accurate  than  the  preliminary  orbit,  for  while  the  geo- 
centric distance  />o  and  the  heliocentric  velocities  ^o>>'o>  ^'^  are  the  same  for  both, 
the  former  also  represents  the  observed  a,, ,  <J,, ,  at  the  middle  date.  The  geocen- 
tric distances  /),  and  p^^^  may  be  computed  by  (1)  in  the  same  manner  as  Po- 

If  the  initial  orbit  can  not  be  considered  suflBciently  accurate  for  deriving  the 
parallax  and  aberration  corrections  in  advance,  then  the  parallax  should  be  elimi- 
nated from  the  middle  place  alone  by  (4),  page  234.  For  the  first  and  third  places 
the  parallax  is  applied  in  the  comparison  between  theory  and  observation  with 
the  values  of  p^  and  p,,,  resulting  in  the  course  of  this  comparison  as  in  VI, 
page  16.  To  allow  for  a  possible  change  in  the  parallax  in  the  course  of  the  dif- 
ferential correction,  the  auxiliary  quantities  A  and  B  should  be  corrected  as  in 
(41),  page  244. 

If  the  accuracy  of  the  initial  orbit  be  doubtful,  the  aberration  may  be  treated 
as  in  the  direct  solution.  The  aberration  of  the  fixed  stars  is  included  in  the 
reduction  of  the  observed  places  to  the  beginning  of  the  year  and  the  solar  coor- 
dinates X^  Vj  Z  are  interpolated  for  the  observed  (uncorrected)  dates  /, ,  /,, ,  /,,, . 
But  in  order  to  free  the  intervals  at  least  in  part  from  the  planetary  aberration  in 
computing  f  and^  either  by  series  or  closed  expressions,  P/ ,  p^^ ,  p,,,  are  also  com- 
puted by  (1)  since  true  dates  must  be  used  in  deriving  the  f  and  g.  The  true 
epoch  is  obtained  by  ultimately  correcting  the  observed  date  t^^  by  means  of  the 
final  value  of  Po .  Theoretically,  the  value  of  Po  for  the  uncorrected  date  should 
be  included  in  the  initial  fundamental  data  together  with  the  values  of  ^S ,  >'o  >  ^'^  for 
the  true  date  t^^.  But  this  latter  refinement  is  superfluous,  inasmuch  as  slight 
arbitrary  changes  of  the  fundamental  data  are  permissible. 


312  PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


SYNOPSIS  OF  formulae: 


A.    Direct  Solution  of  Orbits  With  or  Without  Assumption  Regarding 

THE  Eccentricity. 


a.  For  parabolic  orbits  use  la,  Ila,  llla,  etc. 

b.  For  circular  orbits  use  lb,  lib,  lllb,  etc 

c.  For  general  orbits  use  Ic,  lie,  I  lie,  etc. 

GENERAL   DIRECTIONS. 

la;     lb;     Ic. 

It  is  assumed  that  the  orbit  is  to  be  based  on  three  places  of  short  intervals. 
Reduce  the  observed  a  and  d  to  the  beginning  of  the  year  by  including  the 
aberration  terms.     Let  the  mean  places  be 

From  one  of  the  Astronomical  Ephemerides  interpolate  the  solar  coordinates 
for  the  observed  dates  /, ,  t^^  =  /« ,  /,,, . 

At  the  same  time  obtain  X'^  =  X\^ ,  J^o  =  ^  V,  i  -^o  =  ^l,  5  by  either  of  the  following 
formulae  of  numerical  differentiation: 

^■"■'■■'7,-  =/■  ("  +  '■"■)  +  "/"  ("  +  '■"•)  +  ^\  (")/"■  ("  +  (■"•)  +  — -  ; 

;=.«  +  [/  +  ,<]  ,r  =.  f.  ;       .V;  (,.)  .       -  --  -     ;       .VJ  (/<)  ---  ^.^-     <  ;  etc. 

^■'<--,,-=^J''  («  +  L'  +  il  "•)  +  '"/"  ("  +  ['■  +  i']  "■)  +  '^^'  ("')/"■  ("  +  ['■  +  i]  «0  +  -—  ; 

l  =  a  +  [!  -\i    I-  m]  ,r  =  f.,  ;        .1/?  (/„)=-   '"' ~  ^  ;     -VJ  ( '")  -      "'  ^^  "'.>"  ^-  '  «'*=•' 

b  IZ 

according  as  to  whether  4  lies  nearer  to  a  tabulated  argument  or  to  the  mean  of 
two  such  arguments.  ;;/  and  ;/  are  numerically  <0.25.  A'J(;/)  or  All  {m)  may  be 
taken  from  Table  I  or  II,  Oppolzkr,  Bahnbestimmung^  etc.,  Vol.  II,  page  515  or  523, 
but,  in  general,  the  terms  in  which  the}'  occur  may  be  neglected.     When  the  solar 

coordinates  are  tabulated  for  everj^  12  hours,  %v  =  .,  ,  log^^  ~  2.0654486. 


*AU  supplementary  forinuhe  and  terms  printed  in  small  type,  especially  those  contained  in  the  footnotes, 
may  generally  be  omitted. 


SHORT  METHODS  OF  DETERMINING  ORBITS,  3^3 

It  is  advisable  to  partially^  eliminate  the  geocentric  (ordinary)  parallax  from 
the  middle  place  by  applying  the  following  corrections  to  the  solar  coordinates  at 

the  epoch  /o=C' 

Reduce  the  geocentric  parallax  factors  to  circular  measure  by  multiplying  the 

(/J»y  by  15  sin  1"  and  the  (^p)"  by  sin  1".     log  (15  sin  1")  =  5.8617  — 10;  log  sin  1" 

=  4.6856  —  10. 

^^.»  =  (.lK9)u  sin  «,,  cos  d^^  +  ( ;)^p)^,  cos  a,,  sin  6 
A  Y,,  =  —  {p^p),,  cos  a^^  cos  rf,,  +  {v^)u  sin  «,,  sin  d 
^^..==  — (i'aP)//Cos<J,,. 

i?cosDcosyl  =  A;, ;     /ecos/>sin  .1  =  F,,  ;     S=^^-RcosD,     I{sinD  =  Z,,. 

^s  =  ^  («...  —  t.)  ,     ^,,,  =  k  {t,,  -  t,)  ;  log  k  =  8.2355814  -  10. 


44 

I 

44 


^But  a  compute  elimination  of  the  parallax  should  be  performed,  if  the  accuracy  of  the  resulting  orbit  essen- 
tially  depends  on  such  elimination,  (cf.  pages  273  and  274).  In  brief,  the  parallax  should  be  completely  eliminated 
if  the  paraUax  factors  for  the  three  dates  differ  considerably,  and  if  it  be  estimated  that  the  percentage  error  of 
the  observed  motion  due  to  neglecting  the  parallax  corrections  is  large  and  in  excess  of  the  errors  arising  from  the 
errors  of  observation  and  from  the  neglected  third  and  higher  derivatives,  {cf,  pages  270  to  278).  For  the  complete 
elimination  of  the  parallax  compute  for  all  three  dates : 

Ji  X  =  -  di  cos  ^1  cos  ai  ;      Ji  V  =  -  di  cos  di  sin  a^;      Ji  Z  =  -  di  sin  61  . 

di       cos  Oj  di         I 

P7  Pm  =  -: — 77, J  •in  (^f  -  <ri)  ;      PT  Pm  =  - — 777      -  »in  ^i  cos  5  +  cosdi  sin  5  cos  (a  -  a,)  j , 

sin  1    cos  o  sin  1     '  ^  '  » ' 

where  tti ,  ^i  represent  the  coordinates  of  the  Moon  and  where 

log  di  =  5.4i>43  -  10 ;  -r^TT  =  «74372  . 

sin  1" 

Further,  for  all  three  dates : 

P^P=  PIP9   ^  PZPm\  PhP^PlPg-^  Pt  Pm, 

where  Pi^Ppt  P^Pw  represent  the  geocentric  parallax  factors,  usually  designated  by  /«  p  or  /•  J  ,  etc. ,  and  where 
aU  paraiia-*  fiftctors  arc  supposed  to  be  expressed  in  seconds  of  arc.     Further,  for  all  three  dates : 

JJC   =  {{PmP)  sin  a  cos  d  +  {Pip)  cos  a  sin  <5]  sin  1"  ;     J^Y  =[-  {pji)  cos  a  cos  d  +  (p^)  sin  a  sin  (5]  sin  1"; 

J^-^  =  -  ( Pip)  cos  8  sin  1"  . 

If  the  ^j-rV,  ^2  K,  ^t^  t  be  roughly  proportional  to  the  time,  then  the  following  auxiliary  quantities  d,,d^^  d, 
are  equal  to  zero  and  need  not  to  be  computed. 

j,x„,  (t„  - 1,)  +  J,x.  (t,,,  -  /J  .  _^j:,(c-/,)  +  j,f;(/,,,-/j 

A^Z,,  [t,„  -  t,) 
AX  ::z  A^X  ^  A^X ,   Ay^A,y+A^y,   AZ^A^Z^A^Z',     (A')  =  .V+^A',   (V)=y+Ay,   {Z)  =  Z+AZ. 

Compute  further,  but  only  for  the  middle  date  (epoch): 

HcmDomA  =  (X)„  =  X,,  +  AX,, ,    RcosDsinA  =  (V),,  =  V,  +  Ay„,    A'sinZ?  =  (Z),,  =  Z,,  +  AZ„  . 
Also  for  general  orbits,  Ic : 

^»^  = X 

where  we  may  use  the  corrected  or  uncorrected  values  for  .V,  1 ',  Z. 

Comptite  (^A')i;  ( J  K)/. ;  (J;^;i  from  AX,,  JA',  ,  JA',, ;  ^  K, ,  J  1',, .  AY„,\  AZ,,  AZ„,  AZ,„  in  the  same 
manner  as  tfo  ;  ^0  are  computed  from  a, ,  a„  ,  a,^, ;  (!>\  ,  »^\^ ,  d\^^ ;  but  omitting  the  factors  sin  1"  in  formulae  II  which 
here  luw  already  been  taken  account  of.     Or,  if  the  AX  ^  AY  ^  AZ  be  rouj^hly  proportional  to  the  time,  then  simply 

log-=1.7b44;     (XV)„  =  --  -;     (AV),  =  -  —\    (AZ),  ^ ---—-— . 
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Ila;     lib;     lie' 

It  is  most  convenient  to  express  the  differences  in  the  coordinates  in  seconds 
of  arc.     Then,  with  the  mean  solar  day  as  unit  of  time: 

,  _  '•■„  —  ".  ,  _  «„.  —  "„  ,  _  *„  —  ^.  ,.  _  ^...  —  *„ 


Or  expressed  in  circular  measure  and  in  ^  mean  solar  days  as  unit  of  time: 


log- 


=  6.4499934  —  10  ;      log -sin  1"  ---  8.5154420—10. 


(tand);  =  sec*5„rf: 


(tail  rf)';  7^  seetf,,  [2 tan  (J„  {-J;}'  +  «;"] . 


'In  extrtmely  rare  esses  llie  geocentric  motion  may  be  so  irregular  as  to  necessitate  laborious  subsequciit 
computation  by  requiring  successive  ilifferential  corrections  to  the  fundanicntat  data  p,,,  xl, ,  y^  ,  ^o  based  on  Ibe 
velocities  and  accelerations  in  It  and  &  detennined  from  tbese  formulu;.  Complications  may  tJicti  be  avoided  by 
using  shorter  intervals.  Difficulties  Diay  also  arise,  if  the  computer  is  obliged  to  base  the  direct  solution  on  long 
intervals.  In  such  cases  wiore  accurate  values  of  kJ  ,  iij' .  &'„  ,  B,7  may  be  derived  by  plotting  the  available  coiir- 
dinates  with  tile  dates  as  abscisS4e ;  then  drawing  a  smooth  ctirvc  for  the  ri^ht  ascensions  as  well  as  for  the 
decIinatioDs;  then  forming  a  table  of  right  ascensions  and  declinations  by  taking  these  coordinates  from  their 
respective  curves  for  equidistant  dates;  and  finally  determining  (r^  ,  ii'i  ,  li„  .  &'i  from  the  tabulated  values  by 
numerical  differentiation  in  a  manner  similar  to  that  used  in  la,  lb,  Ic  in  deriving  the  solar  velocities  A'g ,  etc. 
Three  observations  may  suffice  for  this  purpose,  but  more  should  be  used  if  available. 

Or  more  accurate  values  ir',  it",  S' ,  6"  for  the  middle  date  may  b;  determined  by  means  of  Taylor's  Theorem 
by  the  following  method  of  solution,  based  on  five  observations.  The  scheme  proposed  here  is  readily  extended 
to  more  than  five  observations. 

Let  the  five  right  ascensions  be  <i, ,  it^ ,  ir,  —  <r, ,  n, ,  Hg  •  the  dales  ly  ,  I,,  t,  -  t,,  t,  ,  Ij ,  with  a  similar  nota- 
tion for  the  declinations. 
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(A  ■  l]  =  A--A. 

[*i  ■  i: 
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where  ni ,  a'i  are  derived  as  usual  by  the  formula  of  this  group,  except  for  the  fai 
for  the  present,  the  provisional  unit  of  time  bein^  a  mean  solar  day. 

Compute  n,.j ,  h„j  in  a  manner  analogous  to  the  computation  of  rr,,, ,  /i,.„  . 

«.,.[l.  -2]  ->«..■  [1,-^]  «.,.[■:.  -2]-  «,..[c..  2] 

^'      [f.  ■  2]  [I.  -  2]  -  [<r.  .  a]  CI,  ■  2J  ■     '"      [f,  ■  2]  [1.  ■  2]  -  K  ■  i]  [I,  "  2]  ' 
Compute  yi  and  Sj  from  the  same  formulae  after  replacing  n,,.  by  Ht  .j  and  n,..  by  «(,| .    Then 

ir'  =  "i  +  I,  ;         or"  =  nj'  +  ^«  ;         B'  =  fij  +  ^4  ;        6"  =  6'i  +  j/g  • 
To  express  these  velocities  in  units  of      mean  solar  days,   multiply  "'.  fi'  by       and  .i"  ,  6"  ^y\j,]    1  ^"^B  jf 
=  1.7tf44]8«;  log  f^-^V  =  a.5->SMa7L'. 
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Let  3o  be  a  value  of  S  cortesponding  to  y  =  0.     There  will  be  eitlier  one  snch 
value  Sj  or  three,  according  to  the  uuniber  of  positive  roots.     Then  for  each  root 

t  =  ^ta.a%  +  •■. 

First  find  the  region  of  each  possible  ^„  with  the  aid  of  a  table  of  uatural  tan- 
gents and  cosines  and  of  a  multiplication  table,  such  as  Crelle'S  Rechentc^eln.,  or 
with  the  aid  of  a  mechanism,  such  as  a  slide  rule,  by  noting  approximate  values  of 
z'  =  5  +  f '  and  y  =  1/  —  if-  for  a  few  values  of  ^  from  i?„  down  to  ^/i  —  90  until  the 
value  or  values  of  S  are  passed  for  which  y  =  z^  —  y  changes  sign.  This  is  con- 
veniently accomplished,  for  instance,  with  a  table  like  Crelle's,  by  copying  from 
the  page  headed  .f,  the  products  S  ^  s  tau  S  increased  by  c' ,  c  being  written  ou  the 
edge  of  a  card  and  held  successively  over  the  products  in  the  table,  lu  this  manner 
a  small  table  of  ;' is  formed  with  J^  as  argument.  As  only  rough  values  are  needed, 
most  computers  will  write  down  the  z"  as  readily  as  the  z'.  In  the  next  column 
write  down  the  values  of  j  =  -  cos  S  —  q"-  in  a  similar  manner  from  the  page 
headed  ^  using  a  card  on  the  edge  of  which  the  value  of  g"^  is  written.  TUeu 
inspection  of  the  z'^  aud  y  columns  readily  reveals  the  approximate  value  or  values 
5„  for  which  y  changes  sign.' 

Then  compute  y  for  at  least  one  value  of  i*  greater  and  less,  respectively, 
than  the  approximate  ^^  to  the  degree  of  accuracy  to  which  it  is  desired  to  find  Sp 
and,  therefore,  ^  from  the  plot. 

Finally  plot  the  short  arc  of  the  curve  y  =/(i))  for  each  possible  root  and 
read  off  the  accurate  values  of  ^^  for  which  y'  =  o. 

2).  Jiy  tabulating  y  =_/(S).  Proceed  as  under  (1),  but  instead  of  plotting 
y  =y(S),  construct  a  small  table  of  y'  with  argument  S  and  derive  S^  by  inter- 
polation. 

3),  Graphically.  The  roots  are  given  by  the  values  of  z'  at  the  intersections 
of  the  parabola  aud  curve 

<l  =,  :''  and  y  =  11  —  ij''  ,    :'  =  ^  +  r'  , 
where  tf  and  5  are  defined  as  functions  of  5  as  under  (I). 

The  parabola  is  the  same  for  all  orbits  and  may  be  plotted  once  for  all. 

To  plot  the  short  arc  or  arcs  of  the  curve,  first  find  an  approximate  value  of 
Sfl  as  in  (1).  Then  compute  y  and  z  for  at  least  one  value  5  greater  and  less, 
respectively,  than  the  approximate  S^  to  the  degree  of  accuracy  to  which  it  is 
desired  to  find  *;'  from  the  plot.  Finally  plot  the  short  arc  or  arcs  of  the  curve 
and  read  off  the  values  of  r'  at  the  intersections  of  the  curve  and  the  parabola. 
Then 
_^__  =  =  ='+■!''■ 

■To  test  the  feaaibility  of  x  parabolic  solution  c/.  page  190,  (a).     la  case  of  tbcee  roots  the  two  fictitiotu  roots 
may  be  rejected  by  the  spplicatioo  of  (b),  page  291, 
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4).  From  the  Tables  at  the  end  of  this  Paper ^  {Part  7). 

This  method  gives  the  solutions  without  hypothesis  regarding  the  eccentricity.^ 

With  —  or  7— r  and  ^  as  arguments  interpolate  z  from  the  Tables.  As  the  rang^ 
of  practical  solutions  is  often  large  for  preliminary  orbits  from  short  arcs,  the 
value  of  z  obtained  from  the  Tables  may  diflfer  considerably  from  the  value  of  2 
corresponding  to  a  parabola.  This  method  of  deriving  an  initial  value  z,-  of  z  may, 
therefore,  involve  several  subsequent  corrections  of  2',  ,  before  a  value  of  z  is 
obtained  which  satisfies  the  equation  of  z  for  the  parabola. 

Let  Zi  be  the  value  of  z  obtained  by  any  one  of  the  foregoing  methods. 

^^'^^  2  (.,-/) +  --^^^' 

Continue  these  approximations  until  M=0.  Denote  tlie  final  value  by  Zy 
without  subscript. 

IVb.    Circular  Orbits. 

A  circular  orbit  is  impossible,  if  both  c  and  /'  are  negative;  or  if  the  inequali- 
ties g^ven  oh  page  306  are  fulfilled.  The  solution  must  then  be  performed  with- 
out assumption  regarding  the  eccentricity  by  IVc,  etc.  No  criteria  regarding  the 
number  of  solutions,  in  general,  are  required. 

^'^  a'U'  '       ^os^^  =  a'q'U, 

In  all  other  respects  formulae  IVb  are  the  same  as  formulae  I Va.     The  result . 
of  the  solution  so  far  is  a  conditioned  ellipse  so  that  the  criterion  r^  =  0  must  be 
applied  at  the  end  of  Vb.     (c/.  page  306.) 

Further y  a  circular  solution  may  be  derived  even  more  easily  directly  from  the 
general  solution  IVc  by  applying  in  Vc  the  criteria  r^  =  a  and  r^  =  0  {cf,  page  306). 

IVc.    Gknkral  Orbits.- 


■r;    (;.)  =  v.  (^1  +  -^)  +  ^ 
4i 


Yfi  —  

With  —  or  7--y  and  ^  as  arguments  take  .^  =  Zi  from  the  Tables.     The  several  solu- 
tions, which  can  not  exceed  two  in  number,  are  obtained  from  the  Tables. 

For  check:  Mi  =  0;  or  for  correction  of  ^1,  if  necessary: 

M. 

Let  z  y  without  subscript,  be  the  final  value. 


^Attention  is  called  to  the  last  paragraph  on  page  291  and  the  second  paragraph  on  page  292. 

*It  thonld  be  remembered  that  {m)  is  to  be  computed  only  in  case  of  complete  elimifuition  of  the  parallax. 
Otherwiae  (m)  =  m  and  [v)  =  v. 
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Va,     Vb,     Vc. 


where  r^  is  given  below. 


p^  =  Rz)        <^o  =  Po  cos  t^,, 

C's       1       ,  ,.r\  ..Ax 


=  (;.[-^--A-  +  K)^]  +  r, -G^ 


<^o  r      ^  ^  V     5 '  ^'  <^o    r     ^    1  * 


2cosd. 


With  p^ ,  Po ,  P,,,  correct  /, ,  /« >  ^,,,  for  planetary  aberration ;  log  a  =  7.76128  ; 
corrected  t  =  t  —  ap.     Recompute  from  the  corrected  dates 

^s  =  k  {t..  -  ^.)  ;         ^..  =  k  (i,,  -  O  ;        log  k  =  8.2355814. 

The  computation  of  (Jq  and  of  the  terms  in  p,  and  p^^^  depending  on  it  are  prac- 
tically always  superfluous.  It  may  become  essential  only  if  the  body  should  be 
changing  the  direction  of  motion  in  the  line  of  sight,  that  is,  if  A  =  0 ,  and  if  ^i'  is 
large.     These  conditions  may  be  estimated  by  inspection. 

U  ^0  =  ^ocos  a,,  —  a;,   ;  xj^  =  a^s\\\  «,,  —  l',,  ;  r„  ^  tr^  tan  <y,,  —  ^,, ;  r^  =  a-J  +  3/J  +  z\ 

Although  not  required  at  this  point,  the  elements  which  determine  the  char- 
acter of  the  orbit  may  now  be  computed  from 

1  o  ..  „ 

/;'i  ,."2  _L     ,y'2   _L    -'^     •  .     —       f:^    •  .,   ••«  r  (J'^  r"-n    •         /•«  '^ 

a         i\  a 


via,    Vic.     Parabolic  and  General  Orbits. 


1  r 


—  i#-(^*^'-l^^]   ■■ 


/«.=  i  +  '^;  /,  +  '^  /»  +  '^  /,  +  '^  ./;  +  •••;.'/„,=     (*.  +^  .'/,  +  '^  f/.  +  ^  //,+  '^  J/.... 

*In  case  of  complete  elimination  of  parallax  replace    -  by  -^-  =       — ^^,-  . 

nil  the  complete  elimination  of  the  parallax  use  (A'),,  for  A', ,  etc.,  and  [A']/  for  AV  ,  etc. 
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For  parabolic  orbits  the  terms  containing  a  disappear.  In  general  onlyyij/^, 
and/3  are  required.  The  necessity  of  including  the  higher  terms  d\/^^  ^\S\  >  ^^^-j 
is  readily  determined  by  estimating  their  numerical  values. 

For  unusually  long  intervals  or  excessively  small  values  of  r^  the  f  and  g 
series,  as  given,  may  prove  insuflScient.  Then  the  f  and  g  should  be  computed 
from  the  closed  expressions  given  in  ^11,  page  330,  etc. 

VIb.     Circular  Orbits. 

The  criterion  r'  =  0  in  the  conditioned  or  the  criteria  a=^r  and  r'  =  0  in  the 
general  ellipse  having  been  verified,  the  computation  of  the  orbit  may  be  concluded 
by  first  deriving  the  elements  (/>-),  (/),  W  referred  to  the  equator  from  the  values 
oi x^y^  z\  x! ^y\  z'  for  the  conditioned  or  the  general  ellipse,  as  the  case  may  be,  and 
then  computing  the  constants  for  the  equator  and  the  elements  referred  to  the 
ecliptic  in  one  of  the  usual  ways.  The  formulae  for  the  elements,  therefore,  are 
given  here,  instead  of  later,  under  VIII. 


Equator, 


^0 


\  p  COS  (/)  =  J',  If  J  —  //o  J'J  ;  /'o  sin  ( //J  =  - 

sm  (i) 

V  p  sin  (/)  sin  {£!)  =  %  zj  —  z^ 2/0'  )  '0  cos  ( */ J  =  r  cos  {fl)-\-  y  sin  {Xl) 

1    p  sin  (i)  cos  (/2)  =  j^  zj  —  z^  a/  ;  rj  =  .rj  +  //J  -f  rj ,  check. 

j>  is  to  be  discarded  and,  therefore,  need  not  be  computed.     Let  radius  a  -   r^. 

sin  a  sin  (.1)  =       cos  {H)  ;  sin  b  sin  (7^)  =  sin  (jf2)  ;  (C)  =  0 

sin  a  cos  (-4)  =  —  sin  (/2)  cos  (/)  ;     sin  b  cos  (B)  =  cos  {H)  cos  (/ )  ;     sin  r  =  sin  (/). 

A'  =  {A)  +  M,  B'=(n)  +  {v,),   C-  (r)  +  (*0;       ^^-'-.sina;      fi:.-r,smb;      r.r.sinr. 
fi=   k"a-^li\     log il"    :  3.550007;     Epoch  of  («,)— ^n/c  «,,.     Let  J^  -    ('  — ^.). 
'x-  as\n{A'+  ^i^t)  ;     y       ft  sin  (B'  ^  pi  ^t)  ;     2 -— ;/ sin  ( C -f  pi  ^t) . 

Ecliptic, 

sin  m  sin  M     -  sin  (/)  cos  (-0.);  sin  i  sin  .Q  — -  sin  (/)  sin  (il) 

sin  wi  cos  M  -  -  cos  (/) ;  sin  i  cos  /2  =    sin  ///  sin  {M  —  s) 

sin  n  sin  iV  --  sin  (/);  sin  i  sin  (T  --  sin  f  sin  (H) 

sin  n  cos  M  --  cos  (/)  cos  (/2) ;  sin  /  cos  <t  —  sin  ?i  sin  {N —  e) 

cos    I  --  sin  7/1  cos  (M  —  f) ;  v^       {v^)  —  <r, 

€  =  obliquity  of  the  ecliptic  at  the  begiiuiing  of  the  year. 

Via,     VIb,     VlQ—Coutimicd. 

p,  cos  S^  cos  a,  =  a;  +  j\  X,,  +  ih  4=^,  ;  /J..,  cos  rJ,,,  cos  ne,^,  =  A\^,  +  /,,,  x^  +  (/,,,  a-J  =  S^^^ 

p,  cos  <y,  sin  a,  =  }',  +  /,  7/0  +  f/,  //J  ==  '/,  ;  /J,.,  cos  cJ^,,  sin  ^^,,  =-  >;,,  +  J\,^  <y„  +  f/,,,  7/0  --  -  V,,, 

p,  sin  (J,  =^,  +  J\  ^u  +  r/,  -0  =  <S,  ;  /j,,,  sin  fJ,,,  - :  Z,,,  +  /,,,  z,  +  fl',,,  c.'  --  <2,,, . 

For  VIb  use  x  ^  a  sin  (^4'  +  yw  z//),  etc.,  in  place  of /lo  +g-'^'o  j  ^tc. 


*If  the  orbit  is  to  be  made  the  basis  of  a  <lifferential  correction  the  necessary  values  of  ry'  ,/©' ,  ^o'are  obtained 
from  x^'  =  a~  h  sin  a  sin  A' ;    yy)~a~  '^i  sin  ^  sin  B' ;    z^  —  a~  ^.*  sin  r  sin  C. 
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Use  liere  the  geocentric  solar  coordinates  and  correct  the  first  and  third 
observed  places  for  parallax  on  the  basis  of  the  resulting  values  of  p,  and  p,„'. 

Form  the  residuals,  (f  —  Q  ,  3,",  =  ^",cosrf,,  jtf,,  .\",„  =,!",„ cos  d,,,,  ,irf„, .  If 
these  residuals  are  sufficiently  small  for  the  purpose  in  hand,  the  elements  and  on 
ephemeris  may  be  computed  at  once  bj'  VIII.  If  it  be  intended,  however,  to 
represent  the  observations  more  accurately  the  necessarj-  corrections  to  p^ ,  x'^^  _3'u,  z'„ 
may  be  determined  by  means  of  [VII]. 


[Vila],    [Vllb],    [VIIc]. 

For  the  correction  of  an  initial  parabolic  or  general  orbit  the  differential  form- 
ulse  of  this  group  are  based  on  the  ij/aiid  ^g  series.  These  are  usually  sufficient 
for  the  removal  of  any  residuals  that  may  remain  after  the  direct  solution  I — VI. 
They  include  terms  of  the  order  ff"  multiplied  by  a  variation.  The  difierential 
formulse  based  on  closed  expressions  for  y^aud  ^g  are  given  in  B.  But  for  the  cor- 
rection of  an  initial  cireular  orbit  the  closed  expressions  for  ly  and  ^g  are  adopted 
in  this  group  as  well  as  in  B. 

For  the  correction  of  circular  orbits  the  procedure  is,  therefore,  the  same  in 
all  cases  [Vllb]. 

For  the  correction  of  an  initial  parabolic  or  general  orbit  apply  either  the 
formulse  of  this  group — with  or  without  the  supplementary  terms — or  the  closed 
forniulEC  /y,  page  327,  in  accordance  with  the  following  criterion  ; 

If  in  the  computation  of  the/and^  series  by  Via,  or  VIc,  as  the  case  may  be, 
terms  containing  powers  of  0  higher  than  ff*  are  negligible,  apply  [Vila]  or[ VIIc]. 
Otherwise  apply  /?,  page  327. 

Before  adopting  any  values  of  Po  j  ■*'o »  J'o  1  H  as  final,  compute  and  test  the 
residuals  by  VI.  As  a  further  check  the  observations  may  later  also  be  repro- 
duced from  the  constants  for  the  equator. 

A  second  application  of  the  differential  formulae  will  be  required  only  if  linear 
relations  do  not  prevail,  that  is,  for  unusually  large  initial  residuals.  This  con- 
dition will  be  revealed  by  the  residuals  remaining  after  the  first  differential 
correction.  In  the  second  differential  correction  it  is  generally  sufficient  to  recom- 
pute only  those  auxiliary  quantities  which  depend  on  the  new  residuals. 

As  soon  as  Jpo  (or  in  case  of  improvement  of  a  conditioned  elliptic  or  parabolic 
orbit  a  first  approximation  of  ^Po)  has  been  found,  test  the  applicability  of  the  differ- 
ential relations  to  the  correction  of  the  fundamental  quantities  Po,  .f^,  y\^  zl,.     If 

1  '■. 

dfit  ~>  -      -- , 

I    2   sin  (fi~  46") 

then  the  differential  formulae  will  not  converge  and  must  be  abandoned.      In  such 


'If  the  parallax  baa  been  eliminated  ComfUlefy,  so  that  (.V),;  (.f),„,  etc. 
coorditiates  may  be  used  here,  but  llien  the  observatione  require  no  further 
lesiduals. 


available,  theie  corrected  Bolar 
the  derivation  of  tbe 
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cases,  which,  however,  are  not  to  be  expected  in  practice,  if  proper  precautions 
have  been  taken  in  the  derivation  of  the  initial  velocities  and  accelerations, 
recourse  must  be  had  to  the  method  of  arbitrary  variation. 

If  dp^  be  less  than  the  foregoing  limiting  value  but  comparable  in  magnitude 
to  the  same,  then  the  convergence  of  the  differential  formulae  will  be  slow.  In 
that  case  compute  the  auxiliary  terms  given  in  footnote  (1)  on  page  323  as  soon 
as  3Poj  ^-^oj  J^o*  '^-oj  ^^'0  have  been  found.  In  no  other  case  are  these  auxiliary 
terms  to  be  calculated. 

[Vllb].    From  Circular  Orbits. 

Po  -  -  /?» cos  '/• 

cos  fS  = . 

'•0 

2  a  (r  <r 

Rq  Ho 

[Vila],  [VIIc].    From  Parabolic  or  Elliptic  Orbits. 

/^  -  -  /»*,  cos  f 

cos  p  =^        -   -        -      —  ; 

'•0 

[Vila],     [Vllb],     [VIIc]— Co;///««tv/. 

,1,    =-^-[cos<^    4    -shwr,    /J     +COS5,    <^"f"' 

B     = [sin^y,    (sinri',  ^    +  cos  ri'^  /  )    —  cosrt\     M     +     ''*;!^'     ;    C,    =  ^^'- 

P,  ^^'  P, 

.!,„  -   ^  ■  [cos  «.„./-.^^  -sin  .^„./;j  +  cos  S,„  >»;?'"- 


B^. 


il 


fsiii  f>'     (sin  rr     ;'      +  cos  rr     /*     )  -  -  cos  ^>'     /*.    1  +    ' Z**'^^'"   ;    r     ^- 
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[Vila],     [Vllb],     \yilQ\-Conttnued. 

p     ^  C,,,  cos  a,,,  d,  ^.  —  C.  cos  flr^  d,  a,,,  ^  ^.  ^...  cos  a,,,  —  A,,,  C,  cos  a, 

C,C,,,  sin  (a,,,  — a,)  '  '  C,  C,,,  sin  (a,,,  —  aj 

p      ^  g...  sin  a,,,  d,  a,  —  0,  sin  a,  d,  o^..,  Q      =  ^,  C,,,  sin  or,,,  —  A,,,  C,  sin  a, 

'  C,C,,,  sin  («,,,  —  «,)  '  '  C,C,,,  sin  («',,,  — a,) 

p     __  3<^/    +  C^    sin  S^    (cos  nr,  P,  +  sin  a,  I\)  7^,   +  C,   sin  tf,    (cos  a,    Q,+sina,    Q^) 

C\   cos  6^  '  ^"    ~  C,   cos  d, 

p      _  3<^...  +  g...sin  c^,,,  (cos  at,,,  I\  +  sin  flf,,,  P^)  ^  Jg,,,  +  C...  sin  <?,,,  (cos  a,,,  Q,  +  sin  a,,,  Q,) 

C,,,cos(J,,,  '    '-  C;,,cosd,, 

A  parabolicj  circular,  or  general  orbit,  may  now  be  attempted  irrespective  of 
the  character  of  the  initial  orbit. 

For  the  computation  of  a  parabola  or  conditioned  ellipse  a  single  value  must  be 
adopted  for  the  P^  as  well  as  for  the  <2r  •  If  any  possible  subsequent  discrepancy 
in  the  parabolic  or  circular  orbit  is  to  be  concentrated  in  the  residual  of  the 
declination  of  the  first  place,  then  let  /\  =  P^^^^ ;  Q^  =  Q^^^^ .  If  it  be  decided, 
however,  that  the  final  residuals  be  distributed  between  the  first  and  third  declina- 
tions, then  this  may  be  accomplished  by  forming  mean  values  /^,  and  Q,  from 
P^^ ,  P^^^^  and  Q^^ ,  <2r.,/  by  assigning  to  the  latter  such  arbitrary  weights  as  may 
seem  most  expedient.  In  order  to  obtain  equal  residuals  for  the  first  and  third 
declinations,  the  weights  must  be  based  on  the  intervals  and  the  rate  of  varia- 
tion of  tan  S^  and  tan  S^^^ .  In  general,  the  ephemeris  will  hold  better  by  concen- 
trating any  discrepancy  in  the  first  declination. 

[VllaJ.    For  the  Derivation  of  Parabolic  Orbits. 
If  not  computed  in  Va,  obtain 

If  the  direct  solution  or  the  initial  orbit  was  parabolic,  then  —  will  be  a  small 
quantity  comparable  to  the  inaccurac}''  of  the  computation. 

cos  /i  1 

U-       .,    -  -  [.'•:  Q,  -f  .'/:  Q,  +  -4  (L] ;       l'  -  .,  -  -  [K  1\  +  v.  P,  +  ^J  /'.] 


1  1       3co3^/:<,  3  cos  /»(1  —  }cos»/9)  ,      ,. 

As  a  first  approximation:  ^p^^----  ^^  ; 

Substitute  these  approximate  values  of  dp^,^  j.ri', ,  3)'o,  d:iQ  iu  the  right-hand  member 
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[Vila].    Test  of  the  Possibility  of  a  Parabolic  Orbit. 

With  the  final  value  of  dp^  compute 

dz[  =  A^  -  %  cVo ;         c^:;  =  1\^^  -  %^^  0,Jo  . 

If  the  two  values  of  dz'o  agree  withiu  the  limits  of  accuracy  of  the  numerical 
computation,  then  the  observations  will  be  represented  by  a  parabolic  orbit. 

If  they  disagree,  the  resulting  residuals  may  be  obtained  at  once  by  subtract- 
ing the  residuals  computed  from 

{d^s)c   =^4    ^Po—<\   sint^,    cos  a,   dj-o—C,   sin  (J,   sin  «^   d;h+ C,   cos  (J,    ^zi 
{d^,a)c '--'  ^ss.  cVJ«  —  C,,,  sin  rf,,,  cos  a^^^  d./,  —  C\,,  sin  rf,,,  sin  «,,,  dju  +  C,,,  cos  <J,,,  dzi 

from  the  initial  residuals  dS^  and  dS^^^ .  The  value  of  c^Iq  to  be  used  in  these  formulae 
for  OS,  and  OS^^^  is  the  value  derived  from  c">.io  —  /^-  —  (?.  ?p^i.  If  P^ ,  Q^  were  assumed 
equal  to  P^^,^ ,  <2r,,,  >  then  3<5,,,  —  (P^„X  ^^'ill  l>c  equal  to  zero,  provided  that  no  error 
has  been  committed  in  the  computation  of  the  differential  corrections.  If,  then, 
3^/  —  (3^/)c  is  sufficiently  small  the  corrections  to  Po,  -loO'oj  ^oy  n^ay  be  adopted  as 
final. 

If  Pj,  and  Q:.  represent  weighted  means  then  neither  d^,  —  (d^,)^  nor  a<J,,,  —  (^^*^Jc 
will  be  equal  to  zero,  but  if  these  residuals  are  sufficiently  small,  then  the  correc- 
tions to  Po ,  ^0 ,  Jo ,  2q  may  be  adopted  as  final. 

If  the  representation  should  be  unsatisfactory,  then  the  attempt  at  a  parabolic 
orbit  in  general  should  be  abandoned  and  instead  the  corrections  should  be  deter- 
mined without  regard  to  the  eccentricity,  as  in  [VIIc],  etc. 

The  parabola,  however,  should  not  as  yet  be  abandoned,  if  the  residuals 
after  the  differential  correction  appear  to  be  due  to  the  insufficiency  of  the  linear 
differential  relations  adopted  in  the  differential  formulae. 

[VIIc].    For  the   Derivation  of  Orbits  Without  Assumption  Regarding 

THE  Eccentricity.^ 

3^'«  ^  u ""Z-  (/- '  ^-'"^  =  ^'x  -  (1 0  f\ ;  ?%  =  1\  -  Q,  d  f\  ;  cT:.:  -  1\^^,  -  Q,,,,  tVo  =  1\  —  Q^  cVo . 

[Vila],  [VII b],  [VIIc]. 
The  corrected  heliocentric  coordinates  and  velocities  are 

1_   P       ^^^"    .  _J_  ^  ^^**    .  _L  P     ^^^^'    .  '_L'l'  '_l_n'.  '_L_^' 

M,  M.  M. 

With  these  compute  ;'o  and  r,)  r^  as  in  V  and  then  the  new  residuals  by  VI. 
If  these  prove  satisfactory,  then  compute  the  elements  by  VIII. 


*Sce  footnote  on  preceding  page. 
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2).  Or  compute  first  the  elements  defining  the  position  of  the  orbit  plane  with 
reference  to  the  eqtiator  and  from  them  the  constants  for  the  equator. 

Equator, 

Z 


\/' p  COS  (r)    =  xy'  —  yr'  ;    r  sin  («)  =  — 


sin  (t) 

]/^r  sin  (r)  sin  {£!)  =  yz'  —  zy^  \    r  cos  (u)  =  x  cos  (JOl)  +  y  sin  {fl) 
\^^  sin  (/)  cos  (.Q)  =^  orz'  —  zr'  ]    r*  =  x*  +  2/*  +  2"  1  check. 

/  should  check  with  its  previously  computed  value. 

sin  a  sin  (^1)  =       cos  {D.) ;  sin  h  sin  {B)  =  sin  {£!)  ;  {C)  =r=  0 

sin  a  cos  (^1)  =  —  sin  (.O)  cos  (i)  ;    sin  b  cos  (/?)  =  cos  {£!)  cos  (/) ;    sin  r  =  sin  (i)  : 
(Q.)  =  (t()-r;     ^'=(.l)  +  («),    B'=(B)  +  {oo),C={cD). 

sin  4  /  sin  \  [fl  +  (t]  =  sin  i  [(»)  +  «]  sin  ^  {£!) 
sin  i  /  cos \  \Jil  +  <?']  =  sin  ^  [(/)  —  e]  cos  ^  {£!) 
cos  i  i  sin  \  f/2  —  ^J"]  =  cos  \  [(? )  +  «]  sin  \  {£!) 
cos  4  ?  cos  \  [fl  —  (t]  =  cos  A  [(/ )  —  f]  cos  \  (.Q)  , 

where  e  =  obliquity  of  the  ecliptic.  Another  set  of  formulae  for  the  transforma- 
tion of  the  elements  from  the  equator  to  the  ecliptic  is  given  under  [VII  b]: 
m  sin  M^  etc. 

where  /,  ^,  a>,  tt  are  referred  to  the  ecliptic. 

Ellipse,  Parabola.  Hyperbola, 


\\-e  ,         With  r  as  argument,  ,  _,         /  « - 1 

tan  \  L  =  ^-_  tan  i  v         ^^^^  3^^^  ^^^^  ^^.  tan  ^  /  =.  ^  ^  ^  ^-  tan  i  v 


POLZER,  vol.    I, 

J/  ^  A'  _  -At: Sin  E  table  IV.  ^ _  ,,_  ,   _  (- _«) ! F.. ,„„  „_ logtan (45«  +  i  F)' 


e 
sini" 


r=z^n/r/^—  U  fA 


T=truet,,— 

k 


L  Mod.  J 


44  '  '  <# 


log  A"  =  3.550  006  6 
Epoch  =^  ^n/f?  f,, . 

An  ephemeris  may  be  computed  in  the  usual  manner  from  the  constants  for 
the  equator  or  by  means  of  the  series  for  /  and  ^  as  in  VI,  or  by  means  of  the 
closed  expressions  for  /  and  g"  as  in  B. 
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B.    The  Derivation  of  an  Orbit  from  Thrp:e  Observations  on  the  Basis 

OF  A  Previous  Approximation. 

I. 

The  derivation  of  an  orbit  from  three  observations  on  the  basis  of  a  previous 
approximation  (preliminary  orbit)  is  accomplished  either  by  formulae  A  [VII]  or 
by  the  formulae  of  this  group. 

Formulae  A  [VII]  are  the  more  convenient  of  the  two  groups.  They  are  based 
on  the  series  for  ^and  dg  and  are  applicable  to  moderate  intervals  and  if  the  helio- 
centric distance  r^  at  the  middle  date  is  not  excessively  small,  that  is,  in  general 
if  in  the  /  and  g  series  A  VI,  the  terms  containing  higher  powers  of  9  than  6^  are 
negligible. 

Formulae  A  [VII],  therefore,  in  general  have  a  wider  range  of  applicability 
for  minor  planets  than  for  comets. 

The  formulae  of  this  group  are  based  on  the  closed  expressions  for  df  and  dg 
and  are  applicable  to  intervals  of  any  length  as  well  as  to  small  values  of  ro- 

Both  groups  of  formulae  are  applicable  to  the  derivation  of  an  orbit  with  or 
without  assumption  regarding  the  eccentricity  on  the  basis  of  a  preliminary  orbit 
of  any  eccentricity  and  readily  permit  of  the  transition  from  one  class  of  orbit 
to  another  for  the  purpose  of  improving  the  representation  of  the  observations. 

While  the  possibility  of  obtaining  a  hyperbolic  orbit  from  a  preliminary  para- 
bolic or  nearly  parabolic  orbit  is  directly  included,  no  special  formulae  are  given 
for  basing  the  computation  on  an  initial  hyperbolic  orbit.  Since,  however,  the 
eccentricity  of  a  hyperbolic  orbit  rarely  differs  considerably  from  unity,  the  differ- 
ential formulae  for  the  correction  of  an  initial  parabolic  orbit  will  prove  sufficient 
for  the  correction  of  a  possible  hyperbolic  orbit. 

The  method  to  be  chosen  for  applying  the  corrections  for  parallax  and  aber- 
ration will  depend  on  the  accuracy  of  the  geocentric  distances  which  the  prelimi- 
nary orbit  may  yield  for  the  dates  of  the  new  orbit.  This  may  be  judged  by  a 
rough  comparison  of  the  preliminary  orbit  with  the  observations. 

If  it  be  deemed  possible  to  derive  from  the  preliminary  orbit  values  of  the 
geocentric  distances  that  are  close  enough  to  yield  the  final  values  of  the  correc- 
tions for  parallax  and  planetary  aberration,  these  corrections  should  be  applied  in 
advance.  The  observations  are  then  to  be  reduced  to  the  beginning  of  the  year 
by  the  usual  reduction  formulae,  exclusive  of  the  aberration  terms,  and  the  solar 
coordinates  X^  J',  Z  are  to  be  interpolated,  also  for  the  beginning  of  the  year, 
from  an  astronomical  ephemeris  for  the  dates  corrected  for  planetary  aberration, 
that  is,  for  the  trne  dates. 

In  case  of  doubt  concerning  the  accuracy  of  the  geocentric  distances  of  the 
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preliminary  orbit,  the  geocenhic  parallax  and  aberration  should  be  eliminaUd  by 
correcting  the  solar  coordiaates  for  the  middle  date  by 
/J-V„  =  ^l'J>)„  sin  "„  cos'^„  +  {i'iV>)„  coso'„4inrf„;  Jr„  =  —  {/'.P)„cos<f„  cos  <!„  -f-  (/i^p)  sin  <>„  sin  (J„ 
J'A,,^  —  {l'^9)    cos  ^„ . 

and  by  using  the  solar  coordinates  at  the  beginning  of  the  year  interpolated  for  the 
uncorrected  dates  together  with  the  observed  places  reduced  to  the  beginning  of 
the  year  by  the  usual  reduction  foruiulx,  inclusive  of  the  aberration  terms. 

Let  the  data  resulting  from  either  of  the  foregoing  methods  of  reduction  boj 

rt,  ,  S_  :      «„  ,  d„  ;      <»,„  ,  d,„  ;      .Y, ,   )', .   X.  ;      .\'„  ,   1'., ,  7.,,  \     X,„  .   Y„, ,  /.„ . 
/fcosPcos.l  =  .V„;  //cosPsin.l       l'„  :  A'sin/^=/„;  cosV"^  sin/3sinrf,.  +  cos/)cosrf„co5{.'l— «„)J 

Derive  initial  values  of  the  fuudanieutal  quantities  p^,  -t'*i,_)'o,  ^i*  from  the  pre- 
»  liniiuary  orbit: 

The  number  of  decimals  to  wliich  these  quantities  should  be  computed  should  ■ 
correspond  to  the  number  of  decimals  to  which  they  niaj'  be  considered  to  agreel 
with  their  physical  values.     But  as  only  approximate  values  are  required,  slight  I 
arbitrary  changes  may  be  made  in  them  to  suit  the  convenience  of  the  computer. 
Hence,  although  theoretically  the  initial  fundamental  data  .To,  y'o,  s\  should  always 
correspond  to  the  true  date  t^ ,  while  Po  should  correspond  to  the  true  date  only  if 
the  observations  have  been  corrected  in  advance  for  parallax  and  aberration,  this 
distinction,  if  inconvenient,  may  be  disregarded. 

In  deriving  the  fundamental  quantities  any  data  that  may  be  available  from 
the  numerical  work  on  the  preliminary  orbit  iu  addition  to  the  elements  and  the 
constants  for  the  equator  should  be  used  for  the  simplification  of  the  computation^ 

Thus  Po  for  the  apparent  or  the  true  middle  date,  as  the  case  may  be,  is  fre-l 
quently  directly  given  by  an  ephemeris. 

If  the  numerical  w-ork  on  the  ephemeris  be  available,  the  velocities  ^r^,^,,  s\ 
for  the  true  date  may  be  derived  from  the  heliocentric  coordinates  of  the  ephem- 
eris computation  by  means  of  the   formulie    for  numerical  differentiation   given  I 
in  A  I. 

If  the  constants  for  the  equator  are  not  available,  but  if  the  middle  date  is! 
covered  by  an  ephemeris  giving  «  ,  "i  ,  p,  then  the  velocities  of  an,  (5,;,  p^  may  bel 
obtained  by  numerical  differentiation  and  then 

(taud)"  =  sec'fS,,  tSJ ;     ff'^  cos  (J,,//,  —  /J„sin  d,  6'„ ;     s^      Mi'^os^,, . 
'/„  -  cosM,,!!,'  —  ein"„'T^<i','  —  ,V', ;  //'      fin  (f__  it,'  )  cos c,,  (T(, (fj — l'^;  ;;  =  tanrf„<T;  \  if„(tand)J— 


where  A',',  I'o,  Z[^  are  to  be  obtained  by  numerical  differentiation  as  in  A  I. 

Iu  the  majority  of  cases,  only  the  elements  and  the  constants  for  the  equator! 
are  available. 

Then  derive  r',^  from  the  elements  (or  ;/„  from  a  circular  orbit)  in  the  usual  I 
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mauner  according  to  the  eccentricity  of  the  preliminary  orbit.  (If  the  prelimi- 
nary orbit  is  very  nearly  parabolic,  let  ^  -^  1 ,  </  = :/  and  proceed  as  in  case  of  a 
parabolic  orbit.) 

Let  /o  be  the  epoch  of  the  preliminary  orbit,  T  the  date  of  perihelion  passage. 


Ellipse 


E,, ^-rr, sin  E,,  =  M,  +  {t,,  —  i,)  fx 

sm  1 

tan  \  V,,  =  jLtl  tan  i  E,, 


M..  = 


Parabola 
t..—  T 


44 


-// 


ry*/2 


Circle 

«..  ^  ('//  —  '0)  /^ 

2,^  =  a  sin  c  sin  (C  +  u^^) . 


r^,  =  a  (1  —  e  cos  E,^) 

z^^  =  r^^  sin  c  sin  (  C  +  v^^) 


with  J/^^  as  argument 
take  r^,  from  Oppolzkr, 
Vol.  I,  Table  IV. 

i\,  r^  q  sec'  i  6-,, 
z^^  — -  r^^  sin  r  sin  ( C  +  v^^) 

^44 + ^.; 


Po  --  — . 


Ellipse 


Sinn 


x'^=    ,^[cos(il'  +  i?,,)  +  ^cos^'] 

yj  =  ?'°i  [cos  ( F  +  1^,,)  +  6'  cos  in 
V  p 

2;  =  ^-'"L--  [cos  ( C  +  t;,,)  +  e  cos  C] 


sin  (J,, 
/  "*-  sin  a  cos  (^1'  +  i  <'*,)  cos  ^  v 

:'/J  =^  J  ^  -  ^^"  '^  ^^s  (-^'  +  i  '^^)  cos  4  r, 


Circle 


Xn  = 


[2'   . 


sin  c  cos  (C  +  i  r,,)  cos  ^  r,, 


,       sin  a  cos  (^'  +  ?/,,) 

,       sin6cos(/r-f- i/^  ^ 
2/0= , -- 

,       sin  rcos(C"+  ?/,,), 


Compute  p^  and  p,,^  in  the  same  manner  as  Po  to  free  the  intervals  from  aber- 
ration before  computing  the  /  and  g.  These  values  of  p^  and  p^^^  will  also  serve 
for  correcting  the  observations  in  advance  for  parallax  and  aberration,  if  the  pre- 
liminary orbit  is  sufficiently  accurate  for  that  purpose. 

The  adopted  values  of  Po  -^O)  Jo?  ^q  muot  now  be  written  out  to  the  number  of 
decimals  to  which  the  orbit  is  to  be  computed,  by  adding  ciphers  if  necessary. 


^^0  =  Po  cos  <y,, ; 


X,, 


(To COS  a^^  —  X,,  ]      2/0  ---■  ^0 sin  a^^  —  Y,^ ;       z^^.  a^  tan  6^^  —  Z,^ 

^^^  Vo  ^  44  \  =  ^0  ^tt  • 


^■■■-  S„  —  X 


44    } 


J» -2      1      ...2      I      -.2  .  /;j  .'2  _l_    ,/2      I      -'2   . 


V.Tq   . 


(I 


r. 


^oj  >'o)  ^0*  ^oi  yoj  ^0  are  the  constants  (or  elements)  of  an  artificial  initial  orbit 
which  has  Po,  ^o>J^'oj  ^'^  in  common  with  the  preliminary  orbit,  but  accurately 
represents  a ,  and  8^^ . 

The  eccentricity  of  the  initial  orbit,  therefore,  is  not  necessarily  the  same  as 
that  of  the  preliminary  orbit.     Nevertheless,  if  the  latter  was  parabolic  or  circular 

'With  pj  thus  obtained  from  the  observed  \.m\^  we  may  correct  /,,  for  planetary  aberration  ami  with  the  reduced 
time  tff  =  /,,  -  ixp^  (log  a  =  7.7<>128)  we  may  compute  a  second  approximation  of  7\,  and  /),,.  Then  if  the  parallax 
and  aberration  have  been  eliminated,  we  may  choose  as  the  fundamental  data  the  first  approximation  of  Py  together 
vrith  the  values  of  x'  ^y  »  y  corresponding  to  the  second  approximation  of  7',,,  but  if  the  corrections  for  parallax 
and  aberration  have  been  applied  in  advance,  then  all  four  fundamental  data  should  correspond  to  the  second 
approximation  of  i',,.  But,  as  stated  above,  these  distinctions  are  not  important.  In  any  case  ^',/',  r' are  to  be 
compnted  but  once. 
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the  differential  formulce  for  the  correction  of  an  initial  parabolic  or  circular  orbit 
will  serve  for  the  correction  of  the  adopted  fundamental  data. 

But  in  such  cases  one  or  more  (for  the  circle)  of  the  heliocentric  velocities  may 
first  be  changed  arbitrarily  so  as  to  furnish  a  value  of  G^  which  will  make  —  =^0  , 
ox  a  =  ro  and  ^o  =-  0,  so  that  the  initial  orbit  is  changed  into  a  strictly  parabolic  or 
a  strictly  circular  orbit,  as  the  case  may  be.  To  produce  an  initial  parabola  it  is 
most  convenient  to  change  z^^o  as  to  satisfy  the  equation  x^^  •\'  y^  '\'  z^  --  --- 
To  produce  an  initial  circle  let  a=  r^,;  r^—  0  and  compute  Xq,  j'^,  z^  as  in  footnote 
I,  page  319.  The  practical  gain  arising  from  this  arbitrary  variation  is  that  the 
computation  of  the  /  and  g  by  their  closed  expressions  is  simplified  since  the 
application  of  the  more  complicated  expressions  for  verj'  nearly  parabolic  or  for 
hyperbolic  orbits  is  avoided.  Nevertheless,  to  provide  for  the  case  that  an 
arbitrary  variation  of  the  heliocentric  velocities  has  not  been  made  or  that  the 
required  arbitrary  change  would  materially  alter  the  form  of  the  initial  orbit,  the 
closed  expressions  for  y  and  ^  in  nearlj''  parabolic  and  in  hyperbolic  orbits  are 
included  below. 

II. 

Compute  f,^g,\  /,,, ,  g,,,  in  strict  accordance  with  the  adopted  initial  funda- 
mental data  or  orbit. 

If  these  may  be  computed  from  the  /  and  g  series,  apply  the  proper  expres- 
sions given  in  A  VI. 

If  it  be  necessary  to  derive  the  /  and  g  from  closed  expressions,  compute, 
except  for  circular  orbits, 

Ei)och  =  /,,  ;  /'u  A  =  •''o  4  +  Ih  V'ii  +  ^0  -0 ;        c  sin  ro  ==  /'J  |/  p 

log  r  r=  3.550 0(J6  (5  ;  ;>  =  /•;  ( r/f,  —  r',')  ;  e  cos  r„  =  -^-  —  1 

'•0 

jii  =  A"  if  "  i  \  t'^  =  l  —  I!~,  check, 

a 

and  then  in  the  usual  manner,  except  where  special  formulae  are  given,  according 
to  the  character  of  the  initial  orbit,  where  for  the  sake  of  uniformity/],  ^^^;  g^  ^g^n 
are  computed  from  the  corresponding  y^ ,  y^^^  for  all  classes  of  orbits,^  except  for  the 
circle: 

Circle:      2^/,  = '- ,  2)}^^  =  -    '-;  /, = cos  2  </„ /,,,  =  cos  2  (/,,, ;  //,==aV2sin2f/,,  gf,,,  =  aV«sin2flr,,,. 


Parabola :  r„ ,  7 ,  1\  t\  ,  r^^^ ;        /;  ,  /;,^  ;      r,  =  1  ^  /',  -  7  -  -  1''  r^  -  -  7  ;       y,,,  '-^  1  '  i\,,  —  q—l'^r^—q, 

where  the  algebraical  sign  of  each  square  root  is  the  same  as  that  of  the  corresponding 

tan  i  V. 


*But/,,  f,„\  ^,,  ^„t  may  also  be  computed  directly  from  formuUe  (8)  ami  (9),  page  248,  except  for  parabolic 
or  nearly  parabolic  orbits  for  which  jr^^  ^r^  may  be  computed  directly  from  formula  (17),  page  249.  Careful 
attention  should  be  pai<l  to  the  quadrants  of  the  angles  involved,  particularly,  if  the  observations  are  of  different 
oppositious. 
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Ellipse:      r« ,  ^0 ,  ^h  \       M,K,  K, ,  A\., ;       '', ,  '',,,  ]       2  (j,  =  E,  —  E^ ,    2 f/,,,  =  A^,,  —  E^ 


y,  =  \/2a  sin  '(/, ,  ;^,,,  =  i^  2a  sin  .7,,, . 
Hyperbola:  F^,T\  F,,  F,,, ;       i\ ,  r,,,  ;       /•, ,  /•,,,  ; 


7^,  =  J  ^-'^'-^  sin  \{v,-  r,) ,  ;k..  -  J  ^- ^;'--°  sin  ^  ( v,,.  -  v,)  . 
Very  nearly  parabolic  orbits:     ti^ ,  I\ ,  J\,  T ;  ^  ,  t^ ,  ft  ]  M, ,  J', ,  /<, ,  (\ ,  '^^ ,  /',  ;  M,,, ,  .^,, ,  ?«,,, ,  r,,, ,  ft,,, ,  /\,, . 

The  usual  formulae  for  computing  the  true  anomalies  appear  in  A  VIII,  except 
for  nearly  parabolic  orbits  for  which  c/.  Oppolzer,  Vol.  I,  pages  73,  75.  The  radii 
vectors  may  be  computed  from  the  polar  equation  r  =  1  ^  /cos  v  '  ^^  ^^^  *^^  ellipse 

from  r  =  a  (1  —  ^  cos  if),  for  the  parabola  from  r=q  sec^  h  Vy  etc. 
For  all,  except  circular  orbits: 


n  '•« 


^,  in  general  \s  positive  for  dates  ei/'/^r  and  negative  for  dates  before  t^^  =  /q?  but  the 
algebraical  sign  should  be  carefully  checked  by  reference  to  the  quadrants  of  the 
angles  involved  in  formulae  (8),  (9),  (17),  page  248  and  249.^ 

With  x^ ,  y^ ,  z^ ;  x^ ,  y^ ,  z^  and  with  / ,  f,,, ;  g^ ,  g^^^  as  obtained  either  by  series 
or  closed  expressions,  compute  the  residuals  for  the  first  and  third  dates  as  in 
AVI,  the  corrections  for  parallax  being  applied  on  the  basis  of  the  values  of  p^ 
and  p^  resulting  from  the  computation  of  the  places  from  the  initial  orbit. 

III. 

By  the  application  of  the  proper  differential  formulae  determine  such  correc- 
tions to  Po  >  -^0 )  JKo ,  'STq  as  will  remove  the  residuals. 

Choose  the  formulae  of  group  A  [VII]  or  those  given  below  in  accordance 
with  the  criteria  contained  above,  page  327,  second  paragraph. 

For  the  improvement  of  an  initial  circular  orbit  the  diflferential  formulae  based 
on  the  closed  expressions  are  given  in  A  [VII  b]  and  are  not  repeated  below. 

If  the  diflferential  formulae  based  on  the  closed  expressions  for  the  ^f  and  Zg  be 
chosen,  apply  the  formulae  designated  1)  from  circular  orbits  to  the  improvement  of 
initial  circular  or  very  nearly  circular  orbits\  those  designated  by  2)  from  parcAolic 
orbits  to  the  improvement  of  initial  parabolic^  very  7iearly  parabolic^  or  hyperbolic 
orbits\  those  designated  by  V^  from  elliptic  orbits  to  the  improvement  of  initicU elliptic 
orbits  in  general. 

1).  From  initial  circular  orbits. 
Apply  the  formulae  of  A  [VII  bj. 

*Sec  footnote  1,  page  530. 
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2).  From  initial  parabolic  orbits. 

iK  —  /»*..  cos  '/•  x[,  i%,  +  //,'  'A,  -f-  c,;  ^„ 

cos  p  = ;    </A,  =  - 

^   Hcos  fi  \    2COS  fi 

^,  -   y^  +  -   ;  *.,.       ^0  -I . 

^''''  r  '  1/1         .•  /     *^'»    .   ^^^f^Vls  ^ 

'  »  '  444  H  »  0 

I  1      r  *•  •  .-1  *    (A^-'X 

-  */  ~        [cos  ri',  t    -  -  sin  ^i',  /^  J  +  cos  <?, 

/;,,  =  -  ^  [sin  tf.  ( sin  «, .;;  +  cos «, ./;.  ^ )   -  cos  d,  .g  +  ^J'^- 

-K4  ^   J   [^«s  a,  .7,^  —  sin  itt^  (j,^  ] 


7;^^  =-  -  -       [sin  rf,  (sin  a^  n^^  +  cos  »,  tj,^ )    -  cos  fJ,  .^/,^  ]  ;  T, 


il 


Ay    =       [cos  rr^,,./^     -  -  sin  ir^^,  J,    ]  +  cos  <5,^, 

P444  '  '" 

'h.4.    ^    "■  [S^°    ^-'    (^"^    '^-  .'...    +    ^^    '''-  ^^''44. 

"n4 

1        ,  .  , 


)  —  COS  o     /.    J  +  - 


-^„    =        [cos /*',,,  ^/  sm(t.^.<i,   ] 

»/#/         ^      i-  "'  •  y^^i  '"  '  •^444-* 

"44* 

'444  "444 

A       A,  A„    —Ar    A    . 

'4  9  444  -4*4  ."< 

o,       [sin  ix^  C,  J^^^^  —  sin  nt^,,  <\,,  A^^  ]  ;  \^  —  [cos  a^  (\  J.,^^^  —  cos  a^,,  (\,,  A^^  ] 

iK^       [sin  ix^  i\  Ar^^^  —  sin  <n,,,  C\„  A,+  A  r..]  ;  /;.,  -----  -    [cos  ^r^  f  \  .  1  ,^^^  -  cos  a,,,  T'^^^  .4,,  —  ^1  1/0] 

//^, -- [sin  (5,    cos^i',    r^         •'•..  ^>,;J  •'  ;  K"^       [^in'^.    ^^i» '^    ^\    '     /A. '^,,  ] 

//,  =-  [sin  <J,,,  cos  ^i',,,  r,,,  —  .r„  //,   ]  :  ;  />.  ^         [sin  ^,„  sin  a,,,  r  \^^     -  ,/,  n^J 

-  [cos  (J,,,  r',,,  +  :..  IK  J  ;  '/.   ^  B,,^^^  ;        ' ..    -  -  ^  <^. 

^  —       ^^444' 
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\  = 


A,    = 


—  [cos  «,  ii,^ 


sin  a.  ,t}  +  cos  6.  ^^'^'  ;  A,^^^ 


=  —[cos  a„J.-sma,J,J  +  c^^S^f^^ 


'Ui 


'44* 


sina,/;,  ]  ; 


il.     = 


944i 


—  [cos  ««,  ?,„,  —  sin  «*«  <7-...  ] 

"444 


'§44 


A^^  =      —  [cos  a,  7Jj^^  —  sin  a,  ?/i,^  ]  ; 


P. 


A^    =  —  [cos  a...  in     —  sin  a^,  m,  1 . 

'44  n         ^  *"         ^444  **'         *44r* 


441 


\    = 


K  = 


—  —  [sin  <y,    (sin  n,   /,^      +  cos «,  /.^ 


B„.  =  — 


P, 
—  —  [sinrf,    (sin  a,   g^^     +cosa,   g^^ 

P4 

—  [sin  ^,    (sin  a^   m^^     +  cos  a^  vi,^ 

f^4 


^f444    ^~T  [^^°   ^'"   ^^^^   ^'"  •^•-^       +    ^^^  ^'"  -^^ 


y/4/ 


■»■/</ 


#// 


5.  = 

8444 


-    [sin  <J,,,  (sin  a,,,  (7,^^^   +  cos  a^,,  (j, 

r^444 


444 


444 


-cosrf,     f.    ]+-^f^^ 

—  COS  S     q,    1 

—  cos  d^  ?/?,    ] 


COSo...  J-     ]  +  --„-- 


'##* 


~   [sin  ^,,,  (sin  a,,,  //*,^^^  +  cos  a^^^  m,^^ 

r*444 

'~  P.' 


— cos  <y,„  <i.j 
—  cos  <y„,  «i,^^^] 


^«,= 


.'^« 


4/4 


Then  3Po ,  dXo ,  Jyi ,  dz'o  are  obtained  by  solving  four  equations  of  the  form 

a,  3P,  +  A  '^•^J  +  Xi  ^H'o  +  *i  K  =  ''. ,     '•  =  1.  2,  3,  4, 


where 

",  =  3,«.    ; 


«,  =  fi/,  ; 


/?,  =  —  [  sin«^  C,  —r,A^^  —2x',A^^  ] 

P,=^  —  [sin  <y,    cos  «,  C,   —  a-,  B,^  —  2  x;  B>^  ] 
A  =  —  [  sin  «„,  C„,  —  x^  A^^^^  —  2  x;  ^,^J 

A  =  —  [sin  tf„,  cos  «„,  C„,  —  r,  fi,^^^  —  2  xj  B^^^J 

r,=     [  cos  a,    C,   +?/,-4„    +22/J^«^] 

y,^-^—[smS,   sin«,    C,   —  ?/o^„   —  2?/!^.,  ] 
r.   -       [  cos  «,„  C,„  f  y,  ^,^^^  +  2  ;/i  .1.^^^] 

;/,=  .-  [sin  <y„,  sin  «„,  C'„,  —  i/„  fi,„,  —  2  yi  /f.  J. 


*■  =  [  -%  -i„  +  2  -:  vl-,  ] 

tf,  =  [cos  S,    C.    +  r„  //,,  +  2  :;  Ji„^  ] 

*3=[  '-o-i.„.  +  2--:-«-j 

tf.  =  [cos  rf,„  r„,  +  :.,  B^^^^  -t-  2 ,-:  n^j 

Of  the  available  methods  of  solution  the  computer  will  choose  the  one  which 
admits  of  the  most  convenient  determination  of  the  unknowns  on  the  basis  of  the 
numerical  values  of  the  coefficients.    Then 


«««' 


dPc 


OP, 


^  =  ^0  +  ^0  -      7  V  =  //«  +  V,        ,  : 

r'o  /  0 


IV. 

;r,  j^',  z\  x\  y\  z  are  the  new  values  of  the  heliocentric  coordinates  and  velocities 
from  which  the  residuals  are  computed  as  a  check  by  A  VI  with  new  values  of 
/  and  g^  and  then  the  elements  by  A  VIII. 
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TABLES  FROM  WHICH  -=1  MAY  BE  INTERPOLATED  WITH 

THE  ARGUMENTS  4>  AND  v  IN  THE  DETERMINATION 
OF  PRELIMINARY  ORBITS  WITHOUT  ASSUMP- 
TION REGARDING  THE  ECCENTRICITY. 


lu  Part  I  of  this  volume  I  have  pointed  out  that  the  geocentric  distance  which 
is  defined  by  the  positive  real  roots  of  the  equation  of  the  seventh  degree,  to 
which  the  orbit  problem  reduces  if  no  assumption  is  made  regarding  the  eccen- 
tricity, may  be  obtained  directly  from  an  extension  of  v.  Oppolzer'S  Table  Xllla, 
Dahnbestimmungy  Vol.  I.  Such  a  preliminary  extension  has  been  made  in  the 
form  of  the  Tables  which  follow.     They  serve  for  the  interpolation  oi  z^=~^  with 

the  arguments  V'  and  —  in  general  orbits;  for  determining  the  feasibility  of  a  solu- 
tion with  hypothesis  regarding  the  eccentricity  (r/*.  pages  290,  291);  and  for  deter- 
mining the  accuracy  of  the  adopted  solution  {cf.  pages  270-278). 

The  tabular  values  were  computed  under  my  direction  by  students  of  the 
University,  Miss  Sophia  H.  Levy,  a  graduate  student,  performing  by  far  the  major 
portion  of  the  work.  Miss  Levy  has  not  only  completed  the  computations  com- 
menced by  a  number  of  students,  but  has  also  checked  most  of  the  work  and  read 
the  proofs. 

The  equation  from  which  the  Tables  were  constructed  is  (^.  equation  (27), 
page  240,  where  m  —  (/;/),  if  parallax  be  neglected,  and  where  the  absolute  term 
n^  is  the  square  of  — ;;/) 

i^z'    -  2  ;:  cos  //'  +  1  f  (-  —  m  f  —  nr  =  0. 

For  the  computation  of  the  tabular  values  of  -^  this  equation  was  written  in 
the  form 

a^-\z(z  —  2  cos  '/')  +  1]  "^  ;  —  ^  -~^  . 

m  z 

The  values  of  -  were  computed  directly  from   £'  =  0.01  to  £•-—4.00  for  every  10 

degrees  of  rp.  This  computation  was  performed  to  seven  figures  and  cut  down 
to  six  figures  in  the  Tables. 

It  is  evident  that  for  a  particular  value  of  il>  the  second  differences  of 
z'^  —  2£rcos  ^  +  1  are  constant,  so  that  this  function  may  be  built  up  by  differences 
for  equidistant  values  of  z  and  then  checked  at  intervals  by  direct  computation. 

For  the  intermediate  values  V'  5°,  15°,  etc.,  the  tabular  values  of  —  were  either 
computed  directly  or  obtained  by  interpolation  from  the  values  for  ^=10°,  20°, 
etc.,  taken  to  six  figures  if  the  interpolation  could  be  performed  with  sufficient 
accuracy.     The  last  figure  of  the  tabulated  values  of  -   ,  therefore,  is  not  absolutely 
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reliable  throughout  the  Tables  and  the  computer  is  advised  to  check  the  interpo-l 
lated  value  of  s  in  each  case  by  snbstilution  in  the  equation  and  to  correct  il^ 
if  necessary,  by  the  differential  formula  (</.  Syno/>sis  of  Formnlrc,  A  IVc). 

To  interpolate  2  (of  which  there  can  be  at  most  two  values  corresponding  to  ] 
given  arguments  4'  and  „,^  it  is  most  couvenient  to  first  enter  the  il>  column  with 
its  given  value  and  to  detemiiue  by  inspection  (along  the  horizontal  lines)  the  j 
page  and  region  of  the  given  value  of  ^  .  Two  such  regions  will  be  found  in  case 
of  a  double  solution.  Then  the  values  of  ^^  corresponding  to  the  given  i>  should 
be  accurately  interpolated  from  two  or  more  of  the  vertical  columns,  according  to 
the  run  of  the  differences. 

The  interpolated  values  of  ^^  furnish  a  small  table  with  j  as  argument,  from 
which  the  required  value  of  2  may  be  interpolated  with  the  given  value  of-.     In  I 
the  greater  part  of  the  Tables,  interpolation  to  second  differences  will  prove  sufH-  I 
cient  to  obtain  the  definitive  value  of  z  and,  therefore,  of  the  geocentric  distance.  | 
The  laborious  trials  hitherto  necessary  are  thus  avoided. 

If  it  is  found  by  inspectiou  that  tlie  required  value  (or  values)  of  s  falls  within 
a  part  of  the  Table  where  the  interpolation  requires  the  use  of  more  than  the 
second  differences,  it  is  more  convenient  to  perform  the  interpolation  approxi- 
mately and  to  correct  the  approximate  value  of  z  by  tlie  differential  formula.  A  1 
single  correction  is  practically  always  sufficient. 

The  author  hopes  that  ultimately  means  may  be  placed  at  his  disposal  to 
enable  him  to  further  extend  the  Table  so  that  interpolation  by  proportional  parts 
will  prove  sufficient  in  all  parts  of  the  Tables. 

The  Tables  are  applicable  to  all  orbit  methods  iu  which  the  solution  of  the  I 
problem  has  been  reduced  to  the  solution  of  the  equation  on  which  the  Tables  are  I 
based.     The  importauce  of  the  Tables  as  a  direct  meaus  of  obtaining  the  geocen- 
tric distance,  therefore;  can  not  he  overestimated. 

Examples  of  the  use  of  the  Tables  fur  the  determination  of  the  geocentric 
distance,  for  testing  the  accuracy  of  the  solution  (e/.  page   270  el  sk/.),  and  for  j 
testing  the  feasibility  of  a  solution   with  hypothesis  regarding  the  eccentricity  | 
{(/.  pages  290,  29:)  will  be  found  in  Part  S  of  tliis  volume. 
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FUBUCATIONS  OF  THE  LICK 

OBSERVATORY. 
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INTRODUCTION. 


The  purpose  of  this  Part  is  to  show  in  complete  detail  the  computation  neces- 
sary for  determining  orbits  of  all  kinds.  Among  other  things  there  will  be 
shown  (1)  when  parallax  should  be  taken  into  consideration  and  how,  in  such 
cases,  this  is  accomplished;  (2)  how  to  determine,  in  the  course  of  the  computa- 
tion, whether  a  parabola  is  in  the  range  of  possible  solutions;  (3)  the  ease  and 
rapidity  with  which  transference  may  be  made  from  a  parabola  to  a  general  orbit; 
(4)  the  small  amount  of  labor  involved  in  making  successive  approximations  in 
order  to  remove  residuals  completely;  (5)  how  arbitrary  methods  of  ''cooking''  to 
shorten  the  computations  may  sometimes  be  employed,  due  principally  to  the  per- 
fect perspicuity  of  Leuschner's  methods,  which  enables  the  computer  to  see  the 
meaning  of  every  step  in  the  computation,  nothing  being  hidden  in  abstruse 
analytical  developments. 


In  order  to  study  the  efficiency  of  Leuschner's  methods  as  compared  with 
others,  all  the  available  orbits  of  comets  have  heen  collected  and  arranged  in  the 
order  of  the  length  of  arc  from  which  they  were  computed.  In  most  of  the  cases 
the  quantities  tabulated  are  J  7\  J  co^  etc.,  these  being  the  differences  between 
the  elements  of  the  particular  orbit  and  the  elements  from  the  longest  arc  (con- 
sidered to  be  the  best).  In  a  few  cases  these  are  not  given,  but  the  elements  them- 
selves are  tabulated  for  reasons  stated  under  each  case. 

The  orbits  taken  are  all  those  computed  here  beginning  with  that  of  Comet  ^, 
1905  (GlACOBiNi),  as  this  is  the  first  case  of  an  orbit  computed  here  by  the  Short 
Method  in  its  present  form  as  set  forth  in  Part  7. 

The  data  for  orbits  computed  in  the  Berkeley  Astronomical  Department  are 
given  in  bolder  type. 
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The  orbit  of  reference  in  Ibis  c 


COMETfl  Kjos  (GIACOBINI). 

ise  is  that  of  Wkdembvbr  who  used  a 
are  given  in  .1.  A'.  168  343. 
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There  are  two  other  sets  of  elenieiils  from  longer  arcs  (27  days  and  31  days) 
which  are  omitted. 

There  are  three  orbits  from  4  day  arcs.  Ours  (IV)  is  considerably  belter 
than  No.  II,  but  not  so  good  as  No,  III.  The  reasoii  for  the  latter  is  to  be  found 
in  the  fact  that  Giacobini  had  equal  intervals  (eacli  two  days)  while  we  had 
intervals  of  one  day  and  three  days,  respectively.  Our  orbit,  however,  is  practi- 
cally the  same  as  No.  V  in  which  a  5  day  arc  was  used.  Comparing  Nos.  IV  and 
V  we  have  more  nearly  similar  conditions  {unequal  intervals),  and  it  is  seen  that 
our  orbit  is  of  the  same  order  of  accuracy  as  that  in  which  an  arc  of  one  more  day 
is  used. 
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5  days 

Qheli. 

A.  A'.  170    .3 

IV 

"    35.77 

131    40 

»>   56 

140      36         0.0190 
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WKoHMHVKa     A.  .V.  170    97 

In  this  case  we  had  no  parabola.  For  this  reason  the  differences  in  the  ele- 
ments are  not  given.  The  elements  themselves  are  exhibited,  however,  iu  order 
that  it  may  be  noted  that  the  longer  the  arc  used  the  nearer  are  the  various  para- 
bolic elements  approaching  our  elliptical  elements. 

Orbit  No.  VI  is  based  upon  observations  of  November  18,  December  i,  and 
December  13,  and  does  not  represent  two  observations  within  this  period  (Novem- 
ber 25  and  November  28).     The  residual  for  the  middle  place  is  8". 

Assuming  that  the  orbit  is  ultimately  a  parabola  it  would  seem  as  though  the 
parabolas  of  Ebell  aud  Lamson  from  5  day  arcs  were  better  than  our  orbit  from  a 
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7  day  arc.  Comparison  with  the  last  available  observation,  however,  does  not 
bear  this  out.  Such  an  observation  by  E.  Smith  at  the  Lick  Observatory  on 
December  29  is  represented  practically  exactly  by  the  elements  of  Wedemeyer. 
Our  orbit,  however,  is  closer  to  this  position  than  the  parabola  No.  Ill  of  Ebell. 
The  residuals  being: 


o  -  c 


Jit 


Cr.  and  Ch. 

+  4' 


+  o'.3 


Ebsll. 
-3' 

-2'.5 


COMET  r  1905  (GIACOBINI). 

The  orbit  of  reference  in  this  case  is  one  by  Schoenberg  and  Buss.     They  used  a  38  day  arc. 
Their  elements  have  been  taken  from  the  Astronomischer  Jahresbericht  for  the  year  1906. 
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Our  orbit  (IV)  from  a  3  day  arc  is  considerably  better  than  that  of  ThielE 
(III)  from  a  like  arc  which  in  turn  is  better  than  that  of  Stromgren  (V)  from  a 
4  day  arc.  Our  orbit  from  an  1 1  day  arc  (VIII)  is  decidedly  better  than  that  of 
Stromgren  (VII)  from  a  10  day  arc. 

COMET  ^  1906  (BROOKS). 

The  orbit  of  reference  in  this  case  is  that  of  Kbell  from  a  14  day  arc.     His  elements  are  given  in 

vl.  .V.  170    323. 


No. 

^T 
+  2.71 

+  3^ 

21' 

A  a 

1 

+  0'  55' 

-  0^ 

• 

21' 

+   0.0043 

Arc. 
2  days 

Computer.            Reference. 

1 

I 

(       Crawford     r    n    Ji 

)   Champreux    ^-  ^'  ^'        9^ 

II 

-9.38 

-II 

14 

-  3 

15 

+  1 

28 

-   0.0117 

2  days 

Maubant    A.  N.  170     308 

1 

III 

-2.31 

-   2 

53 

+  0 

54 

-  0 

23 

-   0.0032 

2  days 

Lamson    Pop.  Ast.  14 172 

IV 

+  2.20 

+   2 

43 

+  0 

43 

-  0 

iS 

-f   0.0040 

4  days 

Hbeij. 

A.  N.  170     276 

V 

+  0.20 

+  0 

14 

+  0 

3 

-  0 

I 

+   0.0004 

5  (lays 

Lamson 

A.  J.    25       60 

VI 

+  0.20 

+  0 

15 

+  0 

4 

f  0 

I 

+   0.0003 

6  davs 

i 

Morgan    Pop.  Ast.  14  170 

vn 

-0.11 

-   0 

8 

-  0 

3.3 

+  0 

1.6 

-    0.00029 

10  days 

1 

\       Crawford     j    n   n 

)   Champreux    ^'  ^'  ^'         9' 

vni 

-0.14 

-  0 

II 

-  0 

3.2 

+  0 

1.8 

-   0.00035 

12  davs  j 

Morgan 

A^  /.  35         75 
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Our  orbit  (I),  given  above  as  from  a  2  day  arc  was  computed  from  observa- 
tions actually  covering  only  f.j6  days.  It  is  considerably  better  than  that  of 
Maubant  (II),  and  of  the  same  order  but  not  quite  so  good  as  that  of  Lamson 
(III),  both  of  which  are  based  upon  a  2  day  arc.  It  is  further  of  practically  the 
same  order  as  that  of  Ebell  (IV),  who  used  an  arc  of  four  days.  Our  orbit  (VIT^ 
from  a  10  day  arc  is  a  little  better  thau  that  of  Morgan  tVIII)  from  a  12  day  arc. 


COMET  h  iQofi  (KOPFF). 


The  orliit  of  reference  is  that  of  Ebell  from  a  51  day  arc.     His  element? 
.1    .V,  171    in. 


are  given  in 


No. 

JT 

J  « 

J  il 

J/         j      J  log  9 

Arc. 

Computer.       j      Reference.        1 

I 
II 
III 

rv 

+67^5 

+  77-5 
+  .7.B 

-  iS'.o 

-  20-3 

+    1 .9 
+  0.4 

-  la'.B 

-  13.8 

-  0.08 

-  3*    6'         -0^04 

-  3    21           -0.487 

-  0    33       '    -0.031 

-  0     3           -0.0015 

adsyB 

3  <Uys 

M  days 

33  days 

1        Cr&wford 
)   Champreuz 

Ebeli. 

ICBKLL 

\       Crawford 
1   Champreux 

L^O.B.   g» 
A.  N.  170  376 
A.  N.  170  389 
L-O.B.     07 

This  comet  had  a  very  slow  motion,  .ind.  as  noted  in  L.  O.  B.  97  the  computa- 
tions indicated  a  wide  range  of  possible  solutions.  Our  orbit  (I)  from  a  2  day  arc 
is  closer  than  that  of  Ebell  (II)  from  a  3  day  arc. 


COMET  e  i()oo  (KOPFF). 


No. 

T  (B.M.T.)            w 

a 

'■        1    loff?    1        «. 

Arc. 

Computer. 

Reference. 

I 

1907  Apr.  ia.3 

aai-  38' 

930'  3' 

ia*44' 

0.048s 

adsys 

Crawford 

L.O.B.    99 

II 

1906  Dec,    7-3 

343   13 

179 19 

15   18 

99'43 

■"■'■ 

MOBGAW 

^..V.  171124 

III 

1906  May  14.69 

353   31 

879^8 

9  46 

o-'4S7 

4  days 

Ebbi.1. 

A-N.  179333 

IV 

1905  Oct.   16.05 

191   JS 

'97  33 

17  18 

0.0841 

4  day. 

Bbeli. 

A.  X.  17a  213 

V 
VI 

1906  May    j,o9 
lgo6  Maya. 135 

19  33-7 
19  38.7 

»63  48.7 
963  45.4 

S  4i-l 
8  44.3 

'  o.?i87s 
0.33011 

31*  iS'.a 
31     ai.6 

so  days 

aa  days 

Ernti.L 
I       Crawford 
'  Champreux 

.^..V.n"303 

This  comet  presents  a  peculiar  case.  As  indicated  in  L.  O.  U.  99  a  wide  range 
of  solutions  was  expected.  The  orbit  was  ultimately  shown  to  he  a  short  period 
(65^  years)  ellipse,  aiinouucement  of  which  was  first  made  in  L.  O.  B.  100.  Tlie 
geocentric  motion  at  the  time  of  discovery  was  very  slow.  With  the  exception  of 
T  and  to  m  which  there  is  a  great  mutual  uncertainty  our  elements  (I)  from  a 
2  day  arc  are  closer  than  those  of  Morgan  (II)  from  a  like  arc. 

Elements  III  and  IV  by  Ebell  are  two  solutious  from  the  same  observations. 
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COMET  a  1907  (GIACOBINI). 

The  orbit  of  reference  is  that  of  Tringali  who  used  a  31  day  arc.     His  elements  are  given  in 

A,  X.  176  73. 


No. 

JT 

-  2' 

CD 
28' 

J  n 

-  o*  30' 

J 
+  o* 

■ 

J  log  y 

Arc. 

Computer. 

1       Reference. 

I 

d 
-    4.35 

.9'  ' 

+  0.0003 

2  days 

Ebbll 

A.  A\  174     143 

II 

+  10.81 

+  5 

55 

+  I    16 

-  0 

48 

+  0.0008 

2  days 

Lamson 

Pop.  Ast.  15  248 

III 

+    6.52 

+  3 

38 

+  0   45 

-  0 

.9 

+  0.0001 

3  days   -j 

Duncan 

WlI^LIAMS 

./.  X.  174     159 

IV 

+    6.49 

+  3 

48 

+  0  53 

-   0 

34 

+  0.000a 

3  days   -j 

Einarsson 
Glancy 

L.  0,  L\         III 

V 

+    3.48 

+    I 

57 

+  0    21 

-   0 

14 

0.0000 

4  days 

GlACOBINI 

A,  X,  174     173 

VI 

-    2.82 

-   I 

36 

-  0    19 

+  0 

14 

0.0000 

5  days 

BrCck 

C.  A'.  144      613 

VII 

-    6.89 

-   3 

51 

-  0    44 

+  0 

3« 

0.0000 

7  days 

Ebbll 

A.  A'.  174     207 

VIII 
TX 

+     1.47 
-    O.IO 

+  0 
-   0 

50 

4 

+  0    10 
-   0      I 

+  0 
0 

7 
0 

+  0.0001 
0.0000 

8  days 
a8  days 

1 

Lamson 

Einarsson 

Glancy 

Joy 

A.  X.  174     335 
L.  0.  B.        113 

The  data  here  present  a  peculiar  state  of  aflfairs.  EbELL's  orbit  (I)  from  a 
2  day  arc  is  very  good  and  considerably  better  than  his  later  orbit  (VII)  from  a  7  day 
arc.  Our  orbit  (IV)  from  a  3  day  arc  is  practically  the  same  as  that  of  Duncan 
and  Williams  (HI)  from  a  similar  arc.  It  may  be  remarked  that  our  orbit  could 
have  been  improved  by  removing  a  residual  of  o'.2.  As  a  second  orbit  was  con- 
templated it  was  not  considered  advisable  at  the  time  to  make  the  improvement  to 
the  preliminary  orbit. 


COMET  d  1907  (DANIEL). 

The  orbit  of  reference  is  that  of  Kritzinger  from  a  74  day  arc.     His  elements  are  given  in 

A.  X.  176  15. 


No. 

JT 

J   U) 

J  £X 

-  o*  39' 
0      0 

-  0     22 

J  i 

+  2''  43' 
-  0    II 

+   I      4 

J  log  y 

-  0.4047 
+  0.0052 

-0.1574 

Arc. 

Computer. 

Reference. 

A.  X.  175  155 
/,.  0,  B.      119 
A.  X.  175  191 

I 

U 

III 

d 
+    1.97 

+  ai8 

-  5.43 

+52'  23' 
+  0  25 

+  14    59 

• 

3  days 
6  days 

8  days , 

Stromgrbn 
{  Crawford 
-]  Einarsson 
(          Glancy 

Stromgrbn 

IV 

-  0.29 

+  0    32 

0       0 

+  0      2 

-0.0062 

19  days  I 

Kritzingkr 

A,  X.  175  259 

V 

-  0.04 

+   «      7 

+  0       2 

+  0      I 

-0.00T6 

27  days 

1 

Dybeck 

-^.  X.  175  307 

.  Our  orbit  (II)  from  a  6  day  arc  is  considerably  better  than  that  of  Stromgren 
(III)  from  an  8  day  arc  and  slightly  better  than  that  of  Kritzinger  (IV)  from  a 
19  day  arc.  No  improvement  is  found  until  Dvbeck\s  orbit  (V)  from  a  27  day  arc. 
Another  orbit,  not  given  here,  by  MiLLOSEViCH  from  a  67  day  arc  is  practically  the 
same  as  the  orbit  of  reference. 
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The  orbil  of  referen( 


COMET  ^jgu?  (MKI.I.ISH). 

:  is  one  by  Korold  who  used  a  42  day  arc. 
A.  iV.  177  240. 


His  elements  are  given  in 


No. 

At 

J  a 

ja 

.. 

Jlog, 

- 

Computer,             Reference. 

I 
U 

-  1-77 

-   a    34 

-   0°  57' 
+   0  59 

+  o'  45' 
-   0  34 

-t- 0.0044 
-cooao 

2  days 
a  days 

Laubos    ,-/.  .\-.  176     irj 
(      Crawford 
i          Glancy    /.,  O.  B.        lai 

III 

-   a.»8 

-    J    *i 

+   038 

-    D     17 

-0,0058 

idnys 

'     "°S 

/V-  -^J'-  '5  S70 

IV 

+  0.65 

+   0    5S 

-   0    19 

+    0     14 

+0.0013 

3  days 

Kbsll 

.-I.  K.  vfi  147 

V 

-   o-Sa 

-   0    44 

+   0    13 

-    0        9 

-0,0011 

6  days 

Lamson 

/)'/. ,-/!/'.  15  631 

VI 

-   0,107 

+   0    1.5 

-    0       3.1 

-  0.00051 

15  (I»yB 

\.       Crawford 
J           Glancy 

/..  ('.  B.       134 

VII 

-   a.009 

-   0  0.6 

+    0       0.3 

-cocoo: 

iS  days 

liBKLl. 

.  /.  X.  176     195 

Of  tlie  three  orbits  from  2  day  arcs  ours  (11)  is  butter  tliaii  llic'^e  of  Lamson 
(I)  and  Wilson  (III).  Ebell's  (I\'t  from  a  3  day  arc  is  a  decided  improvement. 
Our  orbit  (\'I)  from  a  15  day  arc  is  not  so  close  as  that  of  Ebell  (VII)  from  an  iS 
day  arc- 

CUMET  c  i()o8  (MOREHOUSI-). 

The  orbit  of  reference  is  one  by  Kobold  who  used  an  83  day  arc.     His  elemenls  are  given  in 
A.  .V.  179  273, 


No. 

AT 

J  ai 

JJl 

At 

J  log? 

Arc. 

Computer,             Reference. 

I 

+   1.51 

-   »■  53' 

-    1-  S3' 

-  0"  a6' 

+  o,on. 

9  days 

KoBOUS    ./.  -\".  179  15 

m 

-10.99 
-  o.o»3 

+  19   34 
+  0     6.7 

+ia    49 
+  0     5.1 

+  4    15 
+  0    0.6 

-0.0991 
-  0.00036 

3  days 
>5  days 

'^'°  mI";  \  i-  °-  "■  -a* 

Elnarason    ,      ,    „ 

Meyer    '"    t^.  «■  «39 

IV 
V 

-  0.015 
+  0.01 1 

+   o    14.8 
-   0      1.9 

+  0     8.1 

+    0      o.H 

-  0.00103 
+  0.000U 

i5d»ys 
ai  days 

Chac6n    Mem.s.a.Mex. 

35  aga 
KOBOLB    A.  .\.  179  47 

VI 

-  0.078 

-  0    15.3 

-   a      6.6 

+   0      l.o 

+  0.00086 

*6  days  1 

Cabba     L„mh.   1st. 

Kf'iJ.  iai4a 

Our  preliminary  orbit  (II)  from  a  2  day  arc  is  decidedly  in  error.  After  it 
was  issued  au  error  was  discovered  in  one  of  the  observations  upon  which  it  was 
based.  Our  orbit  (III)  from  a  15  day  arc  is  better  tliau  that  of  Chac6n  (IV)  from 
a.  like  arc,  and  also  better  than  that  of  Gabba  (VI)  from  a  26  day  arc.  It  is  not  so 
good  as  Kobold's  (V)  from  a  21  day  arc. 


COMET  «  i.,oc)  (DANIEL). 


No. 

Tdi.  M.  T.) 

., 

n 

i 

log? 

Arc. 

Compuler. 

Referents. 

I 

1909  June  5.35 

5"    4' 

305'  "' 

sf  3a' 

9.9253 

a  days 

KOSOLD 

W.  ^\;  181  3lt 

II 

igog  June  5.31 

4   59 

306  19 

S3    "6 

9-9a7S 

5  days 

Crawford 

/.,  0.  B.     159 

III 

[909  June  5-16 

4  56 

306  40 

51    39 

9.9»8i 

5  days 

Boss 

.-/.  .\"-   181  363 

IV 

1909  June  S.30 

5      1 

305  38 

5S      4 

9' 9158 

8  days 

■"""■ 

./-  .\,   181  2S3 
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In  this  case  the  elements  themselves  are  given  as  there  was  no  orbit  from  an 
arc  long  enough  to  be  a  standard  for  reference.  Of  these  four  the  one  from  the 
longest  arc  (8  days)  is  that  of  Kobold  (IV).  His  first  orbit  (I)  is  slightly  nearer 
his  second  orbit  than  is  our  orbit  (II)  from  a  5  day  arc;  but  it  should  be  noted  that 
as  Kobold's  arc  is  lengthened  his  elements /rt?r^^^  in  the  direction  from  his  first  set 
toward  our  elements.  An  orbit  from  a  still  longer  arc  might  then  well  come  still 
further  toward  the  elements  (II),  so  that,  in  this  case,  the  data  are  rather  insuffi- 
cient from  which  to  make  a  comparison  or  draw  a  conclusion.  Our  orbit  could 
have  been  improved  by  the  removal  of  some  rather  large  residuals,  but  they 
were  left  with  the  idea  that  a  second  orbit  would  be  computed.  Owing  to  pressure 
of  time  this  second  orbit  was  not  determined. 


COMET  e 

iqo9  (DANIEL). 

No. 

T  (B.  M.  T.) 

03 

i 

8**  16' 

n 

1 

73**  33' 

• 

t 
26*  57' 

log  (/ 
0.1967 

1 

e 

I.OOOO 

Arc. 

Computer. 

Reference. 

I 

1909  Dec.      5.60 

2  days 

Ebki*!* 

A.  A^  183  127 

U 

1909  Dec.      1.78 

5    31 

73    31 

26    50 

0.1944 

1. 0000 

3  days 

RUSSBI«L 

W.   y.    26    46 

III 

1909  Nov.    27.67 

2    31 

73    27 

26    36 

0.I9II 

I.OOOO 

5  days 

Ebei,l 

A.  N.  183  175 

IV 

1909  Nov.    39.80 

10    52 

68    58 

19   44 

=  0.I6I4 

I.OOOO 

7  days 

Krassowski 

A.  N.  183  191 

V 

igog  Nov.  28.23 

3     a 

71    10 

19  55 

01433 

0.6252 

7  <iay.  )  ^*»^'»'- 

L.  0.  B,      179 

VI 

1909  Nov.    28.91 

3    37 

70    58 

19   23 

,  0.1402 

0.5995 

37  days               Kbei*L     A,  N.  183  263 

VII 

igog  Nov.  28.76 

3   39 

71      0 

19   27 

0.1404 

0.6025 

85  days 

1 

j  Einarsson 
1        Young 

L,  0,  B,     179 

The  elements  themselves  are  given  in  this  case  because  the  orbit  is  a  short 
period  ellipse.  The  periods  of  the  orbits  (V),  (VI)  and  (VII)  are  7/15,  6.*4o  and 
6/48  respectively.  Our  ellipse  (V)  is  sufficiently  close  to  establish  the  character 
of  the  orbit  from  a  7  day  arc. 


COMET  ^  1 910  (METCALF). 

The  orbit  of  reference  for  this  comet  is  the  one  by  Kobold,  which  is  based  on  an  arc  extending 

from  August  1 1  to  August  25  and  then  corrected  by  means  of  an  observation 

taken  September  18th.    .These  elements  are  given  in  .1.  .Y.  186  80. 


No. 

JT 

A  GJ 

-  3^55' 

J  n 

J  i 

+    O*   II' 

J  \ogg 
+  0.0019 

Arc. 
2  days 

Computer. 
Young 

Reference. 
Pop.  Asi.  18  9 

I 

-  5-73 

+  0"  15' 

II 

+66.25 

+  72     9 

-17      4 

+    I    35 

+  0.2687 

2  days 

Kobold 

A.  N.  185  296 

lU 

+ 17-31 

+  8    46 

-  0    48 

-   0    23 

+  0.0012 

4  days 

Kobold 

A.  A'.  185  308 

IV 

+  21.28 

+  10    55 

-    I    10 

-   0    22 

4-0.0069 

14  days 

Kobold 

./.  \.  185  408 

Our  orbit  (I)  from  a  2  day  arc  is  very  much  closer   to   the   orbit  of  refer- 
ence than  any  of  Kobold's  orbits  which  were  computed  from  arcs  of  2,  4,  and  14 
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days,  respectively.  It  should  be  noted  that  Kobold  attained  an  improvement 
ovei*  our  orbit  from  a  2  day  arc  only  by  extending  his  arc  to  38  days.  As  the  arc 
is  lengthened  by  Kobold  his  orbits  (II),  (III),  aud  that  of  reference  successively 
approach  ours  from  a  2  day  arc.  Orbit  (IV),  however,  may  be  affected  by  some 
error,  probably  of  observation. 


COMKT 

C    l()[C 

(CEKULI.I- 

FAVK). 

No. 

T{B.  M.T.I 

,., 

■ 

1-8  f 

A.O.     1 

ConiputM. 

Reference. 

I 

1910  Sept.    15.06 

168-33'     31"'  39' 

15-  36' 

0.0512 

,.«x» 

"''"•; 

Ebku. 

A.  A'.  186  309 

II 

igio   Nov.  19.5a 

900    17     ala    58 

18    17 

0.3416 

I.11000 

4  days 

Mey« 
Levy 

/.,  0.  H.    186 

UI 

1910  Nov.  ia.45 

ao6  ao    ao5    ag 

to    14 

o.ai7S 

"■5459 

4  days 

Meyer 
Levy 

L.  0.  I}.    186 

IV 

1910    Nov.     J.31 

199   51      ic6     7 

10   30 

o.ai78 

0.5608 

..I.,.] 

Fa  VET 

.l..\:  186351 

V 

igio     Oct.  30.08 

197    SS  '   »05    39 

9   48 

o.aoo9 

0.S169 

■4  days 

Pkacsr 

,/.  .\'.  186370 

VI 

1910    Nov.     1.50 

199    17     ao6    14 

10  36 

o.ai89 

0.5656 

33  days 

Meyer 
Levy 

I..O.B.     187 

The  elements  themselves  are  given  in  this  case  because  the  orbit  is  a  short 
period  ellipse.  The  periods  of  the  orbits  (III),  (IV),  (V)  and  (VI)  are  6.''93,  7/29, 
5/96  and  7.'44  respectively.  Our  orbit  (III)  from  a  4  day  arc  is  better  than  (V) 
from  a  14  day  arc. 

It  was  from  orbit  (II)  that  Professor  Leuschner  announced  the  probable 
identity  of  the  comet  discovered  by  Cerulli  with  Fave'S  comet.  The  elements 
(III)  from  the  same  observations  made  the  identification  certain. 

In  every  case  of  orbits  computed  here  the  geocentric  parallax  for  the  middle 
observation  has  been  eliminated. 

In  the  first  three  cases  (the  comets  for  i905)differeutial  corrections  have  been 
used  to  improve  the  first  solutions.  In  all  other  cases  for  short  arcs  the  orbits 
represent  a  direct  solution  (no  differential  correction)  for  first  orbits. 


CONCLUSION. 

li  IS  io  be  noted  from  these  data  that,  in  general,  orbits  computed  by  Leuschner's 
A/ethods  are  better  than  other  orbits  computed  from  the  same  arc,  and  frequently  better 
even  than  orbits  from  longer  arcs,  although  in  no  case  of  unequal  intervals  was  the  epoch 
chosen  at  (he  mean  date  as  might  have  been  done,  with  little  additional  labor,  for  the 
purpose  of  still  further  increasing  the  accuracy  of  the  direct  solution. 

In  view  of  this,  and  also  of  the  unquestionable  brevity  of  the  eomputations  as  com- 
pared with  other  methods,  the  value  of  Leuschner's  Methods,  as  established  theoret- 
ically by  him  in  Part  7,  is  fully  substantiated  by  actual  experience. 
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EXAMPLES  A.     DIRECT  SOLUTIONS. 

NoTR. — In  the  computations  given  in  the  examples  the  formula;  referred  to  by  numbers  are  those  of  the 
Synopsis  of  FormuUe  in  Part  7.  In  the  discussions  of  the  examples  the  formula^  and  pages  referred  to  are  those 
of  Part  7. 

In  the  arguments  log  I  means  the  logarithm  of  the  first  term  in  a  formulae  composed  of  several  terms.  Log  II 
means  the  logarithm  of  the  second  term  of  such  an  expression,  etc.  Sum  means  the  logarithm  of  the  sum  of  two 
terms  of  an  expression.  Similarly  Dikk  means  the  logarithm  of  the  difference.  Add  and  Si^B  refer  to  the  num- 
bers taken  from  an  addition  and  subtraction  table.  Log  [  ]  or  j  |  means  the  logarithm  of  the  expression  con- 
tained within  the  square  brackets  or  braces. 

EXAMPLE  NX).  1. 

DIRECT  SOLLTION  OF  A  PARABOLIC  ORBIT. 

As  an  example  of  the  details  of  the  computation  of  an  ordinary  preliminary 
orbit,  the  complete  calculation  of  the  orbit  of  Comet  a  1909  (Daniel)  is  given  here. 
The  computation  was  made  b}'  R.  T.  Crawford,  and  has  since  been  done  in 
duplicate  by  P.  W.  Mkrrill,  Fellow  in  the  Lick  Observator3\ 

The  computation  is  based  on  the  following  observations: 

1909  Gr.  M.  T.  <r  (app.)  fi  (app.)  Observer. 

I  June  16.5306  !*•  41"  54'.  I  +29"  58'  18"  Javkli^K— Nice 

II  18.9809  48     49.5  +33   26   15  Campbbll— Lick 

III  June  21.9659  I    57     51.0  +37    25     9  Albrecht — Lick 

Ala 

Reduced  to  the  beginning  of  the  year  1909.0,  including  the  aberration  terms, 


these  are 

'«. 

25*  28'  38' 

''« 

27  12  29 

<»«/ 

29  27  51 

^\ 

+  29" 

58'  25' 

^. 

+33 

26  22 

^.. 

+37 

25  17 

Using  the  data  of  the  American  Hphemeris  and  Nautical  Almanac^  the  interpo- 
lation for  the  Sun's  coordinates,  referred  to  1909.0,  gives  for  the  three  dates  of 
observation : 


-v, 

+  0.085434 

y. 

+ 0.928875 

y. 

+  0.402945 

-\' 

+  0.044042 

y. 

+0.93 

;i466 

Z^ 

+  c 

(.40407 1 

-*•/ 

-0.006472 

y,u     +0.9324S2 

y.. 

+  c 

>.4045I3 

Velociti 

ies  of  the  Solar  Coordinates  at  the 

Instant 

and  Middle 

Date 

yw  ^\\ 

1909 

.V 

/• 

/" 

/•" 

June  17.5 
18.5 

19.5 
20.5 

+  0.0690722 

521741 

352615 

+  0.01S3397 

3' 
+  0.9300897 

- 168981 

169126 

- 169218 

-  145 

-  92 

+  53 

June  17.5 

18.5 

9310S27 

+  9930 

-  2640 

19.5 
20.5 

9318117 
+  0.932276S 

7290 
+  4651 

-2639 

+   : 

.^90 
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1909                       ^' 

/• 

/'" 

June  17.5                  +0.4034724 
18.5                        4039040 
19.5                        4042209 
20.5                  +C.4044232 

+    4316 

3169 
+    2023 

-II47 

-II46 

+   I 

Date:  Jnue  18.9809 

X 
-O.OI69I26 

I' 
+  0.0007290 

z 

+  0.0003169 

;//  =    -   0.019 1 

m  /"  (rt  +   \u 

') 

+                     2 

-4                   50 

+                   22 

-l/,^-,/'"(«  + 

i«') 

2 

0 

0 

J/,'(;//)  =   -   0.041 

k^f^''  di 

-O.OI69I26 

+  0.0007340 

+  O.OOO3I9I 

log  >fr -/")<// 

8.2282in 

6.86570 

6.50393 

log.XV;   IV; 

y.' 

9.99263n 

8.63012 

8.26835 

Correction  of  the  Solar  Coordinates  of  the  Middle  Date  for  the  Partial  Elimination 

of  the  Geocentric  Parallax. 

The  parallax  factors  for  the  middle;  observation  were  taken  from  the  tables  of 
Volume  I,  Publications  of  the  Lick  Obse^-vatory,  The  logarithms  of  these,  expressed 
in  circular  measure,  are: 


Then 


log  pat^ 

log  ph9 

5. 58 ion 
5.1699 

sin  ix^ 
cos  cr^ 
sin  <5, 
cos  <^^ 

9.6601 

9.9491 
97412 
9.9214 

log  I 
log  II 

5.i625n 
4.8602 

I 
II 

+  0.044042 
14 

+              7 
+  0.044035 

log  I 
log  II 

54515 
4.5712 

I 
II 

+  0.931466 
+             28 

+              4 
+  0.931498 

loK  J'/:, 

+  5.091311 

y.. 

yy)., 

+  0.404071 

12 

+  0.404059 

R  cos  D  cos  A 

R  cos  /^  sin  A 

tan  A 

A 

A  -  (X,, 

8.64380 

9.96918 

1.32538 

87.'2934 
60.0853 

sin  A 

cos  .-/ 

\g  S  =  R  cos  D 

R  sin  n 
tan  /; 

999951 
8.67414 

9.96966 

9.60644 
963678 

sin  D 
cos  D 
log/? 

9.59942 
9.96264 

0.00702 

log  (/«.  -  0 
log  (/.   -  A  ) 
log  (C  -  /.  ) 

0.474944 
0.389219 

0.735224 

log  0, 

log  ^J.u 

8.7105 
8.6248 
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/ 

fr 

Pu-P. 

+  6231" 

PM  -PM 

+      8l22 

log  (A  ->.) 

3.794558 

log  (>,,--/'«• 

3.909663 

log  A/ 

3.405339 

log  A' 

3.434719 

sub 

8.845043 

iog(A'-A/) 

2.250382 

log  -^  sin  1" 

8.515442 

colog  (/,„  -  /,) 

9.264776 

log  A" 

0.030600 

log  (/„,-/.)  A/ 

3.880283 

log  (/.-/J  A 

3.823938 

add 

0.273771 

sum  . 

4.154054 

,       sin  I" 
log      ^ 

6.449993 

colog  (/,„  -  A) 

9.264776 

logA' 

9.868823 

A  Il3. 
«5 
+   12467*' 

+  14335 

4.0961 10 
4.156398 
3.706891 

3.681454 
8.780467 

2.46192111 


0.24213911 

4.181835 
4.070673 
0.248996 
4.430831 


sec'  rf., 

log  (tan  c)/ 

log  (5; ' 

tan  (5^ 
log  I 
log  II 
add 
log  (I +  11) 
log(tant5V' 


0.157180 
0.302780 

0.291200 

9.819785 

0.412015 

0.242 I 39n 

9.680050 

9.922189 

0.079369 


0.145600 


A  Ilia 


log  ao" 
tan  b, 

log  t^o'*  tan  6^ 
log  (Un  6)^^ 

add 
log«  . 

cos  {^A  -  a^) 

tan  5^  cos  {^A  -  crj 

sub 
logC, 

logC, 

logr 

log  a/    • 
log  r  (tan  d\' 

add 
log  ^ 


9.73765 
9.81978 

9-55743 
0.07937 

0.11416 
0.19353 


log  a/ 
log  n  r 

add 
log  numer. 
log  (  -  2  ^) 
log  A/^ 


0.03060 

I.II455" 

9.96265 

i.0772on 

1.50522 

9.57i98n 


9.69785 

sin  (5^ 

9.74120 

9.51763 

sin  D 

9.59942 

9.63678 

log  I 

9.34062 

949925 

cos  S^ 

9.92141 

9.oi688n 

cos  D 

9.96264 

9.93790 

cos  (A ' 

-rt'J    9.69785 

0.92 io2n 

log  II 

9.58190 

^ 

add 

0.19694 

9.86S82 

logr 

9.77884 

i.2238on 

9.98039 

• 

53°.o62 

i.204i9n 

log  J 

9 .90270 

sin  a„ 
cos  (r„ 

log  A/ ^  cos  a„ 
log  a,'  sin  «,, 

sub 
log /I, 

log  A/^  sin  a„ 
log  a,'  cos  a„ 

add 
log«y 

log  A /^  tan  5^ 
log  (tan  (5).' 

add 
log  a. 


9.66013 
9.94907 

9.52i05n 

9.52895 
0.29710 
9.826o5n 

9.232iin 
9.81789 

9.86949 
9.68738 

9.39i76n 
0.30278 

9.943^3 
0.24591 


AlVa 


logtf,« 

9.65210 

log.V,'^ 

9.98526 

log  a.  X,' 

9.81868 

log  tf/ 

9.37476 

log  V.'-^ 

7.26024 

log  a^  Y.' 

8.31750 

add 

0.18413 

add 

0.00082 

add 

0.01348 

•um 

9.83623 

sum 

9.98608 

sum 

9.83236 

loga,« 

0.49182 

log  Z,'^ 

6.53670 

log  a,  Zi 

8.51426 

add 

0.08672 

add 

0.00015 

add 

0.02040 

log[    ] 

0.57854 

log  G,^ 

9.98623 

log[    ] 

9.85256 

cos«5. 

9.84282 

cos  6„ 

9-92141 

log  a* 

0.42136 

\ozb 

9.77397 
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A  I  Va^ Continued. 


loga'ff.' 

0.40759 

log  3 

0.30103 

logi 

9.9017 

logi' 

colog  a' 

957864 

log  a' 

o,4«4 

snb 

99J5« 

colog  iP 

9.97894 

log?" 

9.4863 

diff 

0.3430a 

log  A 

9.85861 

colog  a 

9.6990 

\og<,'R' 

0.85676 

log  ((ii'=co*  3. 

)      9.509* 

log?" 

9-(86j6 

9.77884 

K 

7'* 

?" 

+  0.30638 

log/*- 

9-34559 

log*/. 

9.80019 

loga'A- 

0.42838 

logf- 

9-57903 

l«gf 

9M559 

-*■  0.37934 

' 

+o.799»8 

Graphical  Determination  of  e, 


S-Ax,s 


a 

s" 

y 

/O) 

n°i 

+0.5261 

+0.5*28 

+0.0033 

n-i 

+  o-S»37 

+0.5334 

+0.0003 

33-  ' 

+  o.53'3 

+0.5340 

-0.0037 

, 

^ 

' 

/ 

' 

3-A^r..                                    ? 

/ 

-- 

-e^'i            ^5 

S                            X.3f 

log  Un  3 
log  1  tan  3 
iogr 


6M93 
53663 
77884 


NoTB. — In  tbis  case  a  second  figure  is  not  really  necessary  a. 
(3)  shows  that /(S)  =.Ofor  3  =  33. "390. 


mple  inspection  of  the  nambenlnthecolama 
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« 

T 

Final  Solution  for 

f 

I 

9-97543 

2 

9.97548 

sub 

9.88394 

9.88396 

log(^,-/') 

9.85937 

9.85944 

log  I 

9.71874 

9.71888 

snb 

9.75792 

log  (r,  -  c) 

9.53663 

953676 

log  (-?,  -  cY 

9.07326 

9.07352 

add 

0.07383  - 

0.07387  - 

log/£ 

9.87923 

9.87927 

log/<« 

9.93961 

993963 

log(III  =  ^>u-H) 

9.91900 

9.91898 

I 

+0.52329 

+0.52346 

-III 

-0.82985 

-0.82982 

Mi 

-0  00018 

+  0.00002  check 

log  h  fi-yi 

lo:;  (2',  -  c) 

log//"' 
log  II 
log  I 

add 
log  denom. 
logC-iVy,) 
log  dz 

add 
log  2^  ^  , 


I 
9.9190 
9.5366 
0.1208 

95764 
0.1604 

0.1006 

6.2610 

6.2553 

5.9943 
0.00005 

9.97548 


It  is  to  be  noted  that  the  graphical  solution  gave  the  value  of  log  2  correct  to 
within  one  half  a  unit  of  the  fourth  decimal  place  and  that  a  single  dififerential  cor- 
rection gave  the  final  value  to  5  decimals. 


A  Va 


log/? 

0.00702 

log^ 

9.97548 

log  Pi 

9.98250 

log  ap. 

7.74380 

apo 

-  0.0055 

tu  (obs.) 

18.9809 

tu 

18.9754 

C08«,, 

9.92141 

logtft 

9-90391 

COS  cr,, 

9.94907 

log  tf,  COS  a„ 

9.85298 

log  KX\. 

8.64380 

sub 

9.97230 

logx. 

9,82528 

sin  a,] 

9.66013 

log  tf«  sin  a,, 

9.56404 

log  ( Y\ 

9.96918 

sub 

0.18803 

log-K» 

9.7520711 

tan*,, 

9.81978 

log  tfo  tan  <5,, 

9.72369 

log  KZ\, 

9.60644 

sub 

9.49126 

log*i 

9.09770 

log  ^/«  0,, 

8.i968n 

log  (I    -  A/«  0,,J 

0.0068 

sec  8, 

0.0624 

logp, 

9.9731 

log  (xp, 

7.7344n 

ixp^ 

-  0.0054 

t,  (obs.) 

.  16.5306 

t, 

16.5252 

log(/«-0 

0.38920 

log  ^i.„ 

8.62478 

log  a,  6^ 

9.72996n 

log  X^ 

9.99263n 

sub 

9.91956 

log  x^ 

9.64952 

log  a^  ^0 

9.59129 

log  n' 

8.63012 

sub 

9.94970 

log  yi! 

954099 

log  a,  6^ 

0. 14982 

log  Z^ 

8.26835 

sub 

999425 

log  2^ 

0.14407 

log  x^'^ 

9.29904 

log  y^'' 

9.08198 

add 

0.20592 

sum 

9.50496 

log  z^^ 

0.28814 

add 

0.06623 

log  G^ 

0.35437 

log  A/K  0, 

logli  +  V-cOJ 
sec  <5^ 
log  A 


$u 


'in 


log  OCp,n 


ap 


III 


C(obs.) 


'Ill 


log  (/,„  -  A,) 
logo, 


Check 


log  r,2 

log^'o' 
add 

sum 
log  2^ 

add 
log  V 
log  re 

Check 
log/?-^ 
log// 

log  V 


log  Xfi  Xq 

log  yoyo 

add 

sum 

log  -0  To' 

add 
log  r^  r/ 
log  < 


8.2825n 
0.9916 

O.IOOI 

9.9956 

7-756911 
-  0.0057 
21.9659 
21.9602 

0.47491 
8.71049 


9.65056 
9.50414 
0.23396 

9.88452 
8.19540 
0.00880 

8.89332 
9.94666 

0.01404 
9.87927 

9.89331 


9.47480 
9.293o6n 

9.71571 
9.00877 

9.24177 
o  19997 

944174 
9.49508 


log  V 


0.35437 


394 
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A  Via 
Representation  of  the  First  and  Third  Places. 


I 

III 

I 

III 

log© 

8.62478 

8.71049 

log/^# 

9.82471 

9.82447 

ioge» 

7-24956 

7.42098 

log/j'i 

9.751500 

9.75i26n 

log6» 

5.8743 

6.1315 

log  /  s^ 

909713 

9.09689 

loge^ 

4.499 

4.842 

log  jsr  Xf! 

8.274iin 

8.35974 

log  gy^ 

8.  i6558n 

8.25121 

log  r,» 

9.83998 

log  g  Zt 

8.76866n 

8.85429 

log /a 

9.8589911 

« 

X 

+  0.085434 

-  0.006472 

log  V 

9.49508 

fx. 

+  0.667900 

+  0.667519 

log  2  V 

0.08767 

gx.' 

-0.018798 

+  0.022895 

log/. 

9.4074 

+0.734536 

+  0.683942 

log(ror.')^ 

8.8835 

Y 

+  0.928875 

+  0.932482 

colog  r^ 

0.0533 

/y» 

-0.564288 

+0.563975 

log  V 

0.5740 

gy»' 

-0.014641 

+  0.017832 

log  II 

9.5108 

V 

+0.349946 

+0.386339 

log  (I -II) 

9.8298 

• 

log  6  ro« 

0.4581 

z 

+0.402945 

+  0.404513 

log/* 

9.372 

/^. 

+0.125063 

+  0.124994 

g~i 

-0.058703 

+  0.071497 

r 

+0.469305 

+  0.601004 

log  ^8 

9.381911 

p  COS  ^  COS  a 

9.86601 

9.83502 

log  4  V 

0.5887 

p  cos  d  sin  a 

9.54400 

9.58697 

log  ^4 

9.106 

tan  a 

9.67799 

9.75195 

a 

25*.474o 

29''.46ii 

log  0^  /, 

7.1085511 

7.2799711 

it  (Obs.) 

25.4750 

29.4617 

log  0«  /3 

5.2817 

5.5389 

(O-C)H'' 

+  O.OOIO 

+  0.0006 

log  0*  / 

3.871 

4.214 

'  J  a  cos  5 

+  0.0009 

+  0.0005 

log  0^  ^3 

5.256211 

5.513411 

sin  a 

9.63357 

9.69182 

log  6*  jf4 

3605 

3.948 

cos  a 

995558 

-  9.93987 

p  cos  S 

9.91043 

9.89515 

• 

p  sin  5  * 

9.67145 

9.77887 

1. 000000 

1. 000000 

tan  d 

9.76102 

9.88372 

ov. 

1284 

1905 

6 

+  29*.976i 

+  37\42oo 

^^^Va 

19 

+            35 

d  (Obs.) 

+  29  .9753 

+  37  .4222 

Q*/ 

+           I 

+              2 

{O-C)  J  6 

-  0  .0008 

+    0  .0032 

//  >  y  <// 

+0.998698 

+  0.998132 

• 

log  / :    log  /« 

9.99943 

9.99919 

sin  S 

9.69866 

9.78366 

cos  8 

9.93764 

9.89993 

logp 

9.97279 

9.99522 

^-0 

-0.042148 

+  0.051344 

-^'>V. 

+          18 

33 

log  paP 

o.864n 

o.932n 

(*'jf. 

0 

+              I 

logpsp 

0.748 

0.493 

A/  »  Km 

-  0.042130 

+0.051312 

log  ^, ;    log  g,„ 

8.62459x1 

8.71022 

log  A 

o.89in 

o.937n 

log/« 

0.775 

0.498 

A 

-     8* 

-  9* 

/« 

+     6 

+  3 
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A  Villa 
Constants  for  the  Kqu^wor  .909.0,  and  Elements. 


log  r©  a/o' 
log  We  r,' 

sub 
log  [re  vl  -  w^  ro') 
sin  </co,s  (Z^  +  T/e) 
sin  ^  sin  (2/  +  v,) 
tan  (2/  +  z/o) 

n  =  ^';  ^;  C 

sin  (/y  +  T/a) 

cos  (/y  +   T/«) 

sin  ^  =  sin  a;  sin  ^;  sin  c 


a     X     A' 

9.59618 
9.32036 
9.94802 
9.26838 

9.15413 
9.87862 

0.72449 

79".  3202 

55  .3191 

9.99241 
9.26792 
9.88621 


b     y     B' 

9.48765 
9.247i5n 
0.19722 
9.68487 
9.57062 
9.8o54in 
o.23479n 
3oo'.2i59 
276  .2148 

9.93658n 

9.70180 

9.86882 


c     z     V 

0.09073 
8.59278 
9.98598 
0.07671 
9.96246 

9.15104 
9.18858 

8'.7758 
344  .7747 

918346 
9.99488 

9.96758 


log  r/ 
logC7 


9.49508 
0.17718 


tan  e 


9.63728 


sin  }  z/o 

9.31790 

log  I 

9.96246 

1^0 

1 2".  0005* 

log  II 

9.20790 

v% 

24  .0011 

sub 

9-91594 

logil/ 

1 .24892 

sec  fstn  /cos  u 

•  9.87840 

log  2  U 

0  .24769 

log  I 

9.15104 

log  (r.  r.')« 

8.88348 

log  II 

9.44269n 

sub 

9.98081 

sub 

0.17924 

log/ 

0 .22850 

sec  f.  siu  i  sin  u 
tan  u 

9.62193 
9-74353 

log^ 

9 .92747 

u 

00 

28^.9878 
4'.9867 

log^} 

9.89120 

logi)/^  } 

1.14012 

sin  u 

9.68540 

Mq\ 

13.8077 

cos  u 

9.94187 

K 

June 

18.9754 

sec  e  sin  / 

9-93653 

T 

Juae 

5.1677  Gr.J/.  r. 

cos  e 
sin  / 

9.96256 
9.89909 

« 

Check 

sin  d  sin  c 

9.83640 

sin  (C  -  B) 

9.96886 

cosec  a 

0.1 I 379 

eec^ 

0.19495 

tan  1 

0.1 1400 

B 
C 

sin  B 
sin  b 
sec  £ 
sin  4Q 

sin  a 
sin  A 
cos  4Q 

n 


( -  sin  a) 
cos  A 
cosec  4Q 
cos  I 
I 


5o'.3324 
271  .2281 

339.7880 

9-9999on 
9.86S82 
0.03744 
9.9o6i6n 

9.88621 
9.88635 

9-77256 
3o6'.3220 


9.8862in 
9.80505 
o.o9384n 
9.78510 
52'.  4340 


Check 


sin  c 

9.96758 

sin  C 

9.53844n 

cosec  e 

0.40016 

sin  4Q 

9.9o6i8n 

COLLECTION  OF  RESULTS. 


Elements. 

T 

1909  June  5.1677  Gr.  M.  T. 

CO 

4'.9867    ) 

n 

306  .3220    >  1909.0 

m 

% 

52  .4340    ) 

\o%q 

9  .92747 

Constants  Jor  the  Equator  1909.0. 

.r  =  r  [9.88621]  sin  (  55*.3i9i  +  v) 
y  -  r  [9.86882]  sill  (276  .2148  +  v) 
s  ^  r  [9.96758]  sin  (344  .7747  +  v) 
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SUPPLEMENTARY  DISCUSSION. 

This  supplementary  discussion  is  given  in  full  as  a  sample  of  the  analysis 
that  should  be  made  iu  connection  with  every  preliminary  orbit.  The  experienced 
computer  can  arrive  at  the  conclusions  very  quickly  without  going  into  such  elabo- 
rate detail  as  is  given  here  for  the  sake  of  making  the  process  clear. 

First  of  all  we  should  investigate  the  number  of  mathematical  solutions 
through  the  use  of  the  criteria  given  on  page  2SS,  so  as  to  avoid  tlie  adoption  of  I 
a  fictitious  solution  in  case  of  multiple  solutions.     Since  /'  and  c  are  positive, 

three  solutions  are  possible  only  if  ( --)    ''"  (  o  )    is  negative.     B'or  this  expression  1 
to  be  negative  p  must  be  negative,  /.  e.  9  (2,(^  +  q'^)  <C  "  (''.      But  a  glance  at  the  1 
numerical  values  of  j,  y'-,  and  c'  shows  that  9(2x'  +  ^'^)  >  7f'^     Hence  only  a 
single  solution  is  passible. 

It   is  further  essential  to  investigate  whether   the   parabolic  hypothesis  is 
admissible  within  the  uncertainty  of  the  computation  or  whether  it  should  be  i 
rejected.     For  this  we  have  to  compute  only  approximate  values  of  ^V,  x  and  — I 
according  to  A  Ilia,  A  IVa  and  determine  the  degree  of  accuracy  to  which  - 
known. 

In  this  let  us  place  a  dot  over  the  last  definitely  known  figure.     If  we  assume  ] 
that  the  error  of  observatiou  is  a  matter  of  only  a  few  seconds  of  arc,  then  the  dif-  [ 
ferences  in  at  and  6  are  known  to  3  and  4  places  respectively.     The  correspond- 
ing differences  and  intervals  are: 

(„  —  r,  =  2.4503  «„  —  «,  =  6231"  6„  ~S.  =  12467" 

'..,  —  '..  ^  2.9850  «„,  —  <>..  —  8122  5,„  —  rf„  ^-  14335 

The  intervals  {not  exactly  equal)  are  in  the  neighborhood  of  3   days.     In  j 
order  to  get  a  better  idea  of  the  run  of  the  differences  they  can  be  reduced  by  pro-  ' 
portion  to  a  three-day  basis.      On  this  basis,  assigning   the  differences  to  the 
instants  of  the  middle  of  the  intervals,  we  would  have 

.'u  Difi.  /•;  Ji  Difi.  /'j 

June  17.7557  7629"  .  .  15276" 

(o34")  589"  (870")  960" 

June  20.4734  8163  14400 

The  numbers  iu  parentheses  are  the  differences  between  the/1  and_/l  respec- 
tively which  correspond  to  a  time  interval  of  2.7177  days.  These  reduced  to 
correspond  to  a  three-day  interval  are  the  quantities  shown  as  f"  and  f V  respec- 
tively. Since  the  principal  or  governing  term  in  a"  and  &"  is  the  corresponding 
/"  it  is  seen  that  the  accelerations  are  known  only  to  two  places.  But  now  we 
should  consider  the  error  introduced  by  neglecting /'".  In  o", /"  is  somewhat  ' 
smaller  than  /'.  If  now  we  assume  the  differences  to  decrease  at  the  same  rate 
we  would  have  as  an  approximation  /^"  —  69",y'i'  =  96". 
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According  to  (2)  page  267,  or  also  according  to  the  discussion,  pages  274  and  275, 

the  error  produced  by  neglecting  the  third  diflferences  is  -^^' a'"  and  (0,,^ — ^')"T 

in  the   velocities   and    accelerations   respectively.      Or,   since   a'"  =  —  approxi- 
mately, and  further  0  ^,  —  0,  =  0.5  k  approximately,  and  since  (on  our  three-day 

basis)   we  can  place  0,  =  0  ^^  =  0  =  3  k^  the  error  created  in  the  velocities  is 

f*"  0.5  h  0.5 

approximately  —  ,  and  in  the  accelerations   ,  ^  /^"  or  -— /^".     For  the  velocities, 

fiw  ,  .        0.5 


therefore,"^  should  be  compared  with/',  and  for  the  accelerations  -^/^"  with/'. 


For  -r-  we  have  -^  =  10"  in  a  ,  and  -7-  =  16"  in  S.      So  that,  through  neglecting 

DO  O 

the  third  differences,  the  uncertainty  gets  slightly  into  the  tens  of  seconds  and 
consequently  the  uncertainty  of  the  velocities  in  a  and  S  is  in  the  third  and  fourth 

places  respectively.     For  the  accelerations,  -^  y^"  becomes  —  in  a  and  —  in  5 , 

or  3"  +  and  5"  +  respectively.  It  is  seen,  therefore,  that  the  neglect  of  the  third 
diflferences  introduces  no  greater  uncertainty  into  the  accelerations  than  was 
assumed  for  them  arising  from  errors  of  observation.  These  two  errors,  however, 
might  be  cumulative  so  that  their  combination  might  aflfect  the  last  two  places, 
and  since  in  /"  only  three  places  are  available  we  can  say  that  we  know  absolutely 
only  one  place. 

Collecting  these  results  then  it  is  seen  that  we  have  certain 

in  a'  2  places    ^*     3  places    or"  1  place    S"   1  place. 

It  should  be  noted  that  the  conditions  are  somewhat  more  favorable  for  5" 
than  for  a".  From  the  computation  for  (tan  S)'  and  (tan  S)"  it  follows  that  these 
quantities  are  of  the  same  order  of  certainty  as  <5'  and  <5"  respectively. 

After  the  investigation  into  the  accuracy  of  the  velocities  and  accelerations 
the  subject  of  parallax  should  be  studied.  In  this  case  there  is  no  necessity  for 
the  complete  elimination  of  the  parallax,  since  the  correction  for  parallax  can 
scarcely  aflfect  more  than  the  already  uncertain  last  two  places.  As  should  always 
be  done,  the  partial  elimination  of  the  geocentric  parallax  was  applied  as  a  correc- 
tion to  the  middle  solar  place  merely  to  give  the  correct  residuals  for  the  first  and 
third  places,  in  that,  through  this  elimination,  the  geocentric  parallax  in  the  a  and 
d  of  the  middle  date  is  taken  into  account. 

There  remains  the  investigation  into  the  character  of  the  orbit.  Through  an 
approximate  computation  we  find  for  the  three  terms  in  the  quantity  N^  according 
to  Allla,  the  following: 

N  =  0.267  —  2.155  +  0.888  =  —  1.000 

Since  a"  is  the  least  certain,  so  is  the  second  term,  the  conclusive  one  for  the  suflS^. 
ciency  of  A^.     Therefore,  the  uncertainty  of  N  is  one  unit  of  the  first  decimal  place. 
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Further,  according  to  A  Ilia,  log  n  =  0.191  and,  according  to  A  IVa,  —  =  —  0.57. 

H  and  —  are  of  the  order  of  accuracy  of  JST.     If  we  place  the  uncertainty  of  A^ 

at  about  0.2,  t.  e.  ^  of  its  value,  then  the  uncertainty  of  —  will  be  a  little  more 
than  0.1.  If  we  interpolate  the  general  solution  js^  from  the  Table  at  the  end  of 
Part  7  with  the  arguments  ^  =  53° .062  and  a  somewhat  closer  value  of  — ,  viz., 

—  =  —  0.5739,  we  find  ^^  =  0.936.     From  the  appropriate  part  of  the  Table  in  Part  7 

we  find  a  variation  of  0.01  in  s  corresponds  to  a  variation  of  0.08  in  —  .  The 
difi"erence  of  0.009  between  js  =  0.945  and  z^  corresponds,  therefore,  to  an  uncer- 
tainty of  0.03  in  --  .     This  is  so  much  less  than  the  determined  uncertainty  of 

more  than  0.1  in  —  that  we  are  not  to  expect  a  general  orbit  from  the  observa- 
tional material  at  hand. 

One  might  draw  the  conclusion  from  the  fair  agreement  between  the  para- 
bolic and  the  general  values  of  z^  that,  in  practice,  it  would  be  better  to  take  the 
first  appoximation  for  z  from  the  Table  than  to  use  the  graphical  method  which 
was  employed  in  the  example.  But  this  is  not  the  case,  since,  generally,  in  using 
the  tabular  value  several  applications  of  the  differential  formulae  AlVa  would  be 
required  to  get  the  final  value  of  js. 

In  conclusion  it  is  to  be  noted  that  the  greatest  residual  (O  —  C)  is  about  8", 
and  that  on  account  of  the  difficulty  of  observing  this  comet  accurately,  it  is  not 
advisable  to  attempt  an  improvement  of  the  orbit  through  a  differential  correction 
to  remove  the  residuals. 


SHORT  METHODS  OT  D/iT/i/iMIN/A'G   OR/i/TS. 


399 


EXAM  PL  li  NO.  2. 

DETERMINATION  OF  «',  8'-  a",  s-  FROM  FIVE  OBSERVATIONS. 

It  sometimes  happens  that  the  computer  has  reason  to  believe,  at  the  start, 
that  three  observations  can  not  give  velocities  and  accelerations  in  a  and  S  accu- 
rately enough,  and  that,  therefore,  five  or  more  observations  should  be  used 
according  to  the  scheme  outlined  in  the  footnote,  page  314.  To  illustrate  the 
workings  of  these  formulae  the  case  of  Comet  e  1906  (Kopff)  is  selected.  The 
computations  were  made  by  R.  T.  Crawford  and  A.  J.  Champreux. 

A  preliminary  orbit  of  this  comet  was  available,  but  because  of  the  verj^  slow 
motion  of  the  object  large  changes  in  the  orbit  were  expected.  It  was  deemed 
advisable,  therefore,  not  to  attempt  to  derive  a  second  orbit  based  upon  the  pre- 
liminary, but  to  make  another  direct  solnUc  i  starting  with  more  accurate  geocentric 
velocities  and  accelerations  as  determine  T  from  five  observations. 

The  five  observations  used  were  m  de  by  r\\TH  at  the  Lick  Observatory. 
They  are: 

Or.  M.  T.  1906  /  i  '.i>  •'  6  (1906.0) 

I  Aug.    24.7063  3^1'  5y'    \  ".6  +10'  18'    6*.2 

II  Aug.    29.9817  3.^1      ^       .    2  10      o  49.3 

III  Sept.     56771  33J    43   57  ••>  9    28  40  .3 

IV  Sept.     8.7203  339    II    54.0  9    II    13.0 

V  Sept.    15.7371  338      6     4  .4  +8    25   45  .4 

Using  the  first,  third,  and  fifth  observations,  approximate  values  of  the  veloci- 
ties and  accelerations  were  found,  according  to  A  Ila  (unit  of  time  being  one  Mean 
Solar  Day).     They  are: 


log  cr,'  7.482973U 

log     ^9  7.18667311 

The  more  accurate  determination 


log  < 

log  <^o'' 


5.621814 
5.74900611 


depending  upon  the  five  observations,  accord- 
ing to  the  formulse,  page  314,  proceeds  as  follows: 


/ 

I 

2 

4 

5 

A 

24.7063 

29.9817 

39.7203 

46. 

7371 

/,-/, 

-  I r. 9708 

-  6.6954 

+  30432 

+  10. 

0600 

log(A-/o) 

1.07S12311 

0.82577711 

0.483330 

I. 

002598 

log  U.  -  ^0)^ 

2.156246 

1. 651554 

0.966660 

2. 

005196 

log  (/.  -  UY 

3- 234369" 

2.477331" 

1.449990 

3- 

007794 

log  a, 

1-854158" 

i.o97i2on 

o.(j69779 

I. 

627583 

log  ^. 

1-37^5 

0.873403 

0. 1 88509 

I. 

227045 

log  c, 

0.77709311 

0.52474711 

0.182300 

0. 

701568 

• 

2 

4 

• 

2 

4 

log  206265" 

5.314425 

5.314425 

log  2  Cf  a.' 

3.623175 

3.28072811 

log 

2  0  '">./     3 

.326875 

2.98442811 

log  3  b^  cr/ 

2.286763 

1. 601 869 

lo« 

3  ^.  '<.:   2, 

.413955" 

1.72906111 

<^i 

341^   0'   0".2 

339°  II'  54".o 

^  lu" 

0' 

49".3 

+  9'  11'  i3".o 

-a. 

-  339  43  57  -o 

-'"►. 

-  9 

28 

40  .3 

-  2  ^i  a,' 

-   I   9  59  .3 

+  0  31  48  .7 

-  2 

i',  '\,'          -   0 

35 

22  .6 

+  0  16  4.8 

-  3  ^*  < 

-  0   3  '3.5 

-  0   0  4u  .0 

-  3 

/'.  '>.,"    +  0 

4 

19  .4 

40   0  53.6 

sum 

4-  0   2  50  .4 

-  i>   0  54  '?s 

sum     »  0 

I 

5..S 

-0   0  28  .9 

log  sum 

2.231470 

1.73480011 

log 

sum        I. 

,8iS 

226 

1.460*89811 

log  «pa 

1.405693" 

1. 25147011 

log 

''.,.^        u 

.992449" 

o.977568n 
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.  J' 

^* 

0 

i< 

A 

^i 

h 

log  A 

0.873403 

0.5247470 

0.000000 

log  [A  •  0 

0.3618110 

9.916470 

log  „; ./. 

0.621057 

0.0200550 

9.242962 

log  II 

9. 195 148 

9.227936 

sub 

9.896477 

9.837064 

sub 

0.028624 

9.900441 

log  [  A  •  i] 

• 

0.517534 

0.3618110 

9.916470 

log  [A-  2] 

0.3904350 

9.816911 

log  A 

0.188509 

0.182300 

0.000000 

log  [A  •  I] 

0.153285 

0.007077 

log  «;  -A 

9.5937160 

8.992714 

8.2156210 

log  II 

8.964496 

8.997284 

sub 

0.098373 

9970985 

sub 

9.970929 

9.955317 

log  [A  •  I] 

0.286882 

0.153285 

0.007077 

log  [A  •  2] 

0.124214 

9.962394 

log/:. 

1.227045 

0.701568 

0.000000 

log-«»   -A 

1.15152011 

0.550518 

9.7734250 

sub 

0.264907 

9.619048 

log  [A  •  0 

1.491952 

0.169566 

0.202354 

• 

r 

a 

(5 

y 

a 

d 

log  [I4  •  2] 

^»y 

1.3680870 

0.954843" 

log  \C^  '    2]  «4.Y 

1. 641905 

1.368003 

log  [i«  •  2] 

'*4»y 

1.0683810 

0.7944790 

log  [r,  .  2]  «^,7 

1.5299070 

1.1166630 

sub 

9997348 

9.649968 

sub 

0.248631 

0.193294 

log  numer. 

1.0657290 

0.4444470 

log  oumer. 

1.890536 

I. 561 297 

log  [r,  •  2][ 

U  ' 

2]  0.3528290 

log  [c, .  2)  [ 

I2  • 

2]  9.941  "5 

sub 

0. 142240 

log  denom. 

0.4950690 

0.4950690 

log  deoom. 

0.4950690 

0.4950690 

log  sin  I* 

4.685575 

4.685575 

log  sio  i" 

4.685575 

4.685575 

log  J' 

• 

5256235 

4.634953 

log^Y 

6.0810420 

5.7518030 

r 

a 

(5 

y                   tr 

6 

log 

r«'          7-4829730 

7.1866730 

log  y."         5.621814 

5.7490060 

log 

Zy                    6.0810420 

5.7518030 

log^'Y            5.256235 

4.634953 

add           0.01688 1 

0.015670 

add            0.155622 

9.965247 

colog  >&        1. 764419 

1. 764419 

colog  Jk'-        3.528838 

3.528838 

log 

y'           9.2642730 

8.9667620 

log  y"         9.306274 

9. 24309 ID 

With  these  values  of  the  velocities  and  accelerations  in  a  and  S  the  computa- 
tion then  proceeds  exactly  as  is  shown  in  Example  No.  i. 
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HXAMPLE  NO.  3. 


DIRECT  SOLUTION  OF  A  CIRCULAR  ORBIT. 

To  illustrate  the  computation  for  the  direct  solution  of  a  circular  orbit,  three 
observations  of  (158)  Koronis  have  been  used.  The  computation  is  by  R.  T. 
Crawford. 

The  observations  were  taken  from  A,  N,  4127,  page  373.  All  of  them  were 
made  at  the  Naval  Observatory,  Washington;  the  first  and  third  by  Hammond, 
the  second  by  Fredrickson. 

Alb 

Reduced  to  the  beginning  of  the  year  1906.0,  including  the  aberration  terms, 
they  are 


1906  Gr.  M.  T. 
I    April    23.63642 
II    April     25.60822 
III    April    27.56370 


ix  (1906.0) 
i8o'    12'    I4*.6 
179     58     17  .0 

179     45     39 .6 


d  (1906.0) 


-I 
-1 


38'  53'.4 
32  7.8 
25      55 .3 


The  solar  coordinates,  reduced  to  1906.0,  are 


A' 


A',     +0.843341  (A')^     +0.824920 

y,  +0.503136  (K).  +0.529043 

Z,     +0.218260  (/f)^     +0.229471 

NoTB.— The  solar  coordinates  for  the  middle  date  have  been  corrected  so  as  to  eliminate  the  geocentric 
parallax  for  that  place. 


y. 


+0.805728 

+0.554x47 
+0.240390 


Further 


log  A'. 

'       9- 

745839n 

log  A' 

0.002813 

logn 

'       9.878045 

log  5 

9.991222 

log^; 

9- 515359 

log  (/.  -  /.) 

0.294863 

log  fi,„ 

8.5304 

A  lib 

p 

IX 

«5 

p. -p. 

-837^6 

+  405*-6 

Pm   -  Pm 

-  757  .4 

+  372.5 

Jog  (A  - 

/) 

2.9230370 

2.608098 

log  (A,  - 

A) 

2-879325n 

2.571126 

log/,,/ 

2.628 1 74n 

2.313235 

log// 

2.58807 in 

2.279872 

tub 

8.98560 

8.90227 

»og  {//  - 

/„,'» 

157367 

I.i82i4n 

log  -^  sin  1" 

8.51544 

colog  (/„, 

-0 

9.40591 

log/.' 

9.49502 

9.  I0349n 

log  (/,„  - 

Q  A„ 

'        2.9i9428n 

2.604489 

log  (/.  -  , 

',)  // 

2.882934n 

2.574735 

add 

0.283166 

0.286408 

tmn 

3.202594n 

2.890897 

,      sin  r 
log     ^ 

6.449993 

colog  (/,„ 

-Q 

9.405908 

log/; 

90584950 

8.746798 

sin  D 
cos  D 


9357915 
9.988409 


log  (C  -  O      0.291254 
log  0,  8.5268 


sec  ^  6^ 

0.00031 

log  (tan 

5V 

8*747" 

log  (5;^ 

7.49360 

tan  6^ 

8.42823n 

log  I 

6.22286n 

log  11 

9.103490 

add 

0.00057 

log  (I  + 

II) 

9  io4o6n 

log  (tan  ^)^ 

9.  io437n 
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A  Illb 


log  a;^ 

tan«. 

log  a/2  tan  6^ 

log  (tan  6): 

add 
log« 


8. 1 1699 

8.42823n 

6.54522n 

9.io437n 

0.00119 

9.  io556n 


cos  (^  -  <i^)  9-92505" 

ten  «S^  cos  (.-/  -  ix^)      8.35328 


ten  D 

936951 

sub 

9.95600 

logC 

9.3255"! 

log  Ca 


log  r 


9.7326in 


0.40710 


log  (to' 

9.o585on 

log  r(ten6V 

9-15421 

add 

9.39190 

log  ^ 

8.45040 

log  iX^" 

9  49502 

log  ;/  /' 

9.5i266n 

add 

8.61750 

log  niinier. 

8.ii252n 

log  (-2  ^) 

8.75M3n 

log^ 

9.36109 

sin  />\, 

8.42So8n 

sin  D 

9.35791 

log  I 

7.78599n 

cos  fi„ 

9.99984 

cos  D 

9.98841 

cos  {A  -  ix^) 

9.92505n 

log  II 

9.9133011 

add 

0.00323 

logr 

9.91653" 

^ 

M5'.6o33 

log  J 

9.75198 

sin  cx^ 
cos  i\ 

6.69841 
o.ooooon 

1       ^ 

log        cos  CT^ 

9.36io9n 

log  Hq   sin  (x^ 
sul) 

5.756910 

9.99989 
9.36o98n 

log  ^    sm  a^ 

6.05950 

log  tig'   cos  a^ 
add 

l0g(7y 

9.05850 
0.00043 

9.05893 

log  ^     tan  8, 

7.78932n 

log  (tan  8)^ 

add 
log  a. 

8.7471 I 
9-94928 

8.69639 

At  this  point  we  may  proceed  in  two 
conditioned  ellipse  and  apply  the  criterion  r^  - 
a   -  To  and  r^  ~  0. 


different  ways.      JVe  may  compute  either  a 
-  0,  or  a  general  orbit  and  apply  the  criteria 


Method  of  Conditioned  Ellipse, 
A  IVb 


log  a/ 

8.72196 

log  AV^ 

9.49168 

log  a"  A»= 

8.84259 

log  a^ 

8.117S6 

log  IV^ 

9.75609 

log  A 

1. 1574 1 

add 

0.09650 

add 

0. 18865 

sum 

8.81846 

sum 

9.94474 

log  a:- 

7.39278 

log  z:- 

9.03072 

logr 

9.916530 

add 

0.01600 

add 

0.04995 

log/' 

0.52586 

log  [  ] 

8.83446 

log  (.7 

9.99469 

sub 

0.09546 

cos  ■  <5^ 

9.99969 

log^ 

0.621320 

log  li^ 

8.83415 

log  a'  G,^ 
log  b' 

8.82884 
8.72564 

d 

-4.I8I4 

log  ^7,  A'./ 

9.10682 

sub 

9.42852 

log  J 

9.75198 

log^,   IV 

8.93698 

diff 

8.15416 

log  d' 

8.83415 

add 

0.22436 

log  a'  R' 

7.67392 

log  7'^ 

0.48024 

sum 

933^8 

log  q'^ 

0.48024 

log(«'-cos 

^«)  9.06637 

log  a,  z; 

8.21175 

q'' 

+  3.02164 

"    M 

83'.3i 

add 

0.03180 

log  I  ] 
cos  6^ 

9.36298 
9.99984 

log    ^ 

1.40543 

log /J 

9.36282 

log  a'-  11 

8.83696 

h 

+  25.435 

log/' 

0.52586 

s 

+0.56491 


Since  /'  >0,  ^  <0,   V' >  125"^    23',  and    since   the   criterion   for  no  solution 
expressed  by  means  of  the  inequalities  on  page  306  is  not  fulfilled,  the  initial 
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velocities  and  accelerations  can  be  represented  by  a  conditioned  ellipse  {r^  =  a)  with 
one  solution. 

The  details  for  the  solution  of  r,  which  are  shown  fully  in  Example  No.  i, 
are  omitted  here.  The  solution  gives  log  z  -  0.27450.  To  check  this,  the  substi- 
tution of  this  value  into  the  equation  for  z  is  here  given. 


log^r 

0.27450 

sub 

0.15793 

I                              +2.1750 

sub 

989423 

log  (r  -  c) 

0.43243 

11  =  7'-                   +3.0216 

log  (;:  - 

/') 

0.1687311 

log  (^  -  cY 

0.86486 

-  Ill                      -5.1966 

log  I 

0.33746 

add 

0.01852 

I  +  II  -  III              0.0000 

log  //  ^ 

0.88338 

Check 

log  //  '' 

0.44169 

log  (III  =  A/<"'')  0.71572 


AVb 


log/? 

0.00281 

log  z 

0.27450 

^ofLP% 

o.2773r 

log  a  p. 

8.03859n 

a  p. 

-  0.01093 

i.  (obs) 

25.60822 

/. 

25.59729 

cos  6„ 

9.99984 

logtf. 

0.27715 

log  tff  cos  a^ 

o.277i5n 

log  (A'). 

9.91461 

sub 

0. 15709 

log:r. 

o.43424n 

log  d«  sin  a^ 

6.97556 

log  ( K). 

9.72349 

sub 

9.99923 

log  J', 

9.72272n 

log  6^  tan  d^ 

8.70538^ 

log  {Z\ 

9.36073 

sub 

0.08676 

Ipg^^t 

9.44749n 

log  V 

0.86848 

log-Kt' 

9-44544 

add 

0.01610 

sum 

0.88458 

IpgV 

8.89498 

add 

0.00442 

log  r.» 

0.88900 

logr. 

0.44450 

Check 

log^^ 

0.00563 

log /I 

0.88338 

logV 

0.88901 

log 


«/ 


7.8915 


log  (I  -  ^  ^^,0)   99966 


sec  <5, 

0.0002 

log/J, 

0.2740 

log  a  p, 

8.o353n 

ap, 

-0.01085 

t,  (obs) 

23.63642 

t. 

2362557 

log  (/.  -  /.) 

0.29485 

log  0,, 

8.53043 

log  a,  6^ 

9.638 1 3n 

log  X^ 

9.74584n 

sub 

9-44945 

log  x^ 

9.08758 

log  tf,  (?e 

9.33608 

log  n' 

9.87804 

sub 

985302 

logj; 

9.73io6n 

log  a^  tf. 

8.97354 

log  z; 

9-51536 

sub 

9.85297 

log  z.: 

9.368330 

log  x^'- 

8.17516 

\o^y^' 

9.46212 

add 

0.02187 

sum 

9.48399 

log  z.:' 

8.73666 

add 

0.07149 

log  6V 

955548 

Check 


log 


A     ^ 

log  ^    % 

7.8879 

log  (I  +  ^  0,) 

0.0033 

sec  b„, 

O.OOOI 

log  P,„ 

0.2806 

log  «  P„» 

8.04  I9n 

<^  P,a 

-O.OIIOI 

t.n  (obs) 

27.56370 

i.. 

27.55269 

log  it,,,  -  i„) 

0  29124 

log  0, 

8.52682 

log  x^  .r,' 

9.52i82n 

lOg^'o^f' 

9.45378 

add 

9.22943 

sum 

8.6832 in 

log  z.  z; 

8.81582 

add 

955278 

log  r.  r; 

8.23599 

log  r; 

7.79149 

9.55550 
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rl  is  not  zero  since  we  have  solved  for  a  conditioned  ellipse  as  pointed  out  on 
pages  305-306.  Following  the  argument  of  page  306  we  must  now  compute  -^-  and 
trace  the  uncertainty  in  G^. 


A  Illb 


log  <' 
tan  «5^ 
log  I 

7.17548" 

8  42823n 
5.60371 

log  cC 

log  (tan  5),' 

log  II 

9  49502 

8-747" 
8.24213 

log  ^u' 
log  (tan 
log  III 

5).: 

9.0585on 

9.10437" 
8. 16287 

I 
-II 

+  0.0000402 
-0.0174636 

III 
A' 
log  A' 

+  0.0145503 

-0.0028731 

7.45836n 

log  C\ 

932551" 

log  C\  «i,/ 

8.38401 

log  C, 

9.73261" 

log  C.  (tan  f^)/ 

8.47972n 

add 

939^90 

sum 

7.77591" 

loK  .V 

9.99122 

colog  A' 

2.54i64n 

log^ 

0.30877" 

log  A'* 

0.01125 

cos  <5^ 

9.99984 

log  R*  i 

COS  ^^ 

0.01109 

log  /;/ 

0.29768 

log 

9-70232 

1 

m 

+  0.50387^ 

Krom 

Table 

(Part  7) 

r  =  I  89176 

From  the  differences  of  the  ct  and  S  it  is  seen  that  (assuming  the  seconds  of 
arc  to  be  without  error)  we  know  three  figures  in  the  velocities  and  two  in  the 
accelerations  in  both  coordinates.  In  /V  the  governing  terms  are  the  second  and 
the  third.  The  first  of  these  contains  o''^  and  the  third  (tan  d)"^.  In  these  then 
we  know  two  figures,  and  consequently  in  A^  we  know  but  one  figure.  The  terms 
of  the  denominator  of  the  expression  (11)  page  271  are  proportional  to  the  veloci- 
ties so  that  we  know  three  figures  in  each.  But  the  computation  shows  that  these 
terms  have  opposite  signs,  and  are  of  such  magnitude  that  we  lose  one  figure  in 
forming  the  denominator.  It  is  then  known  to  two  figures,  and  the  whole 
expression  (11)  is  known  to  one  figure.     We  therefore  know  but  one  figure  in 

If  we  had  assumed  some  slight  errors  of  observation  this  one  figure  would 

be  somewhat  uncertain. 

From  the  table  it  is  seen  that  to  a  range  of  five  units  in  the  second  decimal 
place  of  -^  corresponds  a  range  of  two  nnits  in  the  first  decimal  of  z.  For  z=  1.9 
this  uncertainty  causes  an  uncertainty  of  six  and  one  half  units  in  the  second 
decimal  of  log  s.  Inspecting  the  computation  of  .i^,  I'oi  ^(^  and  r^  it  is  seen  that 
this  same  uncertainty  extends  to  log  r^.  Log  6^0  is  therefore  known  definitely,  at 
best,  only  to  one  decimal.  As  the  characteristic  of  log  r''-  is  5  — 10  it  is  seen  that  it 
cannot  affect  the  definitely  known  portion  of  Gl  when  subtracted  to  form  (GJ — r'J) 

in  the  expression  /^o  "^ ''il  (^^0  "  '''o)-  ^^'^  ^^n  therefore  call  ^0  —  ^  ^^^  write 
/^,  -  rQ=^  a  and  obtain  a  ciiru/ar  orbit  which  will  represent  the  three  observations 
as  well  as  the  couditumcd  ellipse  will. 
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log  x^  y; 

loK  y%  xi 

sub 
I  /  cos (0 

log  v»  -•' 
log  ^0  yi 

sub 
I  /  sin  (/)  sin  {CI) 

log  X.  z; 

log  r,  xi 

sub 
I  /  sin  (/)  cos  (/2) 
tan  (£1) 

sin  (/2) 
cos(il) 
1/'/  sin  (/) 
tan  (/) 

(0 

sin  {£1) 
cos  (1) 

sin  a  cos  (W) 
sin  a  sin  (W) 
tan  C.-^) 

(-'') 

tin  (^) 
cos  {A) 
sin  a 
logrt 


0.16530 
8.8io3on 
0.01877 
o  18407 

9.09105 

9- 17855 
934872 

8.43977" 

9.80257 

8.53507" 
0.02284 

9-82541 

S.6i436n 

357"  38'  37* 
86139911 

999963 
9.82578 
964171 

23"  39'  53" 

8  6i399n 
9.96185 
8.57584 
9.99963 
1-42379 
87'  50'  30* 
194  31  42 
282  22  12 

9.99969 

999994 
0.44444 


A  VII lb 

log  JTa  COS  (.0.) 

0.43387" 

log  i'„  sin  (/>/) 

8.33671 

add 

999652 

log  r,.  cos  (//)„ 

0.43039" 

log  r„ 

9.44749n 

siu  (/■) 

960356 

log  r„  sin  («),, 

9.84393" 

tan  \ti\^ 

941354 

[u'U 

194'*  31'  42" 

sin  (w)„ 

939943" 

cos  (U],i 

9.9S589n 

loK  r^ 

0.44450 

Constants  for  the  r«quator  1906.0. 


cos  (/.i) 
cos  (/) 

sin  fi  cos  [/I) 
sin  d  sin  (/>') 
tan  (//) 

(/>*) 

ir 

sin  (//) 
cos  {B) 
sin  b 
log  fi 


9.99963 
9- 96 '85 
9.96148 
8.6i399n 
8.6525 in 

~2     34     21 
191      57     21 

999956 
9.96192 
0.40642 


Cliec 


log  a 

0.44450 

log  a  ^  ' 

0.66675 

log  /<" 

2.88326 

//" 

764*29 

c 


194-  31'  42" 


sin  c 
log  ;- 


9.60356 
0.04806 


log  (/  -  /,) 
log  A  (/  -  /«) 

A'  +  ;/-i/ 

C  +  fiJt 

sin  lA'  +  ftJt] 
logr 

sin  [^  +  //J/] 

log  J'  . 

sin  [C  +  //J/J 
log  jr 

jr 
X 

y 

Y 


s 
Z 


o.29485n 

3  I78iin 

-  o**  25'     f 


281 
191 
194 


57 

32 

6 


5 
14 

35 


9.99o48n 
0.4349211 

9.3010411 
9  70746n 

9.387oon 
9.435o6n 

-  2.72219 
+  0.S4334 

-  1.878S5 

-i)  509867 
+  0.503136 
-0.U06731 

-0.272306 
+  0.218260 

-  0.054046 


Representation  of  the  Tirst 

III 
0.29124 
3.17450 
+  0"  24'  55" 

282    47     7 
192    22    16 

194    56   37 

9.989ion 

0-43.W" 

9. 3309  in 

9.73733" 

9.41 14011 
9.45946n 

-2.71356 
+  o.8<j573 

-  I  90783 

-f>.54f>i75 

i  0.554147 
-f  i).f)u7972 

-0.288^)47 
+  0.240390 
-0.047657 


an*l  Third  Places. 

/>  cos  ^  cos  a 
O  cos  <S  sin  ix 
tan  (I 
it 

a  (obs) 

(O  -  C)  J«i 

cos  a 
n  cos  'S 
II  sin  fi 
tan  ') 

•()  -  C)   Jo^ 

cos  o 
log  n 

log  A." 
log  /,.,» 

l<'g  A. 
log  A^ 

A 
A 


I 
o.2739on 
7.828oSn 
7.55418 
180"  12'  19" 
180    12    15 

-  4 

o.ooooon 
0.27390 

8.73277" 
S.45887n 

-  1'  38'  52" 
-I  38  50 
+  2 

9.99982 
o.  27408 

9567 

o.  755 

9.293 
o  4S1 

+  0\2 

+  3  .0 


III 
o.  2805411 

7.90157 
7.62i03n 

179"  45'  38- 
179  45  38 
o 

o.ooooon 

0.28054 

8.678i2n 

8.3975811 

-I"  25'  51' 

-I  25  52 

-I 

9.99986 
0.28068 

0.344" 

0.753 
o.o63n 

0.472 

-l''.2 

+  3  .0 
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sin  (i) 
cos  (/2) 
log  m  sin  M 
log  m  cos  M 
tan  il/ 
M 

sin  il/ 
cos  i1/ 
log  /;/ 

cos  (/') 

log  n  cos  N 
log  «  sin  A' 
tan  N 

N 

sin  A' 
cos  A^ 
log// 


9.60356 

9.99963 
9.60319 

9.96185 

9.64134 
23'  38'  49' 

9.60325 
9.96191 

9.99994 

9.96185 
9.96148 
9.60356 
9.64208 
23'  40'  58" 

9.60387 
9.96179 

9.99969 


A  VIb 
Transformation  to  Kcliptical  Elements. 


E 

M  -  f. 
sin  [M  -  f) 
sin  /  cos  fl 
sin  /  sin  fl 
tan  £1 
XX 

sin  I)j 
sin  / 
/ 

cos  (Af  -  f) 
cos  / 


23"  27'    5" 
o    II    44 

7-53315 
7-53309 

8.2i755n 
o.68446n 
281"  41'  2" 

9.99091  n 
8.22664 
o**  57'  56- 

0.00000 
9.99994 


COLLECTION  OF  RICSULTS. 


sin  £ 

959985 

sin  /  sin  d 

8.2i384n 

A'  -  f 

o-  13'  53" 

sin  (A'  -  £) 

7.60622 

sin  /  sin  6 

7.60591 

tan  (S 

o.6o793n 

6 

283"  51'  i8* 

(«)., 

194    31    42 

«* 

270   40    24 

Elements, 

Epoch  =  /,  =  1906    April  25.5973  Gr.  M.  T. 

«o  270"  40'  24* 

il  281    4T      2 

'  o    57   56 

log  a  0.44450 

;/  764".  29 


Ecliptic  and 
Equinox  1906.0 


Constants  for  the  Equator  l^Oii.O. 
X  -  [0.44444]   sin  (282**  22'  12"  +  //  J/) 
y  =  [0.40642]    sin  (191    57   21    +  //  J/) 
z  -  [0.04806]   sin  (194    31    42    +  M  -Jt) 


Method  of  (ieneral  Solution, 

The  value  of  ^  for  the  general  solution  taken  from  the  table  is  £"=  1.89176  [cf. 


the  computation  under  A  Illb,  page  404). 
we  find  the  final  value  of  log  .::      0.27687. 


Checking  this  by  the  method  of  A  IVc 
With  this  z  we  find  from  A  V 


logjr, 

log  J'u 

logr, 
logr. 


o.43589n 
9.7227in 
9.44792n 
0.44608 


log  x^ 

log  y^ 
log  «/ 
log  G^' 


9.07905 
9.730iin 

9.3673711 
955296 


log  (7 

log  ro' 


0.44512 
7.89111 


The  preceding  discussion  showed  that  the  uncertainty  in  log  r^  amounts  to 
six  units  of  the  second  decimal  place.  In  the  general  solution  log  i\  diflfers  from 
log  a  by  only  one  unit  in  the  third  place.  Therefore,  we  are  justified  in  calling 
log  a  log  r^j.  Further,  as  before,  it  is  evident  that  r\  can  be  put  equal  to  zero, 
and  the  two  criteria  for  the  circle  hold  (r/!  page  306). 
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With  the  values  of  the  heliocentric  coordinates  and  their  velocities  derived 
from  the  general  solution  for  z  the  elements  and  constants  for  the  Equator  are 
computed  exactly  as  before  under  A  VIb.     They  are  : 

Elements, 

Rpoch  -  t^  =  1906    April  25.5972    Gr.  M.  T. 

1/0  270'*  49'  59*     \ 

/Ecliptic  and 

ii       281  28  33    >     : 

VEquiuox  1906.0 

log  a  0.44608 

//  760*.  13 

Constants  for  the  Equator  llHMi.O. 
X  =  [0.44602]  sin  (282*  19'  35*  +  //J/) 
y  =  [0.40801]  sin  (191    54   40    +  /i  Jt) 
z  =  [0.04959]  sin  (194    29   27    +  /i  Jt) 

This  set  of  circular  elements  represents  the  first  and  third  observations  as 

follows : 

I  III 

J  a  -2"  +3* 


(«-c)!.;; 


+  1  -I 


The  second  method  is  to  be  preferred  since  no  part  of*  the  computation  needs 
to  be  discarded  if  the  criteria  fail  and  a  general  solution  becomes  necessary. 
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EXAMPLE  NO.  4. 

DIRECT  SOLUTION  OF  A  COMET  ORBIT  WITHOUT  HYPOTHESIS 

REGARDING  THE  ECCENTRICITY. 

For  au  example  of  a  direct  solution  of  a  comet  orbit  without  hypothesis 
regarding  the  eccentricity  the  computation  on  the  orbit  of  Fayk's  comet  is  given. 
This  comet  was  picked  up  by  Ckrulu  in  November,  1910,  and  was  announced 
as  an  unexpected  comet.  From  the  preliminary  elements  Professor  Leuschner 
identified  it  as  Faye's  comet.  The  identification  was  made  certain  after  the  deri- 
vation of  elements  without  assumption  regarding  the  eccentricity.  The  computa- 
tions were  made  by  W.  F.  Meyer  and  Miss  Sophia  Levy. 

The  observations  upon  which  the  computation  is  based  are: 


1910  Gr.  M.  T. 

a 

(1910.0) 

^  (1910.0) 

Observer. 

I        Nov.    9.3131 

54- 

38' 

n*.2 

+  8"  43'    3" 

MiLLOSSViCH,  Rome 

II      Nov.  11.5801 

54 

35 

57.4 

+  890 

Eppbs,  Washington 

III    Nov.  13.8217 

54 

32 

54  .3 

+  7    36  17 

Young,  Lick 

• 

Solar  Co<3rdinates  (1910.0) 

a;         -0.681211 

(A'L 

-0.651757 

-  0.621586 

i;      -0.659264 

(n. 

-0.683218 

y... 

-0.705867 

z,     -0.285987 

(^)« 

-0.296406 

y 

-  0.306201 

Note. — The  solar  coordinates  for  the  middle  date  have  been  corrected  so  as  to  eliminate  the  geocentric  paraUax 
for  that  place. 

Further 


log  x; 

9.885999 

log/? 

9.995487 

log  F/ 

9.778785n 

A  -  it^ 

171"  45'  3' 

log  Z.' 

9.4i6oi7n 

log  S 

9975079 

log  67 

0.00884 

The  details  of  the  computation  that  are  similar  to  those  of  Example  No.  i 
will  be  omitted  here.     The  values  of  the  principal  qantities  are  given. 


A  lie 


log  OCf! 

8.29767n 

log  8.' 

9.39859n 

log  (tan  6).' 

9.4074  in 

log  iU' 

9.2i67on 

log  8," 

9.26776 

log  (tan  6)." 

9.31676 

A  IIIc 

log  {iX,'Y 

4.8930in 

logC, 

923599 

log/?* 

9-98195 

tan  8^ 

9.15598 

log  iXo 

8.29767n 

cos  «5^ 

9.99559 

log  I 

4.o4899n 

log! 

7-53366n 

colog  X 
log 

o.o8666n 
0.06420 

log  (tan  <5}j 

/  9.4074111 

logC, 

9-15679 

1 
m 

+ 1. 15932 

log  < 

9.2i67on 

log  (tan  i^\ 

,'9.4074  in 

log  II 

8.6241 I 

log  II 
add 

8.5642on 
0.03870 

log  m 

9.93580 

log  (tan  «5)fl 

:  9.31676 

log  sum 

8.6o29on 

log  «r»' 

8.29767n 

colog  X 

1.33536" 

4- 

167'  43'  36* 

log  III 

7.61443" 

log  .S" 
log  H 

9.97508 
991334" 

I 

-O.OOOOOI 

\ogc 

9.989959 

-II 

-  0.042083 

log  J- 

8.655028 

III 

-0.0041 16 

N 

-  0.046200 

\ogN 

8.66464U 
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With  V'  and  ^^^  as  arguments  take  a  starting  value  of  z  from  the  table,  Part  7. 

It  is  (calling  it  z^ 

log  :,    9-830191 


A  IVc 


Solution 

for  z. 

log  5-1 

9.830191 

log  3  'l 

9.7471011 

logf 

99899590 

log  11 

9-9655 1 « 

sub 

0.228452 

logl 

0.44394 

log  (jTi  -  c) 

0.2 184 1 1 

add 

9.82456 

log  (r,  -  0' 

0.436822 

log[     ] 

0.26850 

log  J* 

8.655028 

log  r, 

9  2699811 

add 

0.0071 19 

log  li{^ 

0.88788 

log;/ii 

0.443941 

log  2 

0.30103 

log  deuom 

0.7273911 

log  w 

9935800 

log  (r,-ri) 

57782 

sub 

9-439791 

add 

0.000039 

log  v^ 

9. 269982 u 

log  r.,  =  « 

9.830230 

log/'i' 

1.331823 

log  Vi» 

8.539964 

log  /<i^  J'l'^ 

9.871787 

log  Wf  * 

9.871606 

sub 

6.634 

log  M, 

6.5056 

A  Vc 

The  computation  from  this  point 
is  exactly  like  that  of  Example 
No.  I,  so  the  details  will  not  be 
given.  The  principal  quantities 
resulting  from  this  value  oi  z  are: 

log  To 


log  a-« 

0.01521 

logj'o 

0.08756 

log^o 

959252 

log  x^ 

9.87604U 

logV 

9. 780 1 1 

log  V 

8.96830 

log  G;' 

log  a 

log  r,' 


0.21747 

9-97171 
9.43966 
7.4605211 


The  representation  of  the  first  and  the  third  places  gives 


III 


(O  -  C) 


\ 


\  J  a  cos  ^ 


o"  +  3 

{j^  +2  -  3 

Using    the    values    of    the    heliocentric    rectangular    coordinates    and 
velocities  given  under  A  Vc  the  following  elements  result  from  A  VIIIc: 

T  1910  Nov.  12.4129  Gr.  M.  T. 


their 


w  206"  20'  22" 

i)^  205    29      5 

/  10    14    II 

^  0.54590 

f*  5 1 2".  34 

lo^r  a  0.56034 

Period  6.926  years. 


1910.0 


SUPPLHMHNTARY  DISCI'SSION. 

We  will  consider  here  the  same  points  that  were  discussed  under  Example 
No.  I,  viz.,  number  of  solutions,  effect  of  neglecting  third  differences,  parallax 
elimination,  and  character  of  orbit.  The  discussion  will  be  condensed  here;  for 
the  details  of  a  full  analysis  see  Example  No.  i. 

I.  Computing  the  quantities  />'  and  c  under  A  Ilia  we  find  /'  >  0;  r  •  •-.  0.     Then 

since  fp  >  125°  10'  we  might  have  but  one  parabolic  solution.      With        and  V'  as 
arguments  the  table  gave  but  one  ^^^^v/^vv// solution. 
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2.  Reduced  to  a  2j^  day  iuterval  we  have 

a  ./a  J  6  J  6 

133"  2028" 

49"  58" 

184  1970 

The  intervals  are  practically  equal  (2.242  and  2.267  days  respectively)  so  that 
no  error  is  introduced  into  the  accelerations  of  a  and  S  by  neglecting  third 
diflferences. 

/"  is  about  3  /I ,  and  /"  is  about  ^^^  /I .     Assuming  /"^  to  bear  the  same  ratio 

to  /"  we  have  /"'  to  be  approximately  16"  and  2"  in  a  and  <5,  respectively. 

^iii 

For  the  velocities,  therefore,  the  errors  would  be  -      •-=  3"  in  a  and  1"  in  S. 

These  are  not  greater  than  the  errors  of  observation,  so  that  we  can  conclude  that 
neglecting  the  third  diflferences  produces  no  greater  error  or  uncertainty  than  is 
caused  by  the  accidental  errors  of  observation. 

3.  The  discussion  of  general  parallax  (geocentric  and  barycentric)  is  made 
clear  by  aid  of  the  table  of  values  of  the  parallax  factors  for  the  three  observa- 
tions. (In  this  the  letter  ^  distinguishes  the  geocentric  data,  and  m  the  barycen- 
tric. A  detailed  computation  of  barycentric  parallax  factors  is  given  in  Example 
No.  6.) 


I 

II 

III 

I 

II 

III 

pip 

5".82 

5.49 

0.97 

V'iP 

-i  6".30 

-I  4".85 

+  4".35 

ICP 

+  5  .95 

+  6.97 

-1-  4.27 

PtP 

+  2  .28 

+  1  .61 

+  0.88 

ji^p        +  0  .13        +  0.48        +  3.30  PiP        +  7  .58         +  6  .46        +4  .73 

The  greatest  diflference  between  two  parallax  factors  is  2".8,  so  that  neglecting 
parallax  can  produce  no  greater  error  than  neglecting  third  diflferences.  Hence, 
in  this  example,  as  in  Example  No.  i,  just  the  geocentric  parallax  was  eliminated 
from  the  middle  place. 

4.  To  comply  with  the  custom  of  publishing  a  parabola  for  a  preliminary  orbit, 
a  parabola  had  been  computed  from  these  same  observations,  so  that  we  have  the 
parabolic  ^,  viz.,  log  s^  =^  0.09037. 

The  degree  of  accuracy  of  A''  is  here  again  the  degree  of  accuracy  of  a^ ,  i.  e.^ 
of /"  the  principal  term  upon  which  o'o  depends.  Since  the  error  in  this  is  the 
same  as  the  error  of  observation,  say  about  b"  or  ^^^  part  of  its  value,  the  uncer- 
tainty of  N  and  also  of  -- is -^^  of  its  value.  The  value  of  is  1.159;  hence  its 
uncertainty  is  0.12.  In  the  Tables  a  range  of  0.01  in  z  corresponds  to  a  range  of 
0.0115  in  —  .     Then  z  —  Zp  ^  0.555  corresponds  to  a  range  of  0.638  in  -  - ;     This  is 

more  than  five  times  the  uncertainty  in  -^  (viz.  0.12).  This  then  leads  us  to  con- 
clude that  the  parabola  can  not  hold  and  that  solution  must  be  made  without 
assumption  regarding  the  eccentricity. 


ai/ORT  MliTIIOnS  OF  DETERAflNJNG  ORBITS. 


411 


ILXAMPLK  NO.  h. 

DIRECT  SOLUTION  OF  THE  ORBIT  OF  A  MINOR  PLANET  WITH- 
OUT HYPOTHESIS  REGARDING  THE  ECCENTRICITY. 

For   a   direct    solution  of  the  orbit  of  a    minor  planet,  without    hypothesis 

regarding  the  eccentricity,  the  object  chosen  is   1909  HC.     The  details  that  are 

similar  to  those  of  previous  examples  are  not  given.     The  computation  by  R.  K. 

Young  and  H.  C.  Wilson  is  based  upon  three  observations  made  by  Mr.  Wilson 

at  the  Lick  Observator}\ 

A  Ic 


1910  Gr.  M.  T. 

I  Nov.   19.6507 

II  Nov.  26.748a 

III  Dec.     3.7632 


ix  (1910.0) 

3'     13'      3''-2 

3      13       30 
3      29     28  .6 


<S  (1910.0) 
+  23*     26'    40*.  9 
+  22      29     31  .3 
+  21      38     48.1 


Attention  is  directed  to  the  fact  that,  in  this  case,  the  right  ascensions  for  the 
first  two  dates  are  practically  the  same,  so  that  a  large  uncertainty  might  be 
expected  due  to  the  neglected  third  and  higher  differences. 


a;    -0.538875 

Y,     -0.759593 

'/'.    -  0.329503 


Solar  Coordinates. 

X„     -  0.430662 
Y„     -0.814331 

y,,   -0.353249 


A 
Z 


HI 


III 


-0.317074 

-0.856021 

-0.371338 


Owing  to  the  irregularity  of  motion  in  a  the  parallax  was  entirely  neglected. 


Solar  Velocities. 


log  AV 
log  IV 
log  yj 


9-961993 
9.59990611 

9.23727811 


A  lie 


log  iu' 
log  ix^" 


log// 

logCi 
logCa 

log  ^ 


8.29905 
9-51359 


9-17843 

9.22959 
9.932660 

9.894 I S 


log  ^V 

log  fi: 


1    ^ 

log;r 

log  A- 
1 
m 


9. 1 1 1 2 1 11 
9.05983 


A  IIIc 


9. 443  IS 

0.36895" 
8.71917 


log  (tan  6)^'        9,i7994n 


log  (tan  6), 


log  c 
log  J 


9.17794 


9-76525" 

9.91002 

125"  37'  20" 


+0.37433 

Entering  the  table  (Part  7)  with  these  values  of  ^  and  l^  tbe  value  of  .:•  was 
found  for  which  log  ::  0.41426.  vSubstituting  this  into  the  general  equation  for  j, 
as  shown  in  Example  Xo.  4,  the  final  value  of  r  is  found  to  give  log  c  0.41425, 
whence  log  p,,  ^  0.40s;5^». 

Using  this  value  of  p  the  middle  date  was  corrected  for  aberration,  and  a^^  and 
S^^  were  corrected  for  parallax. 
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A  Vc 


log  a-« 

0.44607 

log  -r./ 

9.42o66n 

log  Jo 

9.97642 

log  y: 

9.68296 

log  ^g 

0.1 2481 

log  z^ 

8.93672 

log  r. 

0.51007 

log  r,/ 

8.7050311 

logtf 

0.51023 

log  G.^ 

9.49009 

It  may  be  pointed  out  here  that  the  application  of  the  criteria  for  a  circular 
orbit  shows  that  these  observations  may  be  represented  by  a  circular  orbit  as  well 
as  by  a  general  orbit.  Examination  of  the  computation,  exactly  as  in  Example 
No.  3,  shows  that  the  uncertainty  in  r^  amounts  to  0.03.  This  is  far  greater  than 
the  diflference  between  i\^  and  a  which  is  only  0.002.  Further,  r^  will  not  aflfect  the 
definitely  known  part  of  G\  in  the  expression  /  ~  r^  (6^  —  ;v)-  Hence  we  could 
put  p  ^=  a  =  r^^  and  proceed  with  a  circular  orbit. 

However,  continuing  the  computation  for  the  general  orbit,  the  representation 

of  the  first  and  third  places  is 

I  III 

_        .Aa  cos  6  -    3^ 

^  '  fJ6  +13  - 12 

The  intervals  being  equal,  and  the  residuals  in  S  being  practically  equal  with 
opposite  signs,  it  is  seen  at  once  that  they  can  be  removed  by  an  arbitrary  change 
of  4  J  so  that  no  diflferential  correction  is  necessary.  Changing  log  Sq  from  8.93672 
to  8.92958  removes  the  residuals  in  declination. 

The  elements  were  not  computed  from  the  values  of  the  heliocentric  coordi- 
nates and  their  velocities  given  above  as  the  arc  w^as  extended  and  a  new  orbit 
computed.  This  second  orbit  was  derived  by  diflferential  correction  on  the  basis 
of  the  series  for  /i^,  tj/,  (^£'  and  is  given  as  Example  No.  9. 
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HX AMPLE  NO.  «. 

DIRECT  SOLUTION  AND  COMPLETE  ELIMINATION  OF  PARALLAX. 

To  illustrate  the-  method  of  the  complete  elimination  of  the  parallax  in  the 
case  of  a  direct  solution  the  orbit  of  Comet  e  1909  (Daniel)  is  selected.  The  com- 
putations were  performed  by  S.  Kinarsson  and  Miss  \V.  Aitkkx. 


I. 


The  observations,  reduced  to  1909.0.  upon  which  this  work  is  based  are 


1909  Or.  M.  T. 

I  December        11.74000 

II  December        15.7078S 

III  December        18.75589 


IX 

(1909.0^ 

rS 

(1909 

0)                   Observer. 

94" 

23'    43".3 

+  38** 

6' 

1 5*.  2                Aitken 

94 

29     59 .2 

41 

12 

20 .6                Aitken 

94 

30     46  .4 

+  43 

25 

59  -3                Aitken 

I  to 

(1909.0),  are 

• 
• 

a; 

-0.1093873 

X... 

-  0.0562684 

y. 

-0.S971793 

y... 

-0.9010569 

/. 

-0.3891974 

y... 

-0.3908799 

X,  -0.1780529 
Y,  -0.8882410 
'/',         -0.3853174 

The  velocities  of  the  solar  coordinates  for  the  middle  date  are: 

loR  X^        0.U04615 
loK  )V        8.994638n 
log  Z^         8.6322 ion 


Also: 


log  «,.' 

log  ix: 


8.148227 
9568359" 


log  (/«  -  /, )  0.598559 

log  (C-/o)   0.484016 


log  '>^o' 

log 's;' 

log  0„, 
log  h, 


II. 


9.883022 
9.932i62n 


8.834140 
8.719597 


log  (tan  ^\J       0.1 301 82 
log  (tan  (^\:'      9.468466 


log(C-/,)         0.8460S2 


Determination  of  /„p  and  p(,p  (general  parallax  factors).     Footnote,  page  313 


I 

H 

HI 

I 

11 

III 

a 

94'  -M' 

94^  30' 

94^  3»' 

COS  ^ 

9  '^:>59 

9.8765 

9.8610 

a,^ 

251       14 

3'>7    33 

MS    59 

sin  {»t   -   i\\  -^ 

9.594  *>" 

9-73f>7 

9-983« 

it    -    iX^ 

203      10 

14S    57 

i«'5     33 

log  /;v/> 

(•472211 

0.6312 

0.9243 

«• 

-22       49 

■    2.3    31 

■     10     24 

log^, 
cos  ^(9 

5-4943 
99646 

99633 

9.992^ 

log  I 

cos  ya  -   a  A 

sin  '^ 

9  4'^45" 
9  9^35" 

W.4775" 
9.9233" 

y.SiS7 

9  "75" 
9  427811 

9-8373 

COS  a,| 
log  Ji  A' 

.,,.507511 
4  9'i64 

9-7N9 
.S  '^4 15" 

y  ««»9 
5-479"" 

log  II 

sub 

9.71S" 

9-7"43" 
9-^4362 

9-2579" 
9-5S17 

sin  a^ 

9  97^3" 

y  '^f)i\\ 

vj.a'^ti'ti 

lo«r»          ' 

9  33*i'>" 

9.3«37" 

S.  (399211 

logJi  I' 

S^^*^-' 

5  35  ^"^ 

4.:«>'^3 

log  /;^',j 

u.i.i''7ti 

o.i2Jf4n 

M.5"79" 

sin  ^9 

Q-S^*^'" 

V-tviKUl 

9  25^'5ii 

log  Ji  Z 

5  0H29 

5-0953 

4 .  750>^ 

414 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY, 


The  geocentric  parallax  factors  [p^p)  were  taken  from  Publications  of  the  Lick 
Obsei^t^atory^  Volume  I,  all  of  the  observations  having  been  made  at  the  Lick 
Observatory. 


log/STP 

5i578n 

53168 

5.6099 

log  Aa^ 

5  518711 

5.581011 

5.45050 

add 

0.1570 

99230 

9.6470 

log  pji 

5.6757" 

5.2398n 

5.0975 

Formulw  page  313,  footuote. 

I 

II 

III 

cos  <5 

9.8959 

98765 

98610 

sin  a 

99987 

99987 

9.9986 

log  pji 

5.6757n 

5  2398n 

50975 

log  I 

557030 

5-"5on 

4  9571 

sin  ^ 

97903 

98187 

98373 

cos  a 

8.8849U 

889460 

8.89620 

log  piP 

3.189311 

3.9273 

4.19350 

log  II 

1.86450 

264060 

29270 

add 

.0000 

0.0015 

0.0040 

log  ^t  X 

55703n 

5.11650 

4.9611 

log  I 

4-45650 

4.010911 

3.8547 

log  II 

2.97830 

3.7447 

4.02940 

add 

0.0142 

9.9273 

9.6950 

log  J,  Y 

447070 

3.672011 

354970 

log  A,  Z 

30852 

3.80380 

40545 

^xX 

+  0.00000926 

—  0.00001744 

—  0.00003013 

J,  X 

-            3178 

1308 

+                914 

J  X 

-              279 

-              305 

—                210 

^,  y 

^-  0.00002724 

+  0.00002269 

~   0.00000587 

^.  y 

-          296 

—                47 

-               .35 

J  y 

1-          243 

■\-              222 

^-                 55 

^xZ 

\-  0.0<tOOI2IO 

1   0.00001245 

1    0.00000563 

J,Z 

4-                12 

64 

-f                "3 

J  z 

+              122 

}                 IlS 

*                  68 

log  t^ii 
log  /J^J 

add 
log  phfi 


4.8323 

4.8o8on 

48223 

4.8617 

8.3^70 

9.I193 

3.18930 

3.9*73 

4.i93Sn 


4.19350 


For  Middle  Date 

(A')  cos  D  cos  .'/  9.039o88n 

(A*)  cos  D  sin  ^\  9.952869n 

tan  A  0.91 3781 

-'/  263'*      2' 

A  -  ix^ 


sin  ,'/ 
cos  .-/ 
^R)  cos  D 
(R)  sin  D 
tan  D 

sin  D 
cos  D 
log  (A») 

sin  6^ 
logl 

C05«5^ 

COS  (.-/  -  tr;) 

log  II 
add 

log  C  =  COS  1^' 

log  s  —  sin  ttf 


168     32 

9.9967940 
9.0830120 

9956075 

9  5901570 
9.6340820 

9.5971450 

9.963063 

9.993012 

9.818730 
9.4158750 

9.876420 

9.9912640 

9.8307470 

0.141358 
9.9721050 

159'    41' 
9540590 


47^5 
48.3 


o*.o 


II 


III 


(A') 

-0.1780808 

-0.1094178 

-  0.0562894 

(3') 

-0.8882167 

-0.8971571 

-0.90105 14 

(^) 

-0.3853052 

-0.3891856 

-0.3908731 

Formula.'  page  313,  footoote. 


p 

X 

>' 

Z 

loK  J..  /',. 

4.9611 

3.54970 

4  0545 

logl 

5.5597 

4.14830 

4.6531 

log  J,  P. 

5.57030 

4.47070 

3.0852 

log  II 

6.«\M3" 

4»>547o 

35692 

add 

98324 

o.i.»63o 

0.0344 

log  numer. 

5.**Kf>70 

5  "1770 

4.6875 

loK  J,  /'„ 

5- 116511 

3  6724*0 

3-80380 

log  (lenoni. 

5.t/»y»n 

4.5iKni 

4.649911 

log  d,  ;  d^  ;  d. 

9.2<.)5in 

03343 

0.32020 
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colog  i^Rf 

log  2  ,   J- 

add 

1<«[    ] 
log  J,  .V, 

/cos  a 


Auxiliary  Quantities,  y,  <7,  etc. 
Pormulse  pages  313  and  315,  footnote. 


log  2 


d. 


b  6 
add 

log[    ] 

log  A  y. 

j  sin  a 


log  2 


d. 


6  0 
add 

log[    ] 
log  ^^  Z^ 
i^%d 

tan  a 
a 

sin  a 
cos  a 
logy 
tan  d 


0.0210 
1.95240 

9.9949 
1-94730 
5.11650 
7.0638 

3.0816 
0.0004 

3.o8ao 

3.672on 

675400 

3067511 

99996 
3.067  in 
3.8o38n 
68709 

9.6902n 

333"    54' 
9.64350 

9.9533 
7. 1 106 

9.7604 


log  a;  J,  a; 
log  >:  J.  W 

add 
sum 

log  Z^  -^i  Z^ 

add 
log  A*,  J,  R, 

log  -^i  Rh 


41556 

36249 
0.1121 
4.2677 
3.3940 
0.0545 
4.3222 

4  3292 


From  formulae  A  III  we  have 


logr 
log  *P 


9.6669080 
97872310 


log 


then 
V 


..(.  -  f ). 


9  74130 


0.1907 


a  -  ix 

239"    24' 

logy 

7.1106 

logr, 

993490 

logf, 
colog  (2  *) 

9.93490 

9  9ii8n 

cos  {a  - 

fl') 

97068 

log/3 

7.14800 

log  ^3 

6.8i74n 

tan  <?^  99423 

log  tan  <5^  cos  (a  -  a)  9  64910 

tan  d  9-7604 

.sub  0.2489 

log  Ti  0.00930 

log  y  9  9256 


Formula.'  page  315,  foot-note. 
Computing  C^A')'  from  Ax, ,  JaV,,  aod  Jx^  from  the  same  formulae  used  in  gettiog  a/  from  a^  ,  (X^  aod  cr^, ,  aod  similarly  for 


iJyy  and  (Jzy  their  values  arc  log  (JX)'  =  5  9341  ,  log  (J )'/  =  6.28670  aod  log  (JX)'  =  5.75190 

Then 

P  X 

log  P^'  0.004615 


log  (J  py    59341 

add 

sum 

log  III 

add 

log  [py 


0.000037 

o  004652 

6.0426 

0.000048 

0.004700 


8.99463811 

6.28670 

O.OC0850 

8.9954880 
7.14670 

o  006109 


Z 

8.6322100 

5.75190 

0.000572 

8.6327820 

7.09030 

0,012278 


9.ooi597n     8.645o6on 
From  III  we  have  log  A'  =  9.702125,  and  log  ///  =  9'8237i5  ;  hence 


log  Cx  <iy'  8  15750 

log  c,  (tan  <5)o'  0.06510 

add 
log[     ] 

logy 

colog  N 
log  Jh 


0.0053 

0.07040 

7.1106 

0.2979 

7.47l^.> 


log  3'-^.  /?. 
log  R. 

log  ;;/ 
log  I 


IVc 

4.8063 
9.993  J 


^\    ) 


log  II  =-- 
add 


J  H 
R„  cos  6^ 


4.8133 

0.0000 

y.823715 
9.823715 

7.'i'95 
ti.(K)2644 


log  (;//)  9.^26359 

This  completes  the  computation  of  the  auxiliary  quantities  necessary  for  the 
complete  elimination  of  the  parallax.  The  values  of  both  (;//)  and  ;;/  are  used  in 
the  solution  of  the  general  equation  when  solution  is  made  without  hypothesis 
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regarding  the  eccentricity  as  indicated  in  the  Synopsis  of  Formulce^  page  317. 
For  a  parabolic  solution  this  last  quantity  is  not  needed,  and  the  computation 
of  the  auxiliaries  stops  with  the  determination  of  [A^]',  [i]'  and  [^]'.  The 
remaining  portions  of  the  computation  are  exactly  like  those  already  given  in 
previous  examples  and  will,  therefore,  be  omitted  here. 


SUPPLKMENTARY  DISCUSSION. 

Following  the  lines  of  the  complete  discussion  of  Example  No.  i,  we  have: 

t„-t.  3.9679  ^^"^/  375''.9  ^. -^.  iii65'.4 

C-^«  3.0480  *t«,-<^  47.2  ^m-^»  8018.7 

On  the  basis  of  a  3.5  day  interval  these  give  : 

33i*.6  92o8*.6 

276^.8  638'.8 

54  .2  9848  .8 

Mean  193  Mean  9529 

The  means  193"  and  9529"  in/i  and  f\  respectively  are  the  principal  quanti- 
ties upon  which  the  velocities  depend.  The  ratios  of/"  to/'  are  then  1.4  and  0.07 
respectively.  Assuming  a  like  ratio  to  connect/'"  and/"  we  would  have/T  =393" 
and/'i'  —  43".  The  velocity  and  acceleration  are  more  determinate  in  5  than  in  «. 
The  error  in  a\  due  to  the  neglected  third  differences  is -J'  =66".  Comparing  this 
with/'  it  is  seen  that  the  error  in  a'  is  about  J  a\     In  a"  the  error  is 

3         0-    =     -3-   3.5=^'- 

Comparing  this  with/",  the  principal  part  of  a",  it  is  seen  that  the  error  in  «"  is 
about  g  a\     Similarly  the  error  in  (5'  is  about  ^.j^^^  5',  and  in  5"  it  is  about  j^^  5". 

On  account  of  the  great  uncertainty  in  ol  we  can  conclude  here  that  it  is  not 
worth  while  to  take  into  account  the  complete  elimination  of  the  parallax.  It  is  to 
be  noted  here,  moreover,  that,  for  the  mere  representation  of  the  observations 
used  in  determining  the  orbit,  it  will  be  ver^^  seldom  that  the  complete  elimination 
should  be  used.  It  has  been  given  here,  however,  in  complete  detail  merely  for 
the  purpose  of  showing  by  an  example  how  it  is  used.  In  first  orbits  these  con- 
siderations are  of  more  theoretical  than  pra^ctical  value. 

A  glance  at  the  parallax  factors  shows  that  even  for  a  small  p  the  pi  would 
not  exceed  the  errors  of  observation,  and  could,  therefore,  be  omitted  from  the 
computation  without  loss  of  accuracy. 

Further,  the  differences  between  the  successive  values  of  p^p  are  constant, 
viz.,  6".2,  hence  their  second  differences  equal  0.  But  advantage  has  not  been  taken 
of  these  ideas  here,  for,  as  noted  before,  we  give  the  complete  elimination  of  the 
parallax  for  the  sake  of  an  example. 

Let  us  now  investigate  the  influence  of  parallax  upon  the  accuracy  of  2'.  The 
computation  for  N  A  Ilia  shows 

N  =  0.0000  +  0.4995  +  0.0041. 
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The  accuracy  of  A/'  and  therefore  of  ^^  depends  upon  that  of  the  second  term 
which  involves  a".  Since  the  second  differences  of  />aP  are  0,  the  accuracy  of  z 
will  noi  be  affected  by  the  neglect  of  parallax.  (The  actual  numerical  value  may 
be  affected). 

In  order  to  test  the  workings  of  the  complete  parallax  elimination  numerically 
three  orbits  of  this  comet  were  computed  from  these  same  observations  (those 
given  at  the  beginning  of  this  example).  One  was  computed  neglecting  parallax 
entirely;  in  the  second  the  parallax  was  completely  eliminated  as  illustrated  here; 
and  in  the  third,  the  three  observations  were  corrected  for  parallax  at  the  start  on 
the  basis  of  the  values  of  p  found  for  the  dates  of  observation  from  the  second  orbit. 

All  three  will  represent  the  observations  upon  which  they  are  based,  on 
account  of  the  short  intervals.  While  the  accelerations  are  not  affected  by 
neglecting  parallax,  the  velocities  will  be  affected  by  neglecting  the  /^  of  the 
parallax  factors,  viz,  6".2.  This,  however,  will  not  become  appreciable  until  we  try 
to  represent  a  place  with  a  long  interval,  as  .r^,  /q  and  Cq  are  multiplied  by  ^  in 
such  representation. 

Let  us  call  the  three  orbits  (a),  (b),  and  (c)  respectively  in  the  order  given 
previously.     The  values  of  ^  resulting  for  these  are  : 

«^ 

(a)  0.4283  (Parallax  neglected) 

(b)  0.4364  (ParaHax  completely  eliminated) 

(c)  0.4370  (Observations  corrected  for  parallax). 

The  second  and  third  agree  within  the  uncertainty  of  calculation.  By 
neglecting  parallax,  however,  we  get  a  difference  in  c  of  0.0084.  (This  difference 
would  have  been  greater  but  for  the  fact  that  /^  in  the  parallax  factors  is  constant, 
and  pip  is  so  small  for  all  three  places.) 

The  resulting  representations  of  the  first  and  the  third  observations  for  the 
three  orbits  are : 

O  -  C  (a)  (b)  (c) 

tV^  +""  +^3*  +12" 

dS,  -36  -38  -38 

c1/r.,  -   8  -    7  -   6 

d^,»  +17  +15  +14 

On  account  of  the  short  intervals  (small  ^)  the  representations  are  practi- 
cally the  same  for  all  three  orbits.  But  compared  with  an  observation  taken 
1910,  March  3,  two  and  one  half  months  after  the  date  of  the  middle  observa- 
tion (the  epoch),  the  residuals  are : 

(O  -  0  (a)  (b)  (c) 

cVf  -9'.8  -5'-4  -5'.o 

^^  +6.5  -2.0  -2.7 

The  last  two  are  practically  the  same  and  are  much  better  than  the  first. 
Therefore  we  would  get  a  much  better  epheiiieris  by  making  the  complete  elimi- 
nation of  the  parallax.  This,  however,  is  only  of  theoretical  interest  as  we  would 
have. a  second  or  later  orbit  from  long  intervals  for  an  extended  ephemeris. 
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EXAMPLE  NO.  7. 

DIRECT  SOLUTION  IN  THE  CASE  OF  MULTIPLE  MATHEMATICAL 

SOLUTIONS,  AND  APPLICATION  OF  THE  CRITERIA  FOR  THE 

DETERMINATION  OF  THE  PHYSICAL  SOLUTION. 

This  is  an  example  for  the  direct  solution  of  an  orbit  in  the  case  of  three 
mathematical  solutions,  showing  the  application  of  the  criteria,  page  291,  for  the 
determination  of  the  physical  solution.  The  object  chosen  is  Comet  a  1910.  The 
orbit  has  been  derived  from  short  intervals  by  Miss  Sophia  H.  Levy. 

The  observations  referred  to  1910.0,  inclusive  of  the  aberration  terms,  are: 


[910  Gr.  M.  T. 

u  (1910.0) 

<5  (1910.0) 

Place  of  Observation 

Jan.  18.1287 

303-    32'    52" 

-  20"    53'    27* 

Rome 

Jan.  19.0166 

307        I       0 

-17      43     31 

Algier 

Jan.  20.0266 

310      II     24 

-  14      25     38 

Algier 

Exactly  as   in    Example    No.    i    the    following  values   were    found   for   the 
auxiliary  quantities: 


la 


a; 

+0.470804 
-0.792680 
-0.343865 

logAV    9951520 
log  V;   9.645695 
log /To'    9.283051 

log  R      9.992992 
A        300*  42'  28* 
D       -20    27    15 

tf^ 

6'  33'  20'' 

log 

^     9-997151 

Ila 

log  s       9.057539 

log  it^' 
log  (»," 

0.557023 
i.67o86on 

log  6, 
log<5, 

;  0.541683 

/    i.252009n 

log  (tan  (5)/    0.583929 
log  (tan  6)^"    i.45o666n 

Ilia 

log// 

i.5io32n 

log  ^ 

o.6o4i2n 

log 

N       1. 79951 

log  Ci 

8.74264 

log'^ 

0.33778 

log 

H         7.5"96 

log  C, 

9.04095n 

log  a^ 

0.62217 

log  r7. 

9.63653 
IVa 

log 

a,        0.49703 

log  a- 

I  39873 

^'^        +O.01176 

• 

+  0.81794 

log  if 

0.63606 

log/' 

9.24434 

// 
s 

+  0.73413 

log  a; 

-    0.01382 

log^ 

8.92332 

1 
m 

-274.72 

Since  /'  >  0  and  r  >  0,  according  to  (49)  page  288,  three  parabolic  solutions 
are  possible  if  \~f)    +  \\}  ^^  negative.     The  computation  gives 

(-f)'+  (4)' --0.00006. 
We   have    then    a  case  where   three    mathematical   parabolic   solutions   are 
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possible.      The   graphical    solutions    for  s  (denoting   the    three    values  of  r  by 
s{y  sfi  and  2^)  give 

zf  -   1.0167  ;  :J*  =  0.8643  ;  zf  r    0.6348  . 

Owing  to  the  difficulty  of  interpolation  in  the  parts  of  the  Table  (Part  7) 
where  -  -  —  274  and  iff  is  less  than  10°,  it  is  more  convenient  to  determine  the 
values  of  £•  corresponding  to  the  general  solution  through  the  solution  of  equation 
(27),  page  240.  From  the  Table,  taking  account  of  third  differences  the  two 
values  of  z  are  1.09  and  0.88.  The  solution  of  the  equation  gives  (denoting  the 
two  solutions  by  z\  and  z^^ 

z\       l.OSOi);  :?-- 0.8810. 

We  have  now  to  determine  whether  one  (and  which  one,  if  any)  of  the  three 
parabolic  solutions  agrees  with  one  of  the  general  solutions,  within  the  uncertainty 
of  the  solution.  At  first  glance  it  appears  that  the  best  agreement  is  between 
z^i  and  z\ .  The  parabola  resulting  from  z^,  is  therefore  the  preliminary,  assuming 
that  the  uncertainty  of  z\^  which  is  to  l)e  investigated  at  once,  is  not  materially 
less  than  the  difference  between  r$  and  z\ ,  otherwise  the  parabola  must  be  com- 
pletely discarded.  Or,  in  case  the  next  difference,  that  between  z\  and  z\^  should 
also  come  into  consideration  from  its  being  smaller  than  the  uncertainty  in  z\ , 
naturally,  a  definite  decision  would  not,  in  general,  be  possible.  Such  an  uncer- 
tainty^ however^  is  excluded  in  consequence  of  the  discussion  in  Part  7.* 

The  geocentric  motion  being  large,  the  uncertainty  of  the  solution  depends 
{cf.  page  270)  upon  the  errors  of  observation  (in  this  case  parallax  has  been  neg- 
lected), and  upon  the  third  and  higher  differences  of  the  geocentric  motion^  which  zuere 
neglected  in  determining  a^^  (Jq  ,  a^  ,  6'^  . 

On  account  of  the  great  difficulty  in  observing  this  comet  the  resulting  error, 
error  of  observation  combined  with  the  error  arising  from  neglecting  the  geocen- 
tric and  barycentric  parallax,  can  be  placed  at  about  15". 

Reducing  the  differences  of  the  observed  oc  and  6  to  correspond  to  1  day 
interval  we  have 


•'a  •    a 


.'  «  .'6 


140(>4".7  12834".7 

11355  .8      ^^^^  •''  11802_.2       ^^^  '^ 

12710  123is 

The  numbers  12710  and  12318  are  the  average  values  of  y"'^and/J,  respectively, 
and  are  the  principal  values  in  determining  a[^  and  5[, ,  respectivelj'. 

Let  us  denote  the  errors  of  observation  for  the  three  observations  by  e, ,  e,, , 
and  ^,,,,  respectively.  Under  the  assumption  o{  e  -  e,  =  e,,  —  e,,,  15"  ,  and  also 
with  a  choice  of  sign  such  that  the  errors  do  not  neutralize  each  other,  but  numer- 
ically augment,  we  have,  according  to  page  272  (case  of  equal  or  nearly  equal 
intervals),  as  the  maximum  error  of  a  and  (S'  the  value  e  or  15" ,  and  for  the  inaxi- 
mum  error  of  ct"  and  6"  the  value  \e  or  GO" ,  since  the  constant  interval  i  is  unity. 
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Tlierc  now  remains  the  estimation  of  the  error  caused  by  the  neglected  third 
differences /"' and/'"  (</■  page  274).  The  ratios  of /"  to /' in  a  and  <5  are  0.225 
and  O.SSS,  respectively.  If  we  assume,  further,  the  same  ratios  of  f"  lo  /'\  we 
shall  have  /'"  —  644"  and  /"'  -  iJl",  signs  not  being  taken  into  consideration.  The 
differences  here  beiug  referred  to  a  one  day  interval,  we  have,  then,  from  (21),  page 

275»  "^i"  -  e  ^-  122"  to  compare  with  f\  -  12710" ,  and  ■^,-  -^.-  e  =  30"  with  f\  =  12318", 
in  order  to  ascertain  the  ratios  as  the  error  ?rto  to  "oi  and  ^K  tu  6'^,  respectively. 
These  gave  ""an^  y^^oi  and  ■''^u  =  ^„  *5,', . 

In  order  to  estimate  the  error  in  «,"  ,  we  have  to  compare,  (17)  page  274, 
^  -  -^^  +  4tf  =  y  ■  ^  -i  60"  =  85'*  with  /I'  2860".  Hence  the  error  i^ao  -  ^  "o  • 
Similarly  we  find  the  error  JJiS^' =  ^-  6'^ . 

Further,  the  computation  gives 
y=u'„*  tan  rf„  —  <  (tan  tf);  +  <  (tan  (J)!,'  =  —  14.987  H   179.800  -  101.786  =  63.027. 

It  is  seen  that  the  last  two  terms  are  the  decisive  ones  for  determining  the 
accuracy  of  N.  And  in  these  the  most  uncertain  quantities  are  a'^'  and  S'^' .  The 
principal  part  of  the  uncertainty  of  the  second  term  is  then  ^  of  its  value,  or  a 
little  more  than  5  units.  Similarly  the  uncertainty  of  the  last  term  is  w  of  its 
value,  or  about  6  units.  The  maximum  uncertainty  in  A' is  from  tiiis  assumed  to 
be  about  11  units,  or  0.17  of  its  value. 

Kor  —  the  computation  gives  the  value  —274.72,  and  fur  it'  the  value  6".58. 
Since  A'' and  --  are  proportional  to  each  other,  the  maximum  uncertainty  of  —  is 
±  0.17  (274.72)  =  ±47  units.  Since  several  orders  of  differences  would  have  to  be 
taken  into  accouut  in  the  Table,  it  is  not  convenient,  in  this  case,  to  draw  upon  it 

for  an  approximate  value  of  the  differential  coefficient  ' '«  But  a    formula  for 

?•- 
this  can   be   derived   through   the  differentiation   of  the   equation  (27)  page  240. 
Putting,  for  brevity,  j^  —  2^^  +  1  ^-^  =  a'  we  get 

«_  _    1    13  I'  -  '■>         1  1   . 
3z     -  V  I  —^  m  J 

For  the  two  general  solutions,  the  values  of  log  r  corresponding  to  rl  and 

.?^:  are  given  by  log  ;■■{=  9.16743  and  log  rS  =  9.19766,  respectively.     We  have  here 

then  for  ?^,  =  ^z-,  =  0.01 

1.     c-'-^=  38.15;  2.     3J^  =  —33.16. 

The  sign  of  3-^  is  naturally  of  no  consequence.  Since  the  approximate 
uncertaintv  of  -/-  -  ,  derived  above,  is  equal  to  47,  we  get  for  the  uncertainty  of  s 
for  the  two  general  solutions 

=  0.0123;  J:^^  0.0142. 
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Therefore^  having  regard  to  the  uncertainty  of  solutions^  there  is  agreement  only 
between  the  second  parabolic  solution^  for  tvhich  z^i  0.8643,  with  the  SECOND 
GENERAL  solution^  for  which  z\  -—  0.8810,  since  the  diffe7'ence  z%  —  z{  ■-  0.0167  is  but 
slightly  greater  than  the  uncertainty  Jz^  ==  0.0142.  Both  of  the  other  parabolic  solutions 
are  therefore  to  be  discarded. 

It  is  true  that  the  parabolic  solution  z^^  lies  a  little  outside  of  the  limits  for 
agreement  with  the  general  solution  z\\  but,  since  the  uncertainty  in  the  general 
solution  can  only  be  approximated,  as  above,  there  is  no  reason  at  hand  for  dis- 
carding the  only  parabolic  solution  that  can  come  into  consideration. 

In  accordance  with  the  present  custom  in  astronomy  of  considering  the  para- 
bola the  solution  when  the  observations  can  be  represented  by  both  a  parabola 
and  a  general  orbit,  the  computation  was  continued  with  the  value  ^^  exactly  as 
illustrated  in  Example  No.  1. 


422  PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 

KXAMPLE  NO.  8. 

EXAMPLE  SHOWING    CHANGE   FROM  PARABOLA  TO  GENERAL 

ORBIT  DURING  A  DIFFERENTIAL  CORRECTION. 

In  order  to  illustrate  the  ease  with  which  the  change  from  a  parabolic 
hypothesis  to  the  hypothesis  without  assumption  regarding  the  eccentricity  can  be 
made,  the  orbit  of  Comet  e  1906  (Kopfk)  is  chosen.  This  affords  also  an  example 
of  what  may  be  termed  '^cooking'',  an  arbitrary  process  by  means  of  which  one  or 
more  differential  corrections  may  be  avoided.  The  computations  were  made  by 
R.  T.  Crawford  and  A.  J.  Champreux. 

The  observations  upon  which  the  work  is  based  are  those  of  1906,  August  24, 
September  5,  and  September  15  given  under  example  No.  2,  page  399.  Using 
the  velocities  and  accelerations  found  in  that  example  by  the  aid  of  five  observa- 
tions a  parabola  was  computed  giving  the  following  data: 

log /ay         0.18 1836 

log^o       0.374444  logru'       9.856309 

log>'o       9900377  log>'o'      9.620749 

log  To  9.II6388  log  To'         9.519014 

logro       0.398224  logro'       9-751731 

log/        9.999583  log^,       9.3^34700 

log/.,       9999600  logjT*/      9-238024 

and  the  representation  of  the  First  and  the  Third  Places 

I  III 

(O  -  C)  i  ^^^         ""    '^'   ^^"-5  ■•'    °'   ^^'^ 

(  c^<5  -    5    54.1  -    3    40.7 

The  computation  of  the  differential  correction  by  [VII],  using  the  series  for 
zf  and  Zg  gave 

log  P,        9.0177611  log  Q,       9.560350 

log  P^       8.63205  log  2»       9-50890 

log/*,,       7.931270  log  {2.,       6.732170 

log/",,,    8.4313211  ioR2r,,    8.49383 

Using  P.^^^  and  ^.^^^  for  P  and  Q  the  solution  of  the  parabolic  equation  for 


3po  gives 

• 

log  t1p(. 

log  d-r» 
log  dya' 

log  ^ru' 

939320 

8. 1558611 
8.5677111 
8.54042n 

and  since 

log  -  - 

9.96627 

we  have 

log  tiri. 

9.35947 

9-5336in 

log  tVo 

8.926810 

log  ^- 

9.21661 

log  d^o 

8.60981 

Applying  these  corrections  to  get  the  new  heliocentric  coordinates  and  their 
velocities  and  computing  the  representation  we  find 


I  III 

(O  -  C)  \  "^'^  "     °'    ^^"-^  "^    °'     ^"'^ 

dS  -      II      49  .7  -     o     30 .7 
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Compariug  these  residuals  with  those  we  tried  to  remove  it  is  seeu  that  on 
the  whole  there  is  no  improvement.  But  the  material  difference  is  that  in  the 
last  set  most  of  the  error  has  been  forced  into  the  first  declination.  Seeing, 
therefore,  that  we  can  expect  no  improvement  in  the  residuals  under  the  para- 
bolic hypothesis,  this  has  to  be  abandoned  and  solution  made  without  hypothesis 
regarding  the  eccentricity.  At  this  point  is  seen  one  of  the  most  important  features 
of  Leuschner^s  Afethod.     All  that  has  to  be  done  now  is  to  return  to  the  /^  and  Q 


expressions  and  solve  for 

dp  by  dp 

Q     - 

^^  '■HI 

'' .     Doing  this 

log  c'^/Jo 

9.7649611 

log  c^JTo' 

9.4992411 

log  t^.lo 

9' 73 1 2311 

log  Ako' 

9.3631 I 

log  dyy^ 

9.29857 

log  tiro' 

7.9469711 

log  O^u 

8.9815711 

Applying  these 

we  have 

log  ^(1 

0.26240a 

log  .Vo' 

9.604906 

log  JK" 

9-775354" 

logj'n' 

9.81 1791 

log  Zis 

8.542685 

log  Z» 

9.507221 

log  r,, 

0.284378 

log  ro' 

9.273669 

which  give 

I 

III 

log/           9.998681 

9.999103 

log^           9.3i3245n 

9.237867 

^^-^Al'i 

+     2' 

+     2 

22".! 
22  .5 

+     0'    2*.  9 
+     2      I  .3 

These  residuals  are  due  to  the  fact  that  the  initial  residuals  were  too  large  to 
be  removed  entirely  by  the  linear  relations. 

By  comparing  them  with  those  to  be  removed  at  the  start,  and  assuming 
that  the  linear  relations  in  the  equations  for  da  and  dS  are  hereafter  sufficient,  it 
is  seen  that,  if  we  now  apply  to  our  last  values  of  -i;,,jj'o,  r^,  and  their  velocities 
corrections  which  come  from  a  dp ,  dx^^  d}\^  and  d.":^  amounting  to  [9.54449n]  of  the 
corrections  ap,  etc.,  from  the  foregoing  solution,  the  residuals  will  be  considerably 
reduced. 

Doing  this  we  arrive  at  an  orbit  which  gives  residuals 

(O  -  0 

These  were  then  removed  by  the  application  of  two  more  differential  correc- 
tions.    The  first  left  residuals  of 


I 

III 

da 

-     0'    4i''.7 

+     0' 

6".  7 

d^ 

I      12  .1 

-     0 

34-3 

III 


(o-c)}^;! 


+      3.0 
+       2  .5 


+ 
+ 


O".! 


I  .9 


The  last  differential  correction  removed  these.  This  final  differential  correc- 
tion was  very  simple  as  it  was  performed  with  the  same  values  of  the  coefficients 
Ay  By  and  C  as  were  derived  for  the  preceding  difierential  correction. 

The  eccentricity  of  the  resulting  orbit  is  0.52  and  the  period  C:-;  years. 

This  orbit  was  computed  before  Professor  Lhusciinkr  had  derived  either  his 
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criteria  for  the  feasibility  of  a  parabolic  solution  or  the  closed  expressions  for  df 
and  zg  so  that  on  the  one  hand  a  direct  parabolic  solution  was  performed  and  on 
the  other  hand  the  solution  of  the  differential  corrections  was  made  with  the  series 
forms  for  a/ and  ^g.  Had  the  criteria  and  the  closed  expressions  been  available, 
a  general  solution  would  have  been  made  in  the  first  place  and  the  numerous 
approximations  to  remove  the  parabolic  residuals  would  have  been  unnecessary. 


5//()A'7'  .UEfNOnS  or  D/iT/iR.UIX/XG  OAWi//\S. 
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EXAMPLK  NO.  9. 

DIFFERENTIAL  CORRECTION  OF  A  DIRECT  SOLUTION  OF  THE 
ORBIT  OF  A  MINOR  PLANET  USING  THE  SERIES 

FOR  /,  jsr,  .y,  AND  i|i^ 

For  an  example  of  a  differential  correction  of  a  direct  solution  of  the  orbit  of 
a  minor  planet  using  the  series  for  y",  ^,  0/^  and  t^  the  computation  is  here  jjivcn 
for  the  orbit  of  1909  HC.  The  direct  solution  for  the  orbit  of  this  minor  planet 
has  been  given  as  Example  No.  5.  Instead  of  using  the  same  observations  as  for 
the  direct  solution  the  arc  is  extended  so  as  to  use  observations  of  November  7 
and  December  18  for  the  first  and  third  places,  respectively.  The  middle  place 
(November  26)  of  the  direct  solution  is  here  retained  as  the  middle  place  for  the 
differential  correction.  The  computations  were  made  by  R.  K.  Ycutnc;  and  checked 
by  O.  W.  Lanzendorf. 

The  observations  used  here  were  made  by  Mr.  H.  C.  Wilson  at  the  Lick 
Observatory.     Reduced  to  1910.0  they  are: 


1910    Gr.  M.  T. 

I  Nov.     7.8205 

II  Nov.  26.7480 

III  Dec.   18.6262 


a  (1910.0) 

3'    50'    24*.  3 

3  13       3  .0 

4  54      19  .5 


6  (1910.0) 
+  25"     II'     io*.5 
22      29     31  .3 
+  20      14     51  .9 


A',  -0.7000428 
y,  -0.6429179 
/,      -  .02788955 


Solar  Co<)rdi  nates. 

A'«  -0.4306623 

)'„  -.08143311 

^.  -  0.3532487 


a;,,  -0.0628037 
K,,  -  0.9007035 
^o,    -0.3907160 


The  direct  solution  (Example  No.  5)  gave  the  following  quantities: 


log  A'o 

log^o 

log  -„ 
log  /-„ 


0.446074 
9.976418 
0.124811 
0.510072 


log  .r„' 
log  .v,/ 
log  r,/ 

log  r,: 


9.4206611 
9.68296 
8.93672 
8.70503n 


log  A,  0.41425 

log  A'  cos  ^    9>7594ii 

«0 


log 


r 


9.9649 
8.7148 

9-5«27 


Computing  the   residuals  for  the   first  and   third   places   (November   7  and 
December  18,  respectivelj-),  we  find: 


1 

III 

I 

III 

logs 

951265 

9-5755^ 

+  25'      9'    .53*.^ 
-25      II      II. 5 

^Vi"     14'    4-/.  I 
+  Vi      14     52  .8 

log/ 

9.999325 

9.999088 

o-c, 

?*? 

+  77.9 

+     3-7 

logjT 

9.512430 

957526 

log  P 

0.381618 

0.448477 

^« 

3*    50'    23-.8 

4' 

54'    47" 

•9 

^. 

3      50     26  .8 

4 

54      19 

.8 

/>a 

-r      2''.5 

.     0^3 

'O-Cl 

?a 

+    3  .0 

-  28 

.1 

PK 

-*       I  .0 

*     0 .9 
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The  complete   computation   of  the   differential   correction   to   remove    these 
residuals  is  given  in  the  following: 


Differential  Correction. 


00 


log  (»„' 


log  4  ''•' 


log  ft^  0.4084 

log  R  cos  i'  9*7S94n 

sub  0.0879 

log  (fi  -  R  cos  ^')  0.4963 

log  r,  0.5101 

cos  p  9.9862 


'--  « 


0 


sub 

log[    ] 
log  II 

log  (I  =  3  «  »,  "») 
sub 


log( 

logn 

log  I 
add 

log  /«, 


) 


9.420711 

92431 

0.2212 

9.641911 

8.17990 

9.9485 

0.0073 

9.9558 
7.6007 

9-9643 
0.0019 

9.9662 


y         - 
9.6830    8.9367 

8.7734    8.9218 


9.9429 
9.6259 
8.1639 
9.4788 
9.9784 

9-4572 
7.1021 
8.7142 
0.0105 
8.7247 


8.5430 
7.4648 

6.0028 

9.6272 

9-9999 
9.6271 

7.2720 

9.5820 

0.0021 

95841 


A  VIIc 

log  4  V 


log 


COS  ft 


2  f 


.  i 


8.7970 

log  3  %..' 
log  3  'Jr 

9.5024 
9.6282 

7.6449 

log  0,„» 

8.5380 

log  0,» 

8.7267 

a) 

.r 

y 

JV 

log  II 

8.368611 

8.3526 

6.1915 

log  (I  =  3  4,«f.g 

0.0743 

9.6046 

97530 

add 

9-9913 

0.0236 

0.0001 

log(     ) 

0.0656 

9.6282 

9-7531 

log  II 

7.7105 

7.2731 

7.3980 

log  I 

9.9640 

8.7139 

9.5818 

add 

0.0024 

0.0155 

0.0028 

log  /»,„ 

9.9664 

8.7294 

9.5846 

log  siu  a 
log  cos  u 

log  /^  cos  a 
log  /^  sin  a 
sub 

log[     ] 
logp 

log^ 

iog.(r 

logC 


I 
8.8259 
9.9990 

8.7^37 
8.7921 

9.2319 
7-9556n 

0.3816 
7-574on 

9.5i24n 
9.130811 


III 
8.9327 
9.9984 

8.7278 

8.8991 

9.6844 

8.4i22n 

0.4485 

7.963711 

9-5753 
9.1268 


log  /^  sin  a 
log  /].  cos  It 

add 
logC     ) 
sin  «5 

log  (     )  sin  «5 
log  /^  cos  S 

sub 

log[     ] 

log^> 

log^ 


I 
7.5506 
99652 

0.0017 

9.9669 
9.6286 

9.5955 
9.5408 

9.1278 
8.6686 
0.3816 
8.28700 


m 
7.6621 
9.9648 
0.0022 
9.9670 

95392 
9.5062 

9-5569 
9.0928 

8.599on 

0.4485 
8.1505 


Determination  of  P.   ,     /\     ,     Q^  ,  and  Q.     . 


<^,.  -  <^ 


+  1°    4'     24^1 
sin  (<r„^  -  <r,)  8.2691 

C,  C,„  sin  {a,„  -  a,)        6.5627n 


C,u  cos  a,,,  IS,  a, 
C,  cos  a,    ^,  a,, 

sub 
log  numer. 

log/'. 

A,    Ccosa,,, 
A,,,  C,    cos  a^ 

sub 
log  nunier. 

logCx 


4.2456 
5.2.^64 
9.9532 

5.i896n 
8.6629 

6.6992n 

7.0935 
0.1472 

7. 2407 n 

0.7140 


log  ^,  CL, 

5.II94 

log  t^,  oc,„ 

6.io66n 

C„.  sin  a,„  1\,  a, 

3.1789 

C,   sin  ix,    d,  ^^u, 

4.0633 

sub 

90393 

log  numer. 

4.oo26n 

log  P^ 

7-4759 

A,    C,„  sin  a,„ 

5.63350 

A,„  C,    sin  it, 

5.9204 

sub 

0.1809 

log  numer. 

6.10130 

lOggy 

9-5746 
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I 

III 

I 

III 

log  (2x  COS  a 

0.7130 

0.7124 

log  P^  cos  tt 

8.6619 

8.6613 

log  Qf  sin  <r 

8.4005 

8.5073 

log  P^  sin  a 

6.3018 

6.4086 

add 

0.0021 

0.0027 

add 

0.0019 

0.0024 

log(    ) 

0.7I5I 

0.7151 

log(     ) 

8.6638 

8.6637 

log  C  an  8 

8.7594n 

8.6660 

log  C  sin  6 

8.75940 

8.6660 

log  II 

9  47450 

9.381 I 

log  II 

7.4232n 

7.3297 

log  (I  =  B) 

8.287on 

8.1505 

log  (I  =  ^S) 

6.5761 

5.2537 

add 

0.0273 

0.0248 

add 

9  9335 

0.0036 

log  numer. 

9.5oi8n 

94059 

log  numer. 

7.35670 

7-3333 

log  C  cos  6 

9.o875n 

6.0991 

log  C  cos  <5 

9.o875n 

9.0991 

log  a 

0.4143 

0.3068 

log/'. 

8.2692 

8.2342 

Determination  of  the  Correction  ^p« ,  etc. 

Jog  Z',,. 

8.2342 

log/'. 

8.6629 

log/'. 

7.4759 

log/',, 

8.2692 

log  Gx  ^ih 

8. 1 169 

log  Q,  d 

Po      6.9775 

sub 

8.9240 

sub 

9.8546 

sub 

9.8342 

log  (P....  -  p.,) 

7.1582c 

I 

log  c^.tV 

8.5175 

log  tVo' 

7.3101 

log  e.,„ 

0.3068 

log  />„ 

8.2692 

log  /',.. 

82342 

logC, 
sub 

0.4143 
9-4485 

log  Q„  Of^o 

sub 

7.8172 
9.8108 

log  G,,. 
sub 

^Po   7.7097 

9.8458 

log  (a,,.  -  20 

975530 

I 

log  dso 

8.0S00 

log  t^^o' 

8.0800 

log  aPo 

7.4029 

log  3;t-o 

7.3678 

log^J'o 

6. 1 178 

lOgd^To 

6.9856 

Application  of  Corrections. 

a> 

X 

y  . 

0y 

GO 

.1- 

y 

s 

Old  log 

00^      0.446074 

9.976418 

O.I248II 

Old  log  w/     9.42o66on        < 

^.682960 

8.936720 

log  doa^ 

7.3678 

6.1178 

6.9856 

log  c^&V          8.5 

175 

7.3101 

8.0800 

add 

0.000362 

0.000060 

0.000316 

add              9.942018          ( 

3.001837 

0.056556 

1<««. 

0.446436 

9.976478 

O.I25I27 

log  <             9.362678n        9-684797 

8.993276 

With  these  corrected  values  of  .to,  j'o?  ^o»  -^'oO'o)  and  2^  the  representation  of 
the  first  and  third  places  is  now  computed.     This  gives 


(O-C) 


log/ 

log  .ir 

I  OS 


9.999323 

9.5i2425n 

3"    50'     26^.3 
+  25      II      II  .7 

+    o''.5 
-    o  .2 


III 
9.999090 
9.575261 

4"      54'      20*'.0 
+  20        14       53.1 

-  0'.2 

-  0.3 


The  representation  being  satisfactory  the  elements  are  computed  from  the 
formulae  A  VIII.     They  are 


Epoch  1910  Nov.  26.7332  Gr.  M.  T. 


1910.0 


M, 

220"     55'     20". I 

CO 

267        4     48  .6 

n 

260      40     32  .2 

m 

I 

18      29     37  .0 

(P 

2      48      15  .0 

log  a 

0.494229 

fi 

643^673 
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liXAMI'l.E  NO,  10. 

DIFFEKENTIAI.  CORRECTION  OF  A  DIRECT  SOLUTION  OF  A  COMET 
ORBIT  USING  THE  SERIES  FOR  f,  e,  >/,  AND  >g. 

I-'or  an  example  of  a  difFereutial  correction  of  a  direct  solution  of  a  comet 
orbit  using  the  series  for  7",^,  j/,  and  ig  the  case  of  Comet  c  1905  (GlACoiiiKl)  is 
chosen.  It  may  be  remarked  here  that  such  a  differential  correction  is  rarely 
necessary.     The  computations  were  made  by  R.  T.  Crawi*ord. 

Using  the  series  for  f^g,  ?/,  and  ?£■  the  computation  for  a  differential  correc- 
tion of  a  parabolic  orbit  is  the  same  as  for  a  general  orbit  except  for  the  solution 
of  tiPu.  The  details  of  a  solution  for  a  differential  correction  to  a  general  orbit 
have  been  given  in  Example  No.  9.  Therefore,  only  the  results  of  the  solution 
are  given  for  this  example  as  far  as  the  determination  of  opo- 

The  observations  upon  which  the  direct  solution  was  based  are: 


1905  Gr.  M.  T. 

I  Dec.    6.6837 

II  Dec.     7-9'67 

III  Dec,    a.0311 

"  (1905-0) 
315°    i4'    40" 
316     52     39 
21s       0      4 

Sola 

fl(l905 
+  20-    59' 

10        36 

+  30       23 

r  Cootdiiiales, 

0) 
39- 
45 
SS 

Observer. 
GiACOBtNi.  Nice 
Due  AN,  Priucelon 
Smith,  Lick. 

A',        -0.264668 

1-,        -0.870396 
^,         -0.377585 

A', 

-0,143650 
-U.87S416 
-0.379770 

y... 

-0.141892 

-0,875790 
-0.379924 

Note,— Tlie  solar  coiiKlinales  for  the  middle 
parallai  Tor  [hat  date. 

dale  have  Ijeeci 

correttcd  i 

0  us  lo  elimiuate  t 

Tlie  direct  solution  ga 

ve  the  foil 

awing  C)uant 

ties 

loK-Vo       9-93819" 

log.|'„         8.6J169 
log  =.,         9-9S3t* 
log  /„         0,09651 

log  r, 

8.61736 
0.0379111 

9,8os83n 
9.7201811 

lOBC,                 0,17093 
log  Rco%t    9.734'? 
"OB  -^             9-87479U 

loB    '-'"  9-74997n 

iog  -y  9,54322 

Computing  the  residuals  for  tlie  first  and  third  places  we  find: 


log  /       9-99995 
\o%g       8.3300411 


215°  24'  II'        ai6'    59'    59" 
315    24   36  316      59     59 


f30    59   42 
-26 

0.17280 


(O  -  C)  3.1 

Exactly  as  in  Example  No.  9  the  following  quantities  are  found: 
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A  Vila 


logy; 

I 
9.8748511 

III 
9.8747911 

log/. 

9.7498411 

9. 749970 

log  A 

9-54342 

9-54323 

log  A 

8.20580 

7.1295511 

logB 

7.8027711 

673992 

logC 

8.1572711 

7.08355 

logP, 
log/', 
log  /\ 

logg. 
log  a 

log  Q^, 


935369 

9.23080 
8.9960311 

9.6708311 

0.01664 

9.59009 


In  cases  where  the  intervals  are  nearly  equal  it  is  better  practice  to  use  P^,^^ 
and  Q^^^^  for  /\  and  Q^ ,  respectively,  in  forming  P  and  Q  so  as  to  represent  the 
last  declination  and  force  whatever  residual,  that  may  still  remain,  into  the  first 
declination.  In  this  case,  however,  the  second  interval  is  very  short  (about  o.io 
of  a  day),  so  that  a  better  representation  will  be  had  by  representing  the  first 
declination  and  forcing  the  remaining  residual  into  the  third  declination.  This  is 
accomplished  by  calling  P^=  l\^  and  Q^  —  Q.^.  Doing  this  we  then  form  /^and  Q 
as  follows: 

9.68360 


log 


COS  fi 


log  ^v  a 

log  y^  2, 

log  z,l  Q, 
cos  fi 

-  ^v  a 

-yoQy 
-  V  Q. 
Q 
log  2 


8.288190 
0.054560 

9-3959in 

+  0.48261 

+  0.01942 

+  1-13387 
+  0.24884 

+  1.88474 

0.27525 


log  -iV  p. 

7.97105 

log  W  P, 

9.268720 

add 

9-97754 

sum 

9.2462611 

log  z^  P, 

8.80185 

add 

9.80658 

log/' 

9.05284 

For  the  first  approximation 

log  ^p. 

8.77759 

Solution  for  (?/?„. 


log  ^pi  8.77759 


log/^, 
log  2,  Jp 

sub 
log  Zxi 

log/>^ 

logg^ap 

sub 
log  hi 

log/', 

log  (2,  Jp 

snb 
log  J-ar,' 


935369 
8.44842 n 

0.05091 

9.40460 

9.23080 

8.79423 
9.80212 

9.03292 

8.996030 
8.36768 
0.09177 
9.o878on 


2 
8.55757 

9.35369 
8. 228400 

0.03138 
9.38507 

9, 23080 

8.57421 
9.89182 
9.12262 

8.996o3n 
8.14766 
0.05759 
9.05362n 


3 
8.56061 

9.35369 
8.23i44n 

0.53159 
9.38528 

9.23080 

8.57725 

9.89095 
9.12175 

8.996030 

8.15070 

0.05796 

9. 053991 


^  2;'„«      . 

log  {dpY 

logV 
P 

-  V 

2cV 

log  Q  dp 
logy 

log  dpj- 


9.254310 
7.55518 

6.8o949n 

+  0.1 1 2938 
32223 

5819 

7492 

+    645 

+  0.068049 

8.83282 

0.27525 

8.55757 


9.254310 

7.11514 
6.369450 

+  0.1 1 2938 

-   29451 

8794 

6400 

+    234 

+  0.068527 

8.83586 

0.27525 

8.56061 


9.254310 

7.12122 
6.375530 

+  0.112938 
29480 

-    8759 
6411 

+    237 

+  0.068525 

8.83585 

0.27525 

8.56060 


The  result  of  the  third  trial  being  practically  the  same  as  that  of  the  second 
the  solution  is  completed  and  we  have 


log  ?P(f  8.56060 

log  t1.r„  8.435390 

log  t\ro  8.310570 

log  t">-o  8.10382 


log  tlr,,'        9-38528 

log  h'ii'       9.12175 
log  OzJ        9.053990 
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Applying  these  corrections  to  the  heliocentric  coordinates  and  their  velocities 
given  by  the  direct  solution  we  have  the  corrected  orbit. 

The  representation  of  the  first  and  third  places  for  the  corrected  orbit  gives : 

(   t'd  O  -2 

The  elements  were  not  computed  from  the  data  derived  from  this  differential 
correction  as  an  observation  of  December  9  became  available.  The  orbit  published 
in  Lick  Obsen^atory  liulletin  No.  Sj  was  based  upon  the  first  two  observations 
given  above  and  that  of  December  9. 
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EXAMPLES  B.    ORBITS  BASED  UPON  PREVIOUS  APPROXIMA- 
TIONS USING  CLOSED  EXPRESSIONS  FOR  y,  ^,  ci/,  AND  ^g. 


HXAMPLli  NO.  11. 

CASE  OF  AN  INITIAL  PARABOLIC  ORBIT. 

For  an  example  of  the  computation  of  an  orbit  based  upon  a  previous  approxi- 
mation, where  this  previous  approximation  is  a  parabola,  the  case  of  Cometh  1910 
has  been  selected.  This  example  shows  also  the  use  of  the  closed  expressions 
for/,/,  a/*  and  ^g  for  a  parabolic  orbit.     The  computations  were  made  by  W.  F. 

Meyer  and  Miss  S.  H.  Levy. 

BI 

The  observations  upon  which  this  work  is  based  are: 


1910  Or.  M.  T. 

ix  (1910.0) 

8 

(1910 

.0) 

Observer. 

I       Jan.       18.1287 

303°     32'    5i"-9 

-20" 

53' 

27^.0 

Zappa  (Rome) 

II      Feb.       5.62 1 1 

326      41       0 .4 

+  5 

35 

18.6 

AiTKEN  (Lick) 

III    March  13.0440 

336      II      15.4 

+  15 

38 

53.9 

AiTKEN  (Lick) 

le  solar  coordinates  for  these  dates  are 

a;       +0.4570857 

(A')« 

+  0.7149449 

V 

+  0.9847873 

Y,        -0.7993384 

()')« 

-  0.6232607 

y... 

-0.1255285 

Z,         -0.3467534 

iZ\ 

-0.2703833 

y 

-  0.0544576 

The  coordinates  for  the  middle  date,  (A^),; ,  etc.,  are  those  corrected  for  the 
partial  elimination  of  the  geocentric  parallax. 

The  Elements  and  Constants  for  the  Equator  1910.0  of  the  initial  parabolic 
orbit  which  are  used  for  the  previous  approximation  are: 

T  =   1910  Jan.  16.7838  Or.  M.  T. 
log  q   =    9.067800 

X  -  r  [9.880210]  sin  (321**  55'  16^.0 +  z/) 
y  =  r  [9.985880]  sin  (64  48  26  .6  +  2/) 
s  =  r   [9.843920]  sin  (350   16  53  .8  +  7') 

From  the  computation  of  the  preliminary  orbit  we  take 

log  P,  =  9-91944         log  /^  =  0.1 7717  log  p,„  -  0.37814 

so  that  the  three  dates  corrected  for  aberration  become 


t,  =  Jan.  18.1239 

/o  =  Feb.  5-6124 

A.  = 

March  13.0302 

Computation 

of  the  Constants  of  the  Artificial  Initial  Orbit. 

i.'T 

19.8186 

log  \j'^  cos  '.J  Vo 

0.225693 

loga-c/-' 

0.104200 

iog(/.-r) 

1.297073 

log/o'^ 

0.053904 

log  /A 

8.601700 

sin  (I 

9.880210 

add 

0.276610 

log  Afo 

2.695373 

cos  (./'+  *._.   7',,) 

9.946197 

sum 

0.380810 

V. 

132^     I'  39". 4 

log     .I'y' 

0.052100 

log  V^ 

9.627672 

4  vto 

66      0  49  .7 

add 

0.070609 

A'^%  vo 

27    56     5  -7 

sin  d 

9.985880 

log  GV 

0.451419 

B  -^yiv. 

130    49    16  .3 

cos    {P'  +   ^_.     7'y) 

9-8r5379» 

C  -^Hv. 

56    17    43.5 

log  Ju' 

sin  c 

cos  (C'  +  ^.j   7'„) 

log  -V 

9.o26952n 

9.843920 
9.744223 
9813836 
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Computation  of  the  Constants  of  the  Artificial  Initial  Orbit — Continued. 


log  fu 

0.177170 

cos  6^ 

9997931 

logcf. 

0.175101 

cos  tl^ 

9.922024 

log^. 

0.097125 

log  (A'),, 

9.854273 

sub 

9.874628 

log  .r« 

9.728901 

sin  ^r^ 

9.739782n 

log  V^ 

9.9i4883n 

log(l\ 

9.794669n 

sub 

9503663 

logr« 

9-298332U 

tan  6^ 

8.990553 

logC, 

9- 165654 

log  (XL 

9.43i98on 

sub 

0. 187970 

log^o 

9.619950 

log  x^' 

6.457802 

logjV 

8.596664 

add 

0.056019 

sum 

9.5I382I 

log  r.- 

9.239900 

add 

0.185317 

log  r;^ 

9.699138 

logra 

9.849569 

Test. 

log  ■ 

0.45 146 I 

^* 

log  Go' 

0.45I4I9 

sub 

5.99 

log    I 

6.44 

log  X.  X.' 

9.781001 

log. )'•/•' 

9-325284 

add 

0.130390 

sum 

9.91 1391 

log  5o  Z^' 

9.433786 

add 

0.124818 

log  r,  r; 

0.036209 

log  r; 

0.186640 

The  Po)  -^"oj  >'o>  and  ^0  for  our  middle  date  are  now  the  same  elements  as  in  the 
initial  orbit.  But  since  we  are  here  using  the  observed  a^  and  <5o  to  get  a"o  ,  ^'0  > 
and  To  these  will  be  different  from  the  corresponding  heliocentric  coordinates  for 
this  date  from  the  preliminary  orbit.  The  elements  to  be  corrected,  then,  are  the 
heliocentric  coordinates  and  their  velocities  just  found  here  for  the  middle  date. 


Computation  of  the  Residuals  for  the 


A  Villa 

Elements  T, 

^  and  T'u. 

log  2  r« 

0.150599 

log  (r,  r,'Y 

0.072418 

sub 

9.294994 

log/ 

9.367412 

log!/ 

9.066382 

log    i 

9-517843 

e  cos  v^ 

9.8264o5n 

log  \  p 

9.683706 

^  sin  Vft 

9  870346 

tan  7'o 

0.04394 in 

v% 

I32^6'23\i 

sin  Vq 

9.870346 

cos  Z'o 

9.826405n 

log^ 

o.uooooo 

log  ^e 

2.697188 

log  q^'i 

8.599573 

log  (/«  -  T) 

I. 296761 

U-T 

19.80436 

U           Jan. 

36.61240 

T           Jan. 

16.80S04 

log  re 

9.849569 

sub 

9.921819 

log  (r.  -  q) 

9771388 

First  and  Third  Dates  by  Means  of  the  Closed  Expressions 

for  /,  }r,  df,  and  cV- 

B  II 

Determination  of/  and  t;  for  First  and  Third  Places. 


I 

III 

t-T 

I.3I586 

55  22216 

log(/-7') 

0.  II92IO 

1.742113 

log  M 

I. 519637 

3.142540 

V                      41 

"  58'  33^4 

147"  29'  52'.  7 

^.j  V                 20 

59   16.7 

73  44  56  .3 

sec  '.J  V 

0.029813 

0.553080 

sec'  ^j  V 

0.059626 

1.106160 

logr 

9.126008 

0.172542 

sub 

9.167808 

9964583 

log(r-^) 

8.234190 

0.137125 

logi'r-y 

9. 1 17095 

0  068562 

log  r  r„  -  ^ 

9885694 

9.885694 

sub 

9.9'8883 

9.718991 

log  y, ;  log  y,„ 

9.804577" 

9.604685 

log  y- 

9.609154 

9.209370 

y- 

log  ^ 
r. 

9.759585 

9.359801 

sub 

9.868916 

log  y; ;  log  /,, 

9  628501 

9.887065 

log  2  rr^ 

9.276607 

0.323 14 I 

log  P  y' 

8.976566 

8.576782 

sub 

9.998020 

9.992 141 

log[     ] 

8.974586 

0.315282 

log.C'-' 

8.583740 

9.52465a 

log  .V;  ;    log  ir„, 

9.29i87on 

9.762326 

SHORT  METHODS  OF  DETERMINING  ORBITS. 


433 


B  II — Coniifnied. 


Representation 

of  First  and  Third  Places 

• 

I 

III 

I 

III 

log/;ro 

9-357402 

9.615966 

/J  cos  6  cos  IX 

9.666538 

0.31 1769 

lofif  fy^ 

8.92683311 

9-185397" 

p  cos  8  sin  a 

9.8296o6n 

9.951507" 

log/ro 

9.248451 

9.507015 

tan  a 

o.i63o68n 

9.63973811 

\o%^xo 

9-34397on 

9.814426 

'^c 

304"  29'  15*.  I 

336^  25'  5o^3 

log  ^yo 

9.318822 

9.789278n 

^U 

303    32   58-3 

336    II    12.3 

\0%^2q 

9.10570611 

9.576162 

(O-C)  da 

-    56  16 .8 

-     14  38  .0 

X 

+  0.4570857 

+  0.9847873 

sin  a 

9-9i6o59n 

9.6oi907n 

fxo 

+  0.2277205 

+  0.4130150 

cos  a 

9.752990 

9.962169 

gx^ 

-0.2207853 

+  0.6522683 

p  cos  <5 

9.913548 

0.349600 

^ 

+  0.4640209 

+  2.0500706 

p  sin  6 

9.472926n 

9.808727 

Y 
fyK> 

^y^< 

-0.7993384 

-  0.0844954 
+  0.2083638 

-  0.6754700 

-0.1255285 

-0.1532489 
-0.6155712 
-  0.8943486 

tan  8 

(O-C)  ds 

9.559378" 

- 19"  55'  42".7 
-20    53    19  .1 

-    57  36.4 

9.459127 
+  16"    3'  25^.5 
+  15    38   56.1 

-    34  39.4 

z 

fz. 

-  0.3467534 
+  0.1771948 

-0.1275574 

-0.0544576 
+  0.3213771 
+  0.3768442 

sin  S 
cos  8 
logp 

9.532561 n 

9.973183 

9940365 

9.441844 
9.982718 
0.366882 

c 

-0.2971160 

+  0.6437637 

log  pa"P 

0.745 

o.862n 

logpt'p 

0.838 

0.713 

log^. 

0.805 

0.495" 

log/'* 

0.898 

0.346 

/. 

+  6'.4 

-3*.i 

pi 

+  7.9 

+  2  .2 

Bin  2 


0 


^,  cos  D^  cos  Ao 

R^  cos  D^  sin  Ao 

tan  Ao 

Ao 

sin  Ao 

cos  Ao 

R^  cos  Do 

Rq  sin  Di) 

tan  Do 

sin  Do 
cos  Do 
log  R. 

sin  8^ 
log  I 

cos  (At  -  trj 
cos  8^ 
log  II 
add 
cos  V 


Differential  Correction. 


9.854273 
9.794669n 

9-940396" 
41"    4'  5o\o 
9.8i7644n 
9.877248 
9.977025 
9.43i98on 

9454955" 

9.437988n 

9.983033 
9.993992 

8.988484 
8.426472n 

-7'45'50^4 
9.996001 

9.997931 
9.976965 

9.987598 
9.964563 


logPo 

log  R^  cos  tp 

sub 
log  r,  cos  /? 
cos  ft 

log  .r^'  U 
log  /•' '/« 

add 

sum 

log  Z^'  So 

add 

log  /J,  (Po 

log  (p^ 


log 
log 

log 


r 


O.I77I7 

9.95856 

9.81577 

9.77433 
9.92476 

0.14922 

9.94184 
0.20961 
0.35883 

8.97949 
0.01777 

0.37660 

0.19943 

9.91996 

9.7377I" 
8.98848 
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^H 

1 

I 

111 

1 

111           ^^^1 

^^m               iot!«. 

0.19943 

0.19943 

log/,  cos,, 

9.0841511 

^^^1 

B        .0.^1^' 

o.i707on 

0.47059 

lo,^/,M1„ 

sub 

9,876330 
9.91357 

^^^1                             ftdd 

9,251^7 

0.1S628 

loKl  ] 

9,7999" 

^^^H 

^^H                          tog« 

9  45^7"" 

0.65687 

loK'* 

9.94036 

0,36688               ^^H 

log  1 

9.85954 

^^^H 

^^^B              log      J* 

^^H              log    1 

9  l^n'" 
9.87941 

9.50635 

9.87942 

log  ip^iA 

S.431 
9-973 

^^H 
^^^H 

^^^H                                add 

9.690:5 

0.15338 

log  11 

9,266              ^^^^1 

^^H              ios[  ] 

9.39640 

0.03280 

55^3 

^^H 

^^H                  '"^ 

0.4381511 

8.79194 

add 

0.OD002 

0,00004            ^^^^1 

^^^P 

9.83455" 

8,82474 

log  A,_  ;  log  A,_ 

„    9-85956 

^^H 

^^^H  .                 >«g        r 

9.68110 

9,48.20., 

log/,  sin  <t 

9.247^' 

^^H 

^^^K                       log 

9-448851. 

9.448B5n 

log/  cos  ,. 

9.7:326 

9-9907                      ^^H 

^^^H                          "''<' 

9.84946 

0.285 '5 

add 

O.II774 

0.0989S              ^^^^H 

^^H              w[  ] 

g.igHjt 

9.76635TI 

1»B(  ) 

9.S4100 

0.09865              ^^H 

^^^H 

9.7564611 

8.558290 

SID  6 

9-53»56n 

^^^H 

log  sin  a  u 

9.3735611 

^^^H 

^^M 

9.4679911 

9.26809 

log/,  cos  6 

9.71768 

^^^H 

^^^M                log     3 ;. 

9' 7 7046 

9-77046 

sub 

0.16220 

9.09673              ^^^1 

^^^H                     H<id 

O.O.J388 

0,11876 

log  i   1 

9,87988n 

^^H 

^^H                  i°gC 

9.47087 

9,88922 

log  I 

9-9395* 

^^^1 

^^H[ 

9.9(^111 

8.68116 

logf^/*) 

5-S»4 

5-399                         ^^^1 

^H 

9.54846 

9.80702 

log  II 
add 

5643 

^^H 

^^^H                            log       r. 

<i.-hl^h 

8,93827 

log  B,_  ■  log  /;^, , 

9.93954 

8.17045                      ^^^1 

^^H                            log  11 

8  56367 

9-16389 

log  £^,  COS.. 

9,4894511 

^^^H 

^^H 

9.185J5 

9.481 6 1 

log  f.  sin  .. 

9.75061 

^^H 

sub 

0,18979 

^^B 

^^^^K 

+  0-35356 

+  0,64124 

logl   ] 

9,940400 

7.8088611              ^^^H 

^^^m 

+  0.36616 

+  0.14584 

log.-J„:!og./„.„ 

0.00004Q 

^^^H 

^^^H            ^^^ 

+  0.19^86 

+  0.3031 1 

^^H 

+  0.91258 

4  1.09019 

log  J,  sin  .. 

9,65252 

16020             ^^^^1 

^^B                        log/,. :  log/,,., 

9.96017 

0.03750 

logj.cos.. 

9-5875411 

8.78691            ^^H 

^^^^B 

add 

9,20786 

^^^^H 

^H 

9.3662,.. 

9.624770 

log(   ) 

8.79540 

^^H 

log  sin  a  n 

8.3279611 

8.31085               ^^H 

^^H          log 

8.9074811 

8.507700 

log  A",  COS  d 

9.8822011 

^^H 

^^^H                    log 

9.133101. 

8-7333»" 

sub 

9,9877: 

0,08029               ^^^^1 

^^H 

^^^1 

9.18716 
-0.13235 

9,2i5i6n 

-0,42147 

log[   1 

log  ff,.  •■  log  fl„„ 

9,86991 
99^955 11 

^^^^H 
^^^1 

^^^H 

-0..3586 

-0.054:1 

^^^^H 

^^^H                  in 

+  0..5387 

-0.16412 

^^^H 

^^H 

-0,21437 

-  0.53970 

log,C 

9.29187.1 

976233             ^^^H 

^^H 

9.331  i6u 

.  9.Bo598n 

log  C, ;  log  C„, 

9-35T5111 

^^^H 

^H 

8.6169S 

8.87554 

log. If,     J„„ 

7.3015411 

^^^1 

^^B 

9.M910 

8.8293;. 

log  .-j,.,,  .-!,. 
sub 

8.81049 

^^^^^^^^H 

^^^B                    log  II 

9-4S473 

9.05494 

0,01325 

^^^^^^^1 

^^^H              log  III 

9.35971 
+  0.04140 

9-33803 
+  0.07508 

loK  .-( 

8,8237411 

^^^H 

^^^H 

+  D.J8492 

+0.1134S 

^^^^^^^^^1 

^^^H 

+  0.22894 

^0.11779 

^^^^^^^^^1 

^^1 

+  0.55SI6 

+  0.40635 

j^^^^^^^^H 

^^H                    log/.. :  log 

9.74450 

9,60890 

L 

ft 

_H 

SHORT  METHODS  OF  DETERMINING  ORBITS, 


435 


log  C,  A,„, 
log  I 

log  C,„  A,, 
log  II 
sub 
log  ai ;  log  di 


'III 


log  C,  Af, 
log  I 

log  C,„  Af, 
log  II 

login 

I 
-II 
dllll 

log  a, ;  log  b^ 

log  C,  sin  5, 
log  I 
log  II 
sub 
log  as ;  log  ^3 


III 


log  C,„  sin  6 
log  I 
log  II 
sub 

log  ^4  ;    log  ^4 


For  a^ 

6.79349 
6.709550 

9-395490 
8.99740 
0.00223 
8.99963n 

8.16196 
8.078o2n 

9.25501 
8.85692n 

8.55264n 

-0.011968 
+  0.071932 
-  0.035698 
+  0.024266 
8.38500 

8.88407 

8.63706 

9.658450 

0.03949 

9.69794 

8  83729 
8.79946 
7.76316 
9.95809 

8.75755 


VoT  bi 
6.54648 


9.35766n 
0.00067 

9-358330 


7-9M95 

9.21718 

8.12207 

+  0.008221 
-  o.  164885 

-0.013245 

-0.169909 

9.23021 

8.8ooi3n 
9.22788 
0.13782 
9-365700 

8.4392on 

7.332590 

9.96462 

8.403820 


logr, 

log  C,  cos  <5, 
log  r«  Bg^ 

add 
log^r. 


logC, 
log  2^  B^ 


„i  cos  8,„ 


add 
log  ^4 


9ni 


log  dx 

log  ^3 
log  d, 


For  r, 
8.443690 

9.324690 
9549500 
0.20301 

9.75251 

9.37817 
7.65421 
0.00812 
9.386290 


For  <• 
8.823740 

9-93954 
8.27045 


For/, 

log  "diX, 

3.528500 

Slfl  1 

cos  6, 
log  c\  oc, 

4.68558 
9.97318 
8.187260 

log  da,„ 
cos  8,„ 

log  ^.  i^,„ 

2.943500 
9.98272 
7.61 1800 

log^^,    d,iX„, 

sub 
log/, 

7.61 184 
5.62924 

9.99546 
7.60730 

log  Af,  c\  a,„ 

^og  -'//,,,  c\  <r, 
sub 

7-471360 
6.99771 
0.1 258 I 

log/. 

7.597170 

log  c^(5, 
log/3 

3.538620 
8.22420 

log/4 

3.167140 
7.85272 

log  '^ 

log  II 

9.693820 

log  III 

O.I 1543 

1=^3 

+  0.49881 

-II 

+  0.4941 1 

-III 

-1.30445 

a 

-0.31 153 

log  a 

9-493500 

1.308820 


For 

(If  0^  c. 

20 

log 

^3 

1. 1 15800 

log  II 

0.539030 

log  II 

8.90599 

log  III 

0.47413 

log  III 

8.723100 

1    =    ^3 

-0.2321 1 

I  =  e. 

+  0.016757 

-11 

+3-45962 

-II 

-  0.080536 

-III 

-  2.97940 

-III 

+  0.052857 

b 

+0.2481 1 

e 

-0.010922 

\o%b 

939465 

log/ 

8.038300 
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As  the  residuals  of  the  first  place  are  much  greater  than  those  of  the  third  we 
shall  take,  iu  formulae  A  Vila,  P.  —  I\^  aud  Q^  r^  Q., ,  so  that  P.^^^  and  Q^.  are 
not  needed. 


Utt 


log  tf  1  b 

log  a  b^ 

sub 

8.39428n 

8.85183 

0.12992 

log  a,  P, 
log  b-,  P^ 

7.88878 
7-75548 

log  denoni. 

8.98i75n 

^s 

+  0.0167573 

log  b  ^i 

log  ^i  e 

sub 

7.00195 

7.39663 
0.17094 

-  ihs  P, 

-b..p. 

-  0.0077407 

-  0.0056949 
+  0.0033217 

log  numer. 

7.i7259n 

log  ^3  P,, 

752136 

log/'. 

8.19084 

log  P.. 

7.76885 

log  ay  e 

log  a  /, 

sub 

7 -03793 
7.ioo8on 

0.27073 

log  il:  (2s 

log  b,  (2, 

8.93458n 
8.70119 

log  numer. 
log/'. 

737153 
8.38978U 

d. 

+  0.870040 
-0.086016 

h  Q, 

+  0.050256 

log  b  d, 
logC. 

8.2i839n 
9.23664n 

log  Cs  (2,, 

log  G., 

+  0.83428 
9.92i3in 
0.16880 

log  a  d, 

8.31724 

logG, 

9-33549" 

log  h  a, 

log  Xo'  P, 

log  y^  P, 
log-V  P, 
I 

2  (to 

-^.'  p, 
-,»'.'  p, 

-  »  '  p 

P 

log/' 

,  COS  fi 
log  -^^., 

log-r/a 
log/.'i?, 
log  r;  (2, 

cos  ft 

-  -V  G, 

Q 
logG 


A  Vila 


6.14 
8.24294 
8.41673 
758269 

+  0.000138 

-  0.017496 
-0.026105 

-  0.003825 
-0.047288 

8.67475n 

0.22562 

9. 28874 n 

9.36244 
9.98264n 

+  1.68119 

+  0.19442 
-0.23038 
+0.96082 
+  2.60605 
0.41598 


First  approximation  for  ^^ 
P 


VIZ,  ^^  gives 


log  dfii 


8.25877n 


log  0/Ji 
log  P, 

log  Gx  ^f^ 

sub 
log  (?.lV 

log/', 

log  Gy  t'/j 

sub 
log  tV«' 

log/', 
log  Gz  t^J 

sub 
log  dCfi' 

log  (cV.')-^ 

log  (cv;)^ 

log  {dz.'Y 


I  2 

8.25877n     8.26036U 


8.19084 

7-49541 
9.90221 

8.09305 


8.19084 
7.49700 
9.90180 
8.09264 


8.38978n  8.38978n 

7.59426  759585 

0.06451  0.06473 

8.454290  8.4545  in 

7.76885  7.76555 

8.42757  8.42916 

9.89242  9.89287 

8.319990  8.32203n 


6.18610 
6.90858 
6.63998 


6.18528 
6.90902 
6.64406 


Solution  for  dp^^   c^-iV»  tV«'.  t^-e' 


Trials. 


log  coef. 

ofuVy- 

0. 20005 n 

0. 20005 n 

log  "'- 

9.91996 

log  (dfjy 

6.51754 

6.52072 

n. 

^      ^       ^  ^ 

logV 

6.717590 

6.72077n 

log  dx^ 

8.i8o3on 

log  coef. 

0f(c\^)^ 

9-9545" 

9-9545" 

log  '^• 

9-73771" 

log  {Of)V 

4.7763" 

4.78iin 

*    ^0 

^       m   *#  m    • 

log  VI 

4.7308 

4.7356 

log  cV« 

7.99805 

P 

-0.047288 

-  0.047288 

log  -^ 

8.98848 

-    ^-j  (cV 

«')-^ 

77 

77 

p« 

-     *2   (cV. 

/)'-• 

405 

405 

log  ds^ 

7.248820 

-   '2  iO::. 

/)■'• 

218 

220 

-  V 

+          522 

+          526 

+  VI 

+              5 

+              5 

GtV 

-0.047461 

-0.047459 

log  G  (^n 

8.67634n 

8.67632n 

log  (J 

0.41598 

0.41598 

log  d/j^ 

8.26o36n 

8.26o34n 
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In  spite  of  the  large  starting  residuals  the  first  approximation  for  ^p  is  much 
»• 
less  than  - V-,^  ,  hence  the  solution  is  convergent. 


Application  of  Corrections. 


w 

ft 

X 

y 

2 

Old  log  w^ 

0.177170 

9.728901 

9.298332n 

9.619950 

log  dw^ 

8.26o34n 

8.i8o3on 

7.99805 

7.24882n 

add 

9.994708 

9.987543 

9.977684 

9.998149 

logw. 

0.171878 

9.716444 

9.276oi6n 

9.618099 

w' 

• 

x' 

y 

^ 

•^ 

Old  log  «/,' 

0.052100 

1 

o.o26952n 

9.813836 

log  ()«/,' 

8.09264 

8.4545in 

8.32203n 

add 

0.004742 

1 

0.011471 

9.985774 

log  w^ 

0.05684a 

[ 

o.o38423n 

9.799610 

log  x^' 

9432888 

log  x^^ 

0.1 13684 

log  X.  X.' 

9.773286 

log  Jo' 

8.552032 

log/o'^ 

0.076846 

^ogy.y.' 

9.314439 

add 

0.053680 

add 

0.283002 

add 

0.129580 

sum 

9.486568 

sum 

0.396686 

sum 

9.902866 

log  z^ 

9.236198 

log  r,'^ 

9.599220 

log  Z9  z: 

9417709 

add 

0.193643 

add 

0.064240 

add 

0.122944 

log  r,» 

9.68021 I 

log  (7;^ 

0  460926 

log  To  r,' 

0.025810 

logr. 

9.840105 

log  r,' 

0.185705 

log   _ 

0.460925  < 

:heck. 

A  VIII  a,     Elements  T',  q^  v 


log  2  r. 

0. 141 135 

log  (r,  r^y 

0.051620 

sub 

9.359637 

log/ 

9.411257- 

log^ 

9.110227- 

log/ 

9.571 152 

• 

e  cos  V, 

9.7975980 

log  ]/  p 

9.705628 

^  sin  7/« 

9.891333 

tan  v^ 

0.093735" 

»'• 

128"  51'  5l^ 

Old  log  p 

log  :sQ 

add 
log/^ 

99404 
8.26o3n 
9.9908 
9.9312 

log  <r  fi 

7.6925" 

t 

Jan. 

-  0.00493 

18.12H7 

cor.  / 

Jan. 

18.12377 

sin  v^ 

9.891334 

cos  v^ 

9-797599" 

log<f 

9-999999 

log  M. 

2.625391 

log  q  l-i 

8.665340 

log  (/,  - 

T) 

1. 29073 1 

/,  -  T 

19.53130 

/» 

Jan.  36.61253 

T 

Jan.  17.08123 

logr. 

9.840105 

logv 

9. 1 10227 

sub 

9.910485 

log  (r«  - 

9) 

9.750590 

II 

III 

0.3669 

8.26o3n 

9.9966 

0.1719 

0.3635 

7.9332" 

8.i248n 

o.(X)857 

-  0.01333 

j6.62ri 

72.0440 

36.61253 

72.03067 
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/  -   7                            I.04J54 
\t>g(i  •   T)               o,oiSo93 

S-( -94944 
1.739964 

log  r' 

9631570 

9.22265s 

log.I/ 

'35^753 

3.074624 

log  '^ 
sub 

9  79 '465 
9.7H9826 

9-3SI553 

^,v 

19'  S8'  S'-7 
U    59    3-8 

45'  M'  43 
72    47    'i 

.8 
-9 

log./; 

'og/„             9.581291 

9,880072 

sec-  L,* 

logr 

U.0I5OJ4 

0.0JO048 
9.  I40S75 

0.528878 

1,057756 
0.167983 

log  2, 

log /J 

aub 

lORl   1 

••.                     9,281410 
9,042827 
9  864S9S 
8,907422 

0.309118 
8.63391s 

9,9907*7 
0.299845 

aub 
log  f  -  y 

8.8S5U3 
7-965370 

9.960210 
0.128193 

log*- 

1"BA'-- 

8.538992 
log  A',..           9.»69496il 

9. 5  "503 

9-76n5a 

log  ('  r  - 

?              8.981685 

0.064096 

i 

log  1  v.  - 

q           9-873 »95 

9-875595 

1 

aub 

9.94049" 

9-736034 

1 

log  r, : log 

y...        98:578511 

9.611339 

1 

Represenla 

ion  of  K 

rsl  and  Tliiril  Places. 

1 

I                        III 

I 

m 

log  fx. 

9-197735           9-396516 

II  cos  <! 

OS  II 

9646965 

0,309101 

log  fy. 

8-857307D         915608811 

ocosrt 

in  ir 

9.8i4865n 

9.953886U 

log  /", 

9.199390           9-498171 

tan  a 

0.1779000 

9.6447850 

log  ^.t-. 

9.3j6338n         9,818094 

IK 

303'    34'    48-.  0 

336'     11'      8".a 

log  gy,' 

9-307919           9-799675n 

303     3a     58 .4 

336      ti     12.3 

log  J-'.' 

9.069106  n       p.  360861 

(O-C) 

-   1    49.6 

+  0      4.1 

+  0.4570837      +09847873 
+  0.198488J      +0.3949264 

sin  .> 

9.92070511 
9,741805 

9.60614011 

9-961354 

r 

-0.2110010      +0.6578000 
-'■0.44357J9      +J.0375t37 
-0,7993384       -o.iJ5S3a5 

P  sin  -i 

9904160 
9-485315" 
9-581 '8511 

0.347747 
9-79S3S* 
9-447605 

/f. 

-0.0719958       -0.143^477 

6. 

-    i"°     52'      5'-7 

+   13'    39'    a7-.3 

£^'.' 

+0,2031977       -0.6304857 

'it 

-   »o      53      19  .0 

+   15     38     S6.1 

'/ 

-  0.6681365      -  0.8991619 

(0  -  CI  n 

-  "      13   3 

-  0    31 -a 

z 

-  0,3467534       -  0,0544576 

s\i\S 

95517180 

9.431 183 

fi. 

+  0.1582668      +0.3US986 

cosrt 

9-970533 

9-9»3578 

1 

-0.1172481       +0.3637991 
-0.3037347       +0,6142402 

log  ,3 

Ifgpf'O 

log;t/ 
logA" 

A 
A 

9.933627 

0-743 

0.838 

0.81 1 

0.904 
+  6'.5 
+  8.0 

0.364169 
0.8620 

0.713 
0.49811 
0.349 
-3'-i 

The  computations  giveu  illustrate  in  detail  all  of  the  work  necessary  for  a 
difFereutial  correction.  Generally,  one  can  substitute  the  new  residuals  into  the 
expressions  ^1,  ^a,  Cg  and  Ci,  keeping  all  of  tiie  other  quantities  the  same  and  resolv- 
ing for  a  further  dfjg,  t\ro,  Oy'o  and  ^2!,.  This  process  will  generally  give  the  final 
/^oi -to  I  J'ui -0  which  will  remove  the  residuals  and  thus  save  the  computation  of 
all  the  quantities  for  a  second  differential  correction.  Such  a  procedure  is  hardly 
sufficient  in  this  problem.  Since  the  original  residuals  which  were  to  be  removed 
were  unusually  large  and  combined  with  uuequal  intervals  with  small  heliocentric 
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distance,  it  is  necessary  to  recompute  the  differential  coefficients  based  on  the 
corrected  values  of  the  geocentric  distance  and  of  the  heliocentric  velocities  at  the 
middle  date  and  the  last  set  of  residuals. 

This  second  differential  correction  produced  the  following  results : 


log  p.         0.1 7 1757 


2 


log^o  9.716156  logr;  0.057116  ^""^    r.        0-461142 

log^.  9.275494x1  log//  0.03856011  log  G.*      0.461142 

logr.  9.618056  logV  9.799089 

logr.  9.839888  logr/  0.185700 


For  the  representation 


I        III 
log/    9.579983     9.879909 

log^  9.26886711  9.761224 


»»  ^  ^w 


(O-C) 


;),ix        -  o'.9  -  o''.3 

dS  -   I  .0  +19  .7 


The  residual  in  the  third  declination  is  due  to  the  use  of  P^  =  P.^  and 
(2z=  Qzi  for  the  determination  of  iVoi  and  also  contains  any  errors  in  the  obser- 
vations and  any  slight  deviation  from  a  parabola.  An  observation  taken  by 
Professor  Barnard  June  7th  was  represented  with  the  foregoing  quantities.  This 
observation  gave  for  residuals  ^,ol  0",  t">(J  +  1'  3".  This  may  be  considered  satis- 
factory for  an  observation  taken  three  months  after  our  third  date  on  which  the 
orbit  is  based. 

The  resulting  Elements  and  Constants  for  the  Equator  are : 


Elements, 

T 

1910  Jan.  17.08880  Gr.  M.  T. 

G7 

320"  57'  51^.4  \ 

a 

88    49   28  .8   >  1910.0 

• 

138    46   42  .5  / 

\Q%q 

9. 1 1 1002 

Constants  for  the  Equator  1910.0. 

X  =  r  [9.876385]  sin   (322"  31'  36".!  +  v) 

y  =  r  [9.981342]  sin  (  67    44     3  .9  +  v) 

=  --=  ''  [9-856490]  si"   (354    35      3-1  +  ^0 
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CASE  OF  AN  INITIAL  ELLIPTIC  ORBIT  OF  A  COMET  OR  A  MINOR 

PLANET. 

For  an  example  of  the  computation  of  an  orbit  based  upon  a  previous  approxi- 
mation, where  this  previous  approximation  is  an  ellipse,  the  case  of  Comet  e  1909 
(Daniel)  has  been  selected.  This  example  shows  also  the  use  of  the  closed  expres- 
sion for  /,  g ^  d/]  and  a^  for  an  elliptic  orbit.  The  computations  were  made  by 
S.  EiNARSSON  and  R.  K.  Young. 

I. 
The  observations  upon  which  this  work  is  based  are: 


Date  Gr.  M.  T. 

It  (1909.0) 

6  (1009.0) 

Observer 

I 

1909    Dec.    7.66050 

94'    09'    3i\4 

+  34**    44'    2r.5 

Barnard 

II 

1909    Dec.  18.75589 

90      30     46  .4 

+  43      25     59 .3 

AlTKBN 

III 

1910    Mar.    3.47726 

III      14      26.1 

+  52      54     37 .2 

Rambaud 

The  preliminary  orbit  upon  which  this  computation  is  based  is  one  that  had 
been  computed  here.  Its  elements  and  the  corresponding  Constants  for  the 
Equator  are: 


Epoch 
Mo 

CO 

n 

m 

t 

e 

ft 


Elements. 

1909  Dec.  18.75330  Gr.  M.  T. 
2^    50'      o*.9 
3        2 


I  .7 
71        9     32  .0 

19     54     39  -o 
0.625247 

0.569603 

496.''i4ii 


1909.0 


Constants  for  the  Equator  1909.0. 

X  -  r  [9.976182]  sin  (163°  5'  i2\6  +  v) 
y  =  r  [9.944456]  sin  (  83  40  45  .4  +  v) 
-  =  ^  [9-758980]  sin  (44       2       4  .4  +  V) 

From  the  data  of  the  computation  in  the  preliminary  orbit  we  take  the  fol- 
lowing: 


log  fh^  9651336 

^'0      15"   35'   48".  2 


Ei^ 


X,  -0.2477581 
Y,  -0.8745050 
y^,     -0.3793684 


A\     -0.0562888 

);  -0.9010553 

Z«   -0.3908799 


f    31'  3o*.6 
-V,,,  +0.9458926 

y..,   -0.2734097 

Z^„     -O.I  1 86062 


These  solar  coordinates  have  been  corrected  for  the  elimination  of  the  geo- 
centric parallax,  and  referred  to  (1909.0). 
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A'  +  Vo 

178"  41'    o'.8 

^  +  V, 

99    16   53.6 

C'+    1^0 

59    37    52.6 

C08^' 

9.98079711 

C08^ 

9.041762 

COlC 

9.856681 

cos  (W  +  2'o) 
log  €  COS  A* 

add 
sum 

log -5^1-^- 

V  / 

logxo' 


COS  (i?*  +  Vo) 
log#  COS  ^ 

add 


,       sin^ 

VP 

log  J'.' 


cos  (C  +  Vo) 
log  €  cos  C 

add 

sum 
.       sin  r 


Determination  of  the  Constants  of  the  Artificial  Initial  Orbit. 

log  -tV^ 

log  /o"' 

add 
sum 

log  ro'^ 
add 

log^n'' 


9.999885n 

9.77684711 
0.203675 

o.20356on 
9.299048 

o.oo26o8n 


9»7339n 
8.837812 
0.127647 
8.9654590 

9.767322 
8. 732781 n 


9-703775 
9.652731 
0.276257 
9.980032 

9.581846 
9.561878 


log  <J„ 

9651336 

C08«5o 

9.861042 

log  <^„ 

9512378 

COS  <r„ 

8.895883n 

log?„ 

8.4o826in 

log  (A'), 

8.750422n 

sub 

0.678702 

log  .r„ 

8.486963 

sin  (Iq 

9.998652 

log  Vo 

9. 5 1 1030 

log  (  Y). 

9.954752n 

sub 

0.133532 

log  y,. 

0.088284 

tan  <5„ 

9976235 

log;, 

9.488613 

log  (/T)., 

9-5920430 

sub 

0.252387 

log  c„ 

9.844430 

log  x^' 

6.973926 

log  y^^ 

0. 176568 

add 

0.000272 

sum 

0.176840 

log  z^ 

9688860 

add 

0.122249 

log  r^ 

0.299089 

log  r„ 

0. 149544 

log  — 


sub 


log 
log  a 


1 
a 


0.005216 
7.465562 
0.001252 
0.006468 
9123756 
0.053465 
0.059933 

0.151486 
9.370468 
9.430401 

0.569599 


log  .ro  J'o' 

8.4895710 

log  y^  /«' 

8  82io65n 

add 

0.166172 

sum 

8.9872370 

log  To  To' 

9.406308 

add 

0.210760 

log  To   To' 

9- 197997 

log  ro' 

9048453 

^^f        442 

PUBLICATIONS  OF 

THE  LICK  OBSERVATORY, 

^M 

U. 

^^^M 

^^^^^                       Determination 

of  the  Residuals 

I 

of  tile  First 
111 

Hiid  Third  PIac«3  lusing 

Closed  E-ipressions 

I 

III           ^^H 

^^H 

-r  1.095  29 

74  71784 

log/.„ 

8.484104 

^^H 

^^m                     loK  {(  -  EP) 

I  0^51 3Kn 

i-8734»4 

log/f„ 

0 

085435 

9  968501           ^^H 

^^H                                    -  Ep) 

3.7407JOQ 

4.569026 

log/-„ 

9 

841571 

^^H 

^^H                      ;<  (/  -  Ep) 

-    .°  3''  44--8 

lo-  .7'  50" 

3                      log^-i-o' 

9 

3833-2 

0.07833011          ^^^1 

^^H 

1     18    16.1 

13      7    51 

2                         log^T,.' 

S 

012545 

8  8085030                 ^^M 

^^H 

3    ^8   3S  .9 

32    14   36 

log^-V 

8 

S4i643n 

9.637600            ^^H 

^^H             log 

8.781874 

9  727 '48 

l-V) 

'O 

"77581 

-t^  0.9458926           ^^^M 

^^H                     log  /■  sin  E, 

3.89333I 

4.837625 

/i» 

.+0 

0301863 

+0.0232907           ^^^H 

^^H               .r 

a"  lo'  Ji"  6 

19'     6'  45- 

8                  jr-<-„' 

-t-o 

1915896 

-1. 1976500          ^^^H 

^^H 

I    18   16.3 

13       7    50 

2                  1 

-0 

0756822 

-0.318467    ^^^^^M 

^^H 
^^H 

-D-5 

+  1 

°             in 

;° 

8745050 
317377 

-  0.3734097 -^^^^^H 

-f  0.9300400  ^^^^^^H 

^^^^1 

3    38   38  .4 

3»    <4    38 

AVi/ 

+0 

0103931 

-  0.0643433  ^^^^^H 

^^1                         logco»£ 

9.999200 

9.917260 

1 

+0 

353165 1 

-^  0.5923870          ^^^H 

^^m           log  <  COS 

9  795»S' 

9-723312 

l/f) 

-0 

37936P4 

-0.11S6063        ^^H 

^^H                                                            9  779SZI 
^^^H                         log(i  -  f  cosf)     9'575074 

9  949870 
9. 673 '82 

/s„_ 

+0 

6943383 
0694452 

+0-5304544            ^^^1 
4-0.4341100              ^^^^1 

^^m                      logr 

0.144677 

0.342785 

+0 

2455247 

+0.8459583           ^^H 

^^H 

-   4-     »'  sa".2 

+ 24°  43'  r 

S                      ;,  cos -SCO. 

..         8 

40963211 

^^1 

^^^H 

-  a      I    a6  .1 

-12    21    33 

.f          9 

547978 

^^H 

^H 

8,347980" 

9.33050' 

tan  •> 

1 

138346" 

0.413709a            ^^^1 

^^H 

0.435316 

0  435316 

"0 

94°    9'  33'. 2 

^^H 

^^^H                      log         log 

8.983*9611 

9.7658 '7 

94      9   3>  -4 

III  14               ^^H 

^^m 

7.966593 

9.531634 

10  -  C)  ? 

-    I  .8 

^^H 

^^^H 

9.99885s 

9.969881            ^^1 

^m 

7.817048 

9.382090 

COSK 

S.S605091] 

9.556170E1            ^^H 

^^H                          sub 

,•  COS  fl 

9-549123 

9.803653            ^^M 

^^H 

9.997141 

9.880118 

,.  sin  -^ 

9.390095 

9-927349            ^^H 

tan  fi 

9.840972 

0.124696            ^^B 

^^^K               log 

0-595*51 

0.693359 

rt. 

34°  44'  '2'.2 

^H 

^^H 

8.310859 

9-885901 

\Q  -  CI  .■'0 

34    44    21  .5 

52    54    37                   ^^^H 

-13           ^^m 

^^H                         sub 

9.997M5 

9.926450 

+   9-3 

^^1                        log[     ] 

0.592936 

0.6.9809 

sind 

9-755728 

9-903003         ^^H 

^^H 

8.559528 

0-151443 

coail 

9.9M75S 

9.778307           ^^H 

^^H 

9.37976411 

0.075722 

log, J 
III. 

9.634368 

^^^H 

^^H                                       K  COS   £»  COS 

8.7504210 

sin  6, 

9-837177 

logVEo 

8-41087         ^^H 

^^H                         ^,  COS  /?  sin 

9-95475 »« 

siD/J 

9-5991371 

log^n'  <U 

8.3438111         ^^H 

^^^H                         tan 

1.204330 

log! 

9-4364'4n 

add 

^^H 

^^B 

66^  25'  3'"-4 

sum 

7.91509              ^^^H 

^^^B 

7'    54   45-0 

cosrt. 

9,861042 

log  (.■  Co 

9.05049           ^^H 

9- 999' 54" 
8-7948ijn 

cosD 

COS  (.■( 

9.961692 
-  -O        9.995660U 

add 

log  /»„  'P, 

0.03069              ^^^H 

^^H                               COS  /7 

9-955598 

log  11 

9.81939411 

logfl^ 

9-42984           ^^H 

^^H                        z^ 

9. 59314  3° 

add 

0. 150455 

^^^^H 

^^H                       tan 

9.6364451 
9-599137" 
9.96S693 

cos  t 
lot;  1'.. 

9969349- 
965 '336 

log  V  2  cos  ft 
log^^ 

0-13638  ^^^^H 

^^B 

9.993906 

log  F„  c 
sub 

OS  V           9.96275511 
0.173656 

Iogr„coay)           0.135411 

^^^^^^^^^^M 

cos/S 

9.985867 

■ 

^ 
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I 

III 

I 

III 

log  (/  -   /o) 

I.045I4 

1.87342 

log  y^r 

7.82I9I 

9.28885 

log  K  ;  log  n, 

9.28072 

0.10900 

r 

•1     •■ 

r* 

log       I 

r  _ 

r  - 

9.9971 I 

9.90609 

"?«  2« 

709596 

8.66100 

log  (r«)^ 

9.99946 

9-97963 

log  0    I 

9.277830 

0.01509 

log  (re) 

9-99973 

9.98982 

log^ 

9.279760 

0.07572 

log  |/'2     cos  P   (^e) 

0.13610 

0.12620 

sub 

7.64800 

9.17554 

log  II 

1.15281U 

0.36038 

log(     ) 

6.92583 

9.19063 

log  (I  =  9>o) 

9.42984 

log  I 

7.IOI92 

9.366720 

add 
log  # 

9.99170 
1.1445'" 

0.04819 
0.40857 

log  1/2 

log  %  r^ 

r^  (re) 
r^  y 

0.29979 
7.880270 

0.28988 
8.66279 

I  =  logaror  (Xe) 

9.4336on 

0.20621 

add 

9.99835 

O.OIOI3 

logr* 

7.96659 

9-53163 

log(     ) 

0.29814 

0.30001 

II  =  log  ^<  r^ 

7.01407 

8.579" 

logr' 

6.94990" 

9.29746 

y2 

colog  r 

9.85532 

9.75722 

add 

'  9.99835 

0.01013 

log  II 

7.103360 

9.35469 

log  sum 

9-43195" 

I 

0.21634 

add 

7.52000 

8.44850 

•{ 

log[     ] 

4.621920 

7.803190 

III  =  log              0 

1/2 

9.60732 

0.43560 

log  A^ 

5.I9I52 

8.37279 

add  -  sub 

9.69680 

9.81741 

log(    ) 

9.12874 

o.o3375n 

iogro(   ) 

9.12847 

0.0235711 

1                  >0 

logrr 

9.1279811 

0.00860 

log    -^ 

8.75792" 

add 

7.05000 

8.54500 

,              ^0 

r\         ^ 

log[    ] 

6.17798 

8.553600 

Po 

9.85969 

logr 

8.983301: 

I 

9.76582 

1            ^0 

£% 

colog  r 

9-85532 

9.75722 

log  — 

Po 

9.83727 

log  iff 

5.43666 

8.49670 

1^._    T 

^x. 

^ir. 

Sz, 

Sz,n 

^Miil 

S^'m 

log  I 

9          W 

9-13545 

7.86562 

8.694720 

9.91797" 

8.648140 

9.47724 

log  II 

8.63721 

0.23853 

9.99468 

8.62730 

0.22862 

9.98477 

add 
log[    ] 

4/  3 

0.1 1975 

0.00184 

9.97767 

9.97717 

9.98843 

O.I 1753 

9-25520 

0.24037 

9.97235 

9.895140 

0.21705 

0. 10230 

log/;;- 

6.6556811 

8.90513 

log^r*^ 

5.9108811 

6.8960511 

6.628030 

8.800270 

9.I22I8 

900743     . 

Will. 

''^. 

;//„ 

y* 

'«., 

^^,„ 

^yn. 

^^.. 

log  3/j  Q>0 

3.92362 

5  52494 

5.28109 

6.98366 

8.58498 

8.341 13 

log  Nf  oh/ 

5.19413" 

3.9243011 

475340 

8.37540D 

7.10557" 

7.93467 

add 

9.97606 

9.98897 

O.I  1 284 

9.98201 

9-98536 

O.I437I 

log  «r«, 

5-170190 

5.51391 

5.39393 

8. 35741" 

8.57034 

8.48484 

A 

/. 

A 

f. 

J'm 

hui 

f'm 

log  I 

8.754o6n 

9.85683 

9.83441 

8.637140 

9-73991 

9.71749 

log  2  mmt 

5.4712211 

5.81494 

5.69496 

8.658440 

8.87137 

8.78587 

log  flflo  r<' 

6.45356 

8.05488 

7.8II03 

8.01860 

9.61992 

9.37607 

add 

9.95224 

0.00249 

0.00331 

9.88696 

0.07130 

0.09931 

log[    ] 

6.40580 

8.05737 

7.81434 

8.545400 

9.69122 

9.47538 

logn 

6.09258 

7.74415 

7.50112 

8.232180 

9.37800 

9.I62I6 

login 

705539 

8.04056 

7.77254 

9.208840 

9-53075 

9.41600 

I 

- 

-0.0567625         +0.719167 

+  0.682983 

-  0.0433650 

+  0.549425 

+  0.521788 

II 

+  0.0001237         +0.005548 

+  0.003170 

-0.0170680 

+  0.238784 

+  0.145263 

III 

+  0.001 136 

0      +0.010979 

+  0.005923 

-O.I61748 

+  0.339431 

+  0.260618 

log  A 

- 

0.055502S         +0.735694 

+  0.692076 

-O.22218I 

+  1. 1 27640 

+  0.927669 

8.74431^1 

I         9.86670 

9.84016 

9.346700 

0.05217 

9.96739 

444 


PUBLICATIONS  OF  THE  LICK  OBSERVATORY. 


log  /y.  COS  cr,. 

log  p,.  sin  It. 

sub 

log[    ] 

log  I'i 
logl 


log('lI=^A'^^cosfl,) 

add 
log  A,. 


PC 


■h. 
8.7272in 

8.743i7n 

8  57325 
7.30046 

9-63437 
7.66609 

6. 1 0492 n 

9.98791 
7.65400 


5.75656 
5.90974n 
0.231 16 
6.14090 


6.50653 


4.37442n 
5.i6905n 
9.92404 
5.09309 


5-45872 


9.61  i22n 

9-3^6150 
9.98800 

9.30415" 

0.02435 

9.27980U 

5-33C67 

9.99995 
9.2797511 


.'/ 


9in 


A 


^tii 


8.68i23n 
8.76972n 

9-3541 I 
8.03534 


8.01099 


8.i2939n 
8.32686n 
9.76019 
7.88958 


7.86523 


B 


Pi 


log  /,.  sin 

'^ 

log  A<  cos 
add 

'^ 

log(     ) 
sin  6^ 

log  sin  <5,  ( 
log  /,.  cos 
sub 

) 

log[     ] 
logl 

log  (11  = 

{pii  Pi) 

p;' 

add 


) 


9.86556 
7.60482 
0.00238 
9.86794 

9-75573 
9.62367 

975492 
9.54758 
9.i7i25n 
9.53688 

5.80176 

0.00008 
9-53696 


6.8949in 

4.77139 
9.99672 
6.89i63n 

6.64736n 
6.54279n 

9.43495 
5-97774n 


5.51277 
4.03070 

0.01408 
5  52685 

5.28258 
530869 
8.79217 
4.07475n 


6.34337 


4.44038 


Bf 
0.C2I62 

8.90575 

0.03205 
0.05367 
9.90184 

9.95551 
9.74776 
9.78776 

9.53552 

9.5"i7n 

4.5697on 

o.ooooi 
9.5iii8n 


B 


9in 


9.09163 

8.35932 
0.07380 

9.16543 

9.06728 
8.78780 

9.95575 
8.74356 


8.53979 
7.91646 

0.09274 
8.63253 

8.5S437 
8.26521 

9.93374 
8.19895 


8.7i92in 


8.i746on 


log  .IT  9.27976n 

log  ii  9-63437 

log  C,  ;  log  C,„    9-645390 


III 
0.07572 
0.02435 
0.05137 


log  (I-C'sin  <r) 
log  II 
log  III 

I 
-II 
-III 

-  /^i ;  -  A. 

log/?,;  log/?;, 

logl 
log  II 
log  III 

I 
-II 
-III 

-  A ;    -  A 

log/?.;  log/?, 


9.64425n 

4.99349 
5.76236n 

-  0.440810 
-0.0000099 
+  0.0000579 
-0.440762 
9.64421 

8.26163 

4.83033 
4.744020 

+  0.0182654 
-0.0000068 
+  0.0000055 
+  0.018264 
8.26i6on 


Computation  of  /?, ,     y^ ,     <^. ,     r. 

Ill 
0.02082 

6.49795 
8.168870 

+ 1.049098 
-0.0003147 
+  0.0147527 
+  1.063536 
0.026750 

9.512560 
7.2o6i8n 
8.47824 

-0.325285 
+  0.0016076 
-00300773 

-0.353755 
9-54871 


I 

III 

log(I  = 

C  cos  ci  ) 

8.50590 

9.6io42n 

log  II 

6.59481 

8.09927 

log  III 

4.49253" 

6.89904n 

I 

+  0.032055 

-  0.407773 

II. 

+  0.000394 

+  0.0125680 

Ill 

-0.000003 

-  0.0007926 

Yx  : 

r.« 

+  0.032446 

-  0.395998 

log  n  ; 

log  Y.S 

851116 

9.5977on 

logl 

9-39998n 

9.92266 

log  II 

6.43165 

8.8o75on 

log  III 

3.474i9n 

7.20841 

I 

-0.2511765 

+  0.836880 

-II 

-0.0002702 

+  0.0641943 

-III 

+  0.0000003 

-  0.0016159 

-  }\  : 

-Yi 

-0.251446 

+  0.899458 

log  Y: ; 

log  Yi 

9.40045 

9.953980 
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log  I 
log  II 
add 
log  ^i ;  log  dj 

log  I 
log  II 

login 

I 

II 

III 

log  «, ;  log  64 


6.35096 
5-32163 
0.03880 
6.38976 

9.5601511 
6.18780 

4.30329 

-0.363200 
+  0.000154 
+  0.000002 
-0.363044 

9-55997" 


III 

7-85543 
7.72814 

0.24204 

8.09747 

9- 83 '74 

8.5636511 

8.0375111 

+  0.678800 
-  0.036614 
-0.010902 
+  0.631284 
9.80023 


III 


log    "biX 

0.2552711 

2.72395 

COS  <5 

9.91476 

9-78037 

log  sin  1* 

4.68557 

4-68557 

log  r^  ;  log  v.^ 

4.8556011 

7.18989 

log  d^ 

0.96848 

2.8667611 

log  J',  ;  log  r, 

5.65405 

7.552330 

Kquaiions  for  Solution     (Coefficients  lyOgarithmic). 

(7.65400   )  ^(h\  +  (9.64421    )  ^x\\    +  (8.5 1 1 16    )  cVo'  +  (6.38976    )  c'^V 

(953696   ) 

(9  279750) 
(9.5iii8n) 


+  (8.26i6on) 
+  (o.o2675n) 

+  (9-54871    ) 


+  (9.40045  ) 
+  (9-5977011) 
+  (9.95398n) 


+  (9.559970) 
+  (8.09747  ) 
+  (9.80023   ) 


(4.8556on) 

(5.65405   ) 
(7.18989   ) 

(7.552330) 


The  solution  of  these  equations  gives 

log  l^ih\  8.o43i5n 

log  (>.n/  5.44027 

log  cVe'  7.00605 

log  t^ri/  7.995550 

From  the  value  of  log  i^p^  we  have 

log  t^.ro  6.S0007 

log  tVt»  7.90284n 

log  "^zm  7. 88042 n 

Applying  these  values  of  ^a\^  ^y^^  ^z^^  ^x^^  ^y^^  and  ^z^  to  the  old  values  of  .r^, 
>'o»  -^3  1  '^o^yo^  ^^^  ^0  respectively,  we  have  the  new  or  corrected  values 

log  .rij  8.495803  log  .In' 

log  Jo  0.085441  log   >'(/ 

log  Zn  9.839687  log  Zi)' 

0.146242  log  ru'  9.027470 

9.640497  log  G,;-  0.057168 


o.oo2596n 
8.72455611 
9.549926 


log  ro 
log  /J,. 

For  the  representation 


(O  -  C) 


log/ 

log  .ir 

36 


9.997076 
9.279742n 


in 

9.876614 
0.074726 


-o*.9 
-  I  .2 


+   2*.  4 
-  12  .6 


Then  substituting  these  residuals  to  form  new  absolute  terms  in  our  four 
equations  for  t»Po ,  etc.,  keeping  the  other  coefficients  the  same  and  resolving  for 
further  corrections  ?p^^^  etc.,  we  remove  the  residuals  and  have  finally  : 


whence 


log  :ro 

8.495919 

log    Vi) 

0.085404 

log  r.. 

9.839623 

lo^  rn 


o.  I462tx) 


log  Ao 

0.0026O0 

log  ,)'„' 

S.724205n 

log  m' 

9.549«o5 

log  rn' 

9-027352 

log  0,r 

0.057147 
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IV.     (A  VIIIc) 


log  — - 

log  (7o« 
sub 

log-^ 

log  a 

log  ro"^ 

sub 
log  ((7*0  -  ro'*) 
log  ro' 
log/ 

ro 
sub 
log  e  cos  z/o 


Elements. 

0.154830 

log  1    / 

0.172602 

\  Z'o 

f  37'  30".! 

^0    1        %^ 

log  ^  sin  7'o 

9.199954 

tan  \  Vo 

9.126694 

0.057147 

tan  2/0 

2^0 

9.435578 

15**    15'  0*.2 

1-Kv/  '   "  ' 

9.697282 

9.401790 

^\    I   +/ 

9.458937 

sin  z/o 

9.420009 

tan  i  Eo 

8.823976 

0.541063 

cos  z/o 
log^ 

9.984432 
9.779944 

iEo 
Eo 

3'  48'  52".8 
7    37   45.6 

8.054704 
9995659 

log/^ 

9.559888 

sin  ^0 
log^- 

9.123080 
5.094369 

0.052806 

0.292399 
0.345205 

log  (I  -  0 
log  a 

log  a^ 

9.804150 

0  541055  check 
1.6231S9 

log  e^  sin  Eo 
e"  sin  Eo 

Mo 

4.217449 

I6498^7 

3'    2'46'.9 

0.199005 

log  a^ 

0.81 1594 

Epoch        1909 

Dec.  18.75330 

Period 

6.48029  years 

Gr.  M.  T 

9.764376 

logK" 
log  n" 

Constants  for 

3.550007 

2.738413 
547^5362 

the  Equator. 

d    w    D' 

a    X    A' 

b   y    B' 

c    z    C 

log  ro  «/o' 

0.148800 

8.870405 

9.696005 

log  ro'  Wo 

9.523271 

9.112756 

8.866975 

sub 

0.001027 

0.196545 

9.930316 

log[     ] 

0.149827 

9.30930111 

9  626321 

sin  d  cos  ( 

D'  +  z/o) 

9.977225n 

9.i36699n 

9.453719 

sin  d  sin  (/?'  +  v\)) 

8.3497i9n 

9.939204 

9.693423 

tan  (/>'  + 

z'o) 

8.3724940 

o.8o2505n 

0.239704 

/?'    +    1^0 

178"  38'  57^7 

98"  57'  I7''.7 

6o-    3'55^o 

7^0 

15    15     0 .2 

/?' 

163    23   57.5 

83    42    17.5 

44    48   54  .8 

sin  (/>'  + 

z'o) 

8.372373 

9.994674 

9.937816 

cos  (Z>'  + 

T/o) 

9.999879n 

9.i92i69n 

9.6981 12 

sin  d 

9.977346 

9.944530 

9  755607 

The  details  of  the  computation  for  the  elements  co ,  £1  and  /  are  not  given 
here  as  they  are  exactly  the  same  as  shown  in  Example  No.  i,  page  395.  They  are 
given  in  the  collection  of  elements. 

The  representation  of  the  First  and  Third  Places  for  the  corrected  orbit  is 
computed  exactly  as  shown  on  page  442  of  this  exany^le,  so  the  details  are  omitted. 
The  principal  quantities  are 


log  /     9.997075 
log  /,.,   9.876577 


iog.C/     9.27974311 

log.c.,.    0.074712 


(O-C 


_r^^ 


(t 


'?i^ 


+  l''.0 
+  0  .2 


III 

-o*.4 
+  0  .5 


and 
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The  corrected  orbit  then  is  given  by  the  following  collected 

EUpnents, 

Bpocb  1909  Dec.  18.75330  Gr.  M.  T. 

M.  i^      2'    46''.9 

tt)  3      28     42  .6  \ 

^  70      58     54  .4  r  ( 19090) 

/  19      26     48  .0) 
e  0.602481 

log  a  0.541063 

Constants  for  the  Equator  igog.o. 

;r  =  r  [9.977346]  sin  (163"    23'    K^f.^^v) 

y  -r  [9.944530]  sin  (  83     42      17  .5  +  T/) 

-  =  r  [9.755607]  sin  (  44     48     54  .8  +  2/) 
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EXAMPLE  NO.  13. 

CASE  OF  AN  INITIAL  NEARLY  PARABOLIC  ORBIT. 

A  portion  of  the  work  on  Halley's  comet  is  given  in  this  example  to  illus- 
trate, in  detail,  the  computation  of  a  second  orbit  based  upon  a  preliminary  orbit. 
The  observations  used  cover  a  range  of  164  days,  giving  intervals  of  90  and  74 
days  respectively.  These  long  intervals  necessitate  the  use  of  the  closed  express- 
ions \n  /^  gy  d/^  and  dg  ^  so  that  this  example  will  show  not  only  how  a  second 
orbit  is  computed  but  also  the  use  of  these  closed  expressions.  Furthermore,  the 
orbit  is  of  the  nearly  parabolic  type.  Since  the  eccentricity  of  this  orbit  is  well 
defined  the  formulae  3  (Part  7,  page  333)  are  used  here  instead  of  formulae  2 
(Part  7,  page  332)  which  would  ordinarily  be  used  for  a  very  nearly  parabolic  orbit. 

It  must  be  borne  in  mind  that  the  computation  given  here  is  merely  to  show 
the  applications  of  the  formulae  of  Leuschner's  Method  and  is  not  to  be  taken  as 
a  final  orbit  for  the  comet  as  it  is  based  upon  only  three  observations  at  one 
apparition.  The  computations  were  made  in  duplicate  by  R.  T.  Crawford  and 
W.  F.  Meyer. 

I. 

The  first  observation  is  by  Barnard.     The  second  place  is  a  normal  based 
upon  four  observations  by  Aitken.     The  third  is  an  observation  by  Aitken. 
They  are: 


Date    Gr.  M. 

T.  1909 

ix  (1909.0) 

8  (1909.0) 

I           January 

260.85720 

94"   44'    5i*.6 

+  17"      8'    59*- 2 

II         January 

350.77347 

49      56     33  .7 

+  13      59     51-8 

III       January 

424.63910 

8      32     55  .9 

+   7      53     50-0 

The  dates  of  these  observations,  as  given,  have  been  corrected  for  aberration 
and  the  coordinates  have  been  corrected  for  parallax,  and  referred  to  1909.0. 

The  preliminary  orbit  upon  which  this  computation  is  based  is  one  that  had 
been  computed  here.  Its  elements  and  the  corresponding  constants  for  the 
equator  are: 

Elements. 

T  =  1910    April    19.71304  Gr.  M.  T. 
cj  III"    46     31". 70  \ 

^^  57      15     36 .95  [  1909.0 

/■  162      12     32  .88  ) 

e  0.9667007 

log  a      1.2458385 

log^      9.7682756 

Constants  for  the  Equator  1909.0. 

,r  =  r  [9.9851611]  sin  (145**  48'  i8".47  +  v) 
y  -  r  [9.9884770]  sin  (239  21  52  .17  +  v) 
^  -r  L9-5354488]  sin  (189        5      11  .47  +  v) 
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From  the  data  of  the  computation  in  the  preliminary  orbit  we  take  for  the 
middle  date, 

log /Jo       0.1324984  log  A',    8.958293811 

V(x      239°    50'    22.''75  log  K,    9-9536780 

logZo     9-5909691  n 


Determination  of  Heliocentric  Coordinates  and  Their  Velocities  for  the  Middle  Date  in  the 

Artificial  Orbit. 


A'  +  z/, 
B*  +  V. 
C  +  V. 

cos  A' 
cos  7^' 
cos  C 

cos  (-/4'  +  t/o) 
log  e  cos  A' 

add 

sum 

,      sin  a 
log— =. 

V  P 

log  jiV 

cos  {B*  +  vo) 
log  e  cos  B* 

add 

sum 


log 


sin  b 


VP 

log^o' 

cos  (C  +  Vis) 
log  e  cos  C 

add 

sum 
,      sin  c 

Vp 

log  So 


25" 

no 
68 


38' 

12 

55 


4 1*.  2 

14.9 
34-2 


9-9i75742n 
9.7072079 

9-99451550 

9.9549631 
9.9028662n 

0.9467605 

9  0082026 

9-9541541 

8.9623567 

9.68835 ion 
9.6924999n 
0.2989605 
9.99i46o4n 

9-9574700 

9.94893040 

9-5557843 
9-97980750 
0.2052915 
9-7745i6on 

9.5044418 
9-27895780 


logpo 

0.1324984 

COS  So 

9.9869084 

log  60 

0.1 194068 

COS  nro 

9.8085846 

log  $0 

9.9279914 

log  A  0 

8.9582938n 

sub 

0.0442365 

log  Xtt 

9.9722279 

sin  a^y 

9.8838891 

log  f/o 

0.0032959 

log  Fo 

9-953678on 

sub 

0.2769293 

log  Jo 

0.2802252 

tan  <^o 

9-3966975 

log  Co 

9.5161043 

log  Zo 

959096910 

sub 

0.2652088 

log  ro 

9.8561779 

log  A'D* 

9.9444558 

log  yo^ 

0.5604504 

add 

0.0941586 

sum 

0.6546090 

log  so'^ 

9-7123558 

add 

0.0469714 

log  n' 

0.7015804 

logr. 

0.3507902 

log  Ao"' 

7.9^47134 

log  jV^ 

9.8978608 

add 

0.0045955 

sum 

9.9024563 

log  Zo'' 

8.5579156 

add 

0.0192132 

log  G.' 

9.9216695 

^^^^ 

9.9502398 

sub 

1. 1 960764 

log  A 

8.7541634 

log  a 

1.2458366 

log  .ro  .iV 

8.9345846 

log  yo  yo 

o.229i556n 

add 

0.0226190 

sum 

o.2o65366n 

log  -cro  20' 

V 135 13570 

add 

0.0353655 

log  ro  ro' 

o.24i902in 

log  ro' 

9.891 1 1  I9n 
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II. 


Representation  of  First  and  Third  Places. 

(/ .  /// .  JC, .  ffu,  determined  by  closed  form  using  the  preliminary  elemente  to  determine  r, ,  r,„  ,  v,  and  v, 

by  Oppolzkr's  nearly  parabolic  method). 


I 

III 

/  -  T 

-213.85584 

-  50.07394 

log  (/  - 

/■) 

2.3301 2 I 2n 

i.6996ii8n 

log  A/ 

2.67i0984n 

2.o4o589on 

w 

-  130'  57'  29" 

.60 

-90-  3'  46^87 

\  w 

-   65    28  44 

.80 

-45     I    53-43 

tan  \  w 

o.34o8765n 

o.ooo4776n 

logjr 

0.343840 in 

0.00344 I 2n 

log;r' 

0.6876802 

0.0068824 

logy; 

8.9161658 

8.2353680 

7 

0.0824453 

0.0171936 

log  (7 

0.0147238 

0.0030038 

log// 

-  2 

0 

tan  \  V 

0.358563711 

o.oo6445on 

\v 

-   66''  20'  54". 

29 

-  45"  25'  30^.45 

^. ;  ^/« 

-132    41   48. 

59 

-90    51     0.90 

tan  \  V 

0.7171274 

0.0128900 

logO 

8.9458252 

8.2415878 

log(i  + 

0) 

0.0367376 

00075095 

add 

0.0762073 

0.2946328 

log  (I  + 

tan^  4  7/) 

0.7933347 

0.3075228 

colog  (l 

+  0) 

9.9632624 

9.9924905 

log  r, ;  ] 

log  r,,, 

0.5248727 

0.0682889 

V  "  Vq 

-    12*  32'  11*. 

34 

+  29"  18'  36^35 

i  (Z/   -    Vo.) 

-     6    16     5  . 

,67 

+  14    39   18.18 

log  rro 

0.8756629 

0.4190791 

log  |/  m 

0.4378314 

0.2095396 

sin  i  (z/ 

-   V(\) 

9.038i564n 

9.4031 188 

log  r, ; 

log  r/.. 

9-5954958n 

9.7321664 

log  r' 

9.1909916 

9-4643328 

•°«Vo 

8.8402014 

9. 1 135426 

sub 

0.031 1507 

0.0604209 

log  / ; 

log  /,, 

9.9688493 

99395791 

sin  {v  - 

Vfi) 

9.3365823n 

9.6897847 

log  ;^, ; 

log  ^/./ 

o.i8i2382n 

0.0778568 

I 

ni 

log  /ro 

9.9410772 

9.91 18070 

logyit) 

0.2490745 

0.2198043 

log  /?0 

9.8250272 

9.7957570 

log  j^Xo 

9-1435949" 

9-0402135 

log  ^a-f' 

0.1 301686 

o.o267872n 

log  gz^' 

9.4601960 

9.3568i46n 

X 

-  I. 00035 16 

+  0.9293000 

/to 

+  0.8731266 

+  0.8 162 1 96 

^■rv! 

-0.1391858 

+  0.1097017 

-0.2664108 

+ 1. 8552213 

y 

+  0.0839090 

-0.3157650 

fy. 

+  1.7744939 

+  1.6588393 

K}*^ 

+ 1.3494866 

-  1. 06362 1 8 

V 

+  3.2078895 

+  0.2794525 

z 

+  0.0364017 

-0.1369780 

/-o 

+  0.6683858 

+  0.6248230 

gZiS 

+  0.2885333 

-0.2274126 

c 

+  0.9933208 

+  0.2604324 

0  cos  5  cos  tx 

9-42555i8n 

0.2683957 

p  cos  6  sin  a 

0.5062194 

9.4463080 

tan  cr 

i.o8o6676n 

9.1779123 

u. 

94'  44'  50". 

79 

8-  33'  57'.89 

CtQ 

94    44  51  - 

.60 

8  ^2    55  .90 

(O  -  C)  J<r 

+  0 

.81 

-  61.99 

sin  ix 

9-9985075 

9.1730404 

cos  iX 

891783990 

9.9951281 

ft  cos  S 

0.50771 19 

0.2732676 

ft  sxxxd 

9.9970896 

9.4156950 

tan  8 

9.4893777 

9. 1424274 

^c 

+  17'    8'  58\ 

38 

+  7*  54'  io*.25 

(5o 

+  17      8   59. 

.20 

+  7    53   50.00 

(O  -  C)  JS 

+    0 

.82 

-  ao  .25 

sin  8 

9.4696259 

9.1382830 

cos  6 

9.9802482 

9.9958556 

logp 

0.5274637 

0.2774120 

The  solar  coordinates   for  these  places  were  derived   from  the  data  of  the 
American  Ephemeris,  and  reduced  to  1909.0. 
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III. 


Differential  Correction  to  Remove  Residuals. 


^0  cos  D  cos 

A 

8.958290 

Rn  cos  Z^  sin 

A 

9.95368n 

tan  A 

0.99539 

A 

264^2288 

<^n 

49  9427 

A  -  ix„ 

214  .2861 

sin  A 

9.99779n 

cos  A 

9.oo24on 

Rq  cos  D 

9.95589 

Ro  sin  D 

9-59097" 

tan  D 

9.635o8n 

sin  D 

9.597990 

cosD 

9.96291 

log  Ri) 

9.99298 

-    <^n) 


sin  5,, 
sin  D 
log  I 

cos  5,, 
COS  D 
cos  (A 
log  II 
add 

COS  t 

log /Jo 

log  Rq  cos  ^ 

sub 
log  ro  cos  /5 
cos  /^ 


9.38361 
9- 597990 
8.98i6on 

9.98691 

9.96291 

9.9i7ion 

9.86692n 

0.05316 

9.92oo8n 

0.13250 

9.9i3o6n 

0.20502 

0.33752 
9.98673 


log  ,ro'  lo 
log  yo'  7/0 

add 

sum 
log  zo  Co 

add 
log  po  <po 
log  *po 

log  1/2  cos  ^ 

,  COS  ft 

log r- 


8.89035 
9.95223n 

9.96061 

9.9i284n 

8.795o6n 

0.03192 

9.94476n 

9.8i226n 

0.13725 
9.28515 


log  (/  -  /o) 

log«.,;    logo, 

I 

1.953840 
0.18942 

III 

1.86844 
•    0. 10402 

log  ^' 

7.64412 

7.91747 

log  (rc)^ 

log  (Xr) 

9.99808 
9.99904 

9.99639 
9.99820 

,                _    COS  /^ 
l0gV2           y 

0.54x750 

0.40508 

log  II 

log  (I  =  (p^)) 

add 
log  ^ 

0.540790 
9.8i226n 

0.07440 

0.6i5i9n 

0.40328 
9.8i226n 

9.87132 
0.27460 

log  I 

0.1 2037 n 

9.80046 

log  2  n)  r 
log  II 

o.24732n 
o.2454on 

0.38399 
0.38039 

log  r' 

,        ro  ro' 

log       -;- 
V    2 

log  III 

9.19099 
0.09 1 39n 

9.28i42n 

9.46433 
0.091 39n 

9.55392n 

log  IV 

0.51507 

0.42883 

I 

II 

III 

d=IV 

[     ] 

- 1-31939 

-  1.75954 
-0.19117 

+  3.27392 
+  0.00382 

+  0.63163 
+  2.40100 

-  0.35803 

-  2.68431 
-0.00971 

log[     ] 

logr 

colog  r 
}ogM 

7.58206 
9.5955on 

9.47513 
7.54774 

7.98722n 

9.73217 
9.93171 
8.54615 

I 

III 

log^ 

8.66612 

939604 

log      I  - 

r 

9.97938 

9.87570 

logO     I  - 

y 

r 

\  - 

o.i688on 

9.97972 

logjr 

o.i8i24n 

0.07786 

sub 

8.46333 

9.40405 

log(     ) 

8.63213 

9.383770 

log  I 

8.80822 

9.559860 

log  ]/  2  re 

)(r.) 

0.50035 

0.49951 

log  h  ro  ro 

r 

9.53637 

8.673040 

add 

0.04479 

9.92987 

log(     ) 

0.54514 

0.42938 

log  r' 

8.78649n 

9. 19650 

colog  r 

9.47513 

993171 

log  II 

8.8o676n 

9.55759 

add 

7.52667 

7.72000 

log[    ] 

6.33343 

7.277590 

log  iV 

7.579270 

8.52343 

1        ^0 

^^^PO 

9.79549 

log  '^' 

9.87080 

1     ^ 

log  _  - 

9.38361 

Po 
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ir«< 

^'. 

^., 

^". 

^^.u 

^"111 

S'.., 

log  I 

8.9o865n 

9.89522 

9.22525 

9.04532 

0.03 1 89n 

9.36i92n 

log  II 

0.12179 

0.42979 

0.00574 

0.12095 

0.42895 

0.00490 

add 

997257 

0.1 I 127 

0.06661 

0.03504 

0.17462 

9.88788 

log[  ] 

0.09436 

0.54106 

0.07235 

0.15599 

0.20651 

9.89278 

log  ^' 

7.9io83n 

• 

8.77742 

log  ^«. 

8.005 I9n 

8.45  i89n 

7.983i8n 

8.93341 

8.98393 

8.67020 

w«, 

m^^ 

ffi. 

w,^ 

fftr 

411 

'hi 

log  M^  &>,, 

7.51997 

7.82797 

7.40392 

8.51838 

8.82638 

8.40233 

log  A\  W(/ 

6.54i63n 

7  52820 

6.85823 

7.48579 

8.47236n 

7.8o239n 

add 

9-95177 

0.1 765 I 

0.10879 

0.03853 

0. 10021 

9.87435 

log  m^^ 

7-47174 

8.00448 

7.51271 

8.55691 

8.57257 

8.27668 

A 

A 

A 

A 

A. 

A./ 

J'lU 

log  I 

976434 

9.83965 

9.35246 

9.73507 

9.81038 

9.323«9 

log  2;//^^ 

7-77277 

8.30551 

7.81374 

8.85794 

8.87360 

8.57771 

log  coi^y^i 

9.16322 

947122 

9.04717 

9.43656 

9.74456 

9.32051 

add 

0.01732 

0.02869 

0.02466 

0. 10 1 70 

0.05484 

0.07218 

log[  ] 

9.18054 

9.49991 

9.07183 

953826 

9.79940 

9.39269 

log  II 

8.46569 

8.78506 

8.35698 

8.82341 

9-08455 

8.67784 

log  III 

8.62038 

9.06708 

8.59837 

9.20801 

9.25853 

8.94480 

I 

+  0.58121 

+0.69127 

+0.225142 

• 

+0.54334 

+0.64622 

+  0.210470 

II 

+  0.02922 

+0.06096 

+0.022750 

+ 0.06659 

+0.12149 

+  0.047626 

III 

+  0.04172 

+0.1 1670 

+0.039662 

+0.16144 

+0.18135 

+  0.088064 

/«, 

+  0.65215 

+0.86893 

+0.287554 

+0.77137 

+0.94906 

+  0.346160 

log  /«, 

9.81434 

9.93898 

945872 

9.88726 

997729 

9.53928 

^.. 

^/. 

A., 

^  in 

^111 

A^ 

HI 

log  A.  COS  n'^ 

8.85682n 

7.36973 

6.92232n 

9.97242 

8.97906 

8.56770 

log  J>x,.  sin  iti 

9-81285 

8.oo37on 

7.47025 

9.06030 

8.10645 

7.72995 

sub 

0.04553 

0.09072 

0. 10829 

994329 

9.93747 

9.93182 

log[  ] 

9.858430 

8.09442 

7.578540 

9.91571 

8.91653 

8.49952 

log  Pi 

0.52746 

0.27741 

log  Ap, 

9.330970 

7.56696 

7.05  io8n 

9.63830 

8.63912 

8.222II 

B,, 

^f. 

^^. 

B,„ 
1 

Bf 

•'in 

•'ill 

B^ 

III 

logAv^  sin  tr. 

9.93749 

8.4504on 

8.00299 

9-15033 

8.15697 

7-74561 

log/x  cos  CXi 

8.732i8n 

6.92303 

6.38958n 

9.88239 

8.92854 

8.55204 

add' 

9.97205 

9.98691 

9.98929 

0.07384 

0.06789 

0.06302 

log(  ) 

990954 

8.4373in 

7.99228 

6.95623 

8.99643 

8.61506 

sin  ^^ 

9.46963 

9.13828 

log  I 

937917 

7.9o694n 

7.46191 

9.09451 

8.13471 

7-75334 

log  II 

9-43897 

7.963430 

7.49296 

9.53514 

8.66606 

8.27254 

sub 

9.16915 

9-14275 

8.86986 

9.80445 

9.84868 

9.84352 

log[  ] 

8.54832n 

7.04969 

6.331770 

9  33959 

8.514740 

8.ii6o6n 

log  B,^ 

8.02086 

6.52223n 

5.80431 

9.06218 

8.23733 

7.83865 

log 

.C 

I 
0.  iSi24n 

II 
0.07786 

log 

f> 

0.52746 

0.27741 

log  C, ;  log  C, 

9653780 

9.80045 
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For  /tf^,    r<,    ^iy    »'i 


I 

III 

log  (I  = 

C  sin  a) 

9.6522911 

8.97349 

log  II 

753919 

8.61 135 

log  III 

6.314470 

7.48550 

I 

-  0.44904 

+  0.094078 

-II 

346 

-       40865 

-III 

+          21 

-         3058 

-A; 

-A 

-0.45229 

+  0.050155 

log  ft, ; 

log  ft. 

965542 

8.7003211 

log  I 

8.04125 

8.93386 

log  II 

6.4944611 

8.20956 

log  III 

5.CJ6770 

7.10204 

I 

+  0.0109964 

+  0.085874 

-II 

+          3122 

16202 

-III 

117 

1265 

-A; 

-ft. 

+  0.01 12969 

+  0.068407 

log  A ; 

log  A 

8.052960 

8.8351011 

log  I 

7.42314 

8.49530 

log  II 

6.63107 

7.8021011 

add 

0.06499 

9.90163 

log  <^i  ; 

log  <^*3 

7.48813 

839693 

log  I 

9.63403" 

9.79631 

log  II 

6.3784111 

8.09351 

log  III 

5.3843011 

7.4186411 

I 

-  0.43056 

+  0.62561 

II 

24 

+       1240 

III 

2 

262 

«.; 

<5* 

-0.43082 

+  0.63539 

log  ^i  \ 

log  6^ 

9.6343011 

9.80304 

I 

III 

log  (I  = 

C  COS  it) 

8.57162 

9.79558 

log  II 

7.84719 

8.91935 

log  III 

7.30104 

8.472070 

I 

+0.0372925 

+0.62457 

II 

+      70338 

+     8305 

III 

+      20000 

-     2965 

y\ ; 

Vs 

+0.0463263 

+0.67797 

log  r\  ; 

log  ra 

8.66583 

9.8312 1 

log  I 

9.1219211 

8.11177 

log  II 

6.8024611 

8.51756 

log  III 

6.0542711 

8.088610 

I 

-0.132409 

+  0.0129351 

-II 

+       635 

-     329277 

-III 

+        113 

+     122634 

-rr. 

-r. 

-0.131661 

-  0.0077292 

log  y. ; 

log   Vi 

9. 1 1946 

7.88813 

log  da 

9.90849 

1.792320 

cos  '^ 

9.98025 

9.99586 

log  sin  : 

i" 

4.68558 

log  I'x  ; 

log  ''.1 

4.57432 

6.4737611 

log  d'"^ 

9.92428 

1.306430 

loK  f'l ; 

log    i'A 

4.60986 

5.992010 

Kquations  for  Solution  (Coeflicients  Logarithmic). 

(9-33097")  ^^'^^  +  (9.65542    )  t\r;  +   (8.66583)  tV.  +  ^7.48813 

r8.o2o86    )  +  (8.o5296n)  +  (9.1 1946)  +  (9.63430") 

(9.63830    )  +  (8.7oo32n)  +  (9.83121)  +  (S.39693 

(9.06218    )  +  (S.835ion)  +  (7.88813)  +  (9.80304 


)    ^"'M 


) 


(4.57432    ) 
(4.60986   ) 

(6.47376") 
{5.9920in) 


The  .solution  of  tlie.se  equations  gives 


log  ^p[* 
log  I'^.r', 


5.37967 
5.82046 

6.64756U 

6.i6537n 


From  the  value  of  log  ^P^)  we  have 

log    ?.Vn 

log  P  r„ 
log  i^-r,, 

Applying  these  values  of  c\ro,  ^y^^, 


5.17516 

5.25047 
4.76328 


^^I'o, 


t^jo,  and  tiiTo  to  the  old  values  of 


-^'o)J)\m  -0,  -i*oj  j)'tM  <iiid  ^o,  respectively,  we  have  the  new  values 


log  .!„ 
log  y^^ 

log  -., 

log  f'Q 


9.9722348 
0.2802293 
9.8561814 
0.3507948 


log .»-,'  8.9626699 

log.i<,  9-9491473" 

log  r',  9.279292on 

log  ;■;,  9.89i3326n 

log  (/V  9.9221 155 
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IV. 


From  these  the  following  quantities  are  derived  by  A  VIII  (the  details  of  the 
computation  are  not  given): 


«'i) 


239"    53'    36''.95 


log  €  9-9855082 

logrt  1.2525224 

log  g  9.7686346 

T  1910  April  19.67760  Gr.  M.  T. 

Using  these  quantities  the  new  values  of/] ,  /^^^ ,  ^^,  and  g^^^  were  derived  as  on 
page  450  of  this  example.     They  are: 

log  /         9.9688565 
log  /,,       99395596 

log  .1^,  o.  1 81 240311 

log  g,„        0.0778450 

With  these  and  the  corrected  heliocentric  coordinates  and  their  velocities  the 
residuals  for  the  first  and  the  third  places  were  computed.     They  are: 

I  III 

.^       ^    (  Ja        o*.o  -o'.i 

(O  -  C)  J    ,0 

^  ^  )  J6        o  .0  o  .0 
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♦This  paper,  with  the  exception  of  the  references  to  the  orlnt  of  the  ICighth  Satellite  of  Jupiter,  was  written 
in  1905  and  read  in  abstract  inuler  the  title  of.-///  Anaiytiicii  Method  of  neterniiniui^  the  Orbits  of  Sew  Satellites 
at  the  seventh  meeting  of  the  Astronomical  and  Astrophysical  Society  of  America,  New  York,  December,  1905. 
Publications,  Vol.  i,  Page  249. 


INTRODUCTION. 

The  recent^  discoveries  by  W.  H.  Pickering  and  C.  D.  Perrine  of  distant 
satellites  of  Saturn  and  Jupiter,  and  the  fact  that  the  powerful  photographic 
methods  of  search  now  in  use  undoubtedly  will  lead  to  the  further  discovery  of 
satellites,  make  it  imperative  that  an  adequate  method  should  be  established  for 
the  determination  of  the  orbits  of  new  satellites  from  a  limited  number  of  obser- 
vations. Any  method  proposed  for  this  purpose  should  be  simple  in  its  applica- 
tion and  should  permit  of  the  ready  correction  of  the  preliminary  elements  on  the 
basis  of  additional  observations.  It  is  also  of  the  greatest  importance  that  the 
principal  perturbations  of  the  satellite,  during  the  period  covering  the  observations 
on  which  the  orbit  is  based,  should  be  taken  into  account  in  the  first  approximation 
of  the  elements.  The  graphical  methods,  which  are  patterned  in  the  main  after 
the  methods  in  use  for  the  determination  of  double  star  orbits,  seem  to  be  wholly 
inadequate  for  the  solution  of  an  orbit  to  the  degree  of  accuracy  which  the  obser- 
vations are  capable  of  yielding  even  in  the  case  of  a  short  arc.  Solutions  which 
are  partially  analytic  but  involve  arbitrary  assumptions  or  variations  of  certain 
elements,  as  the  period,  position  of  the  orbit  plane,  or  eccentricity,  also  should  be 
avoided.  In  the  case  of  satellites  which  are  subject  to  large  perturbations,  the 
essential  object  to  be  aimed  at  is  the  immediate  determination  of  a  set  of  osculat- 
ing elements  of  the  greatest  possible  accuracy.  On  the  basis  of  such  a  set  of 
elements  together  with  the  perturbations,  comparison  may  be  made  with  observa- 
tions and  the  elements  improved.  A  graphical  construction  of  what  may  be 
termed  an  average  orbit  through  the  given  observations,  or  a  partially  analytical 
solution  on  the  basis  of  certain  arbitrary  assumptions,  is  very  likely  to  result  in  a 
set  of  elements  which  differ  to  such  an  extent  from  the  osculating  elements  that 
any  perturbations  based  on  the  same  will  be  greatly  in  error,  nor  can  they  be  con- 
founded with  mean  elements  owing  to  the  shortness  of  the  arc.  But,  if  the  per- 
turbations are  greatly  in  error,  the  comparison  of  theory  with  observation  will 
lead  to  residuals  which  are  also  erroneous,  and  the  improvement  of  the  elements 
on  the  basis  of  such  residuals  may  be  questioned.  In  fact,  the  whole  process  may 
turn  out  to  be  non-convergent. 

My  attention  was  first  directed  to  this  problem  through  W.  H.  Pickering's 
valuable  memoir  iht  the  Nintli  Satellite  of  Sattirjt^  Annals  of  Harvard  College 
Observato7'y\  LIII,  No.  III.  A  direct  analytical  method  of  solution  of  the  general 
problem  involved  in  this  case  seemed  to  be  eminentl}'  desirable,  particularly  as  it 


'This  paper  was  read  at  the  Seventh  Meeting  of  the  Astronomical  and  Astrophysical  Society  of  America, 
Columbia  University,  New  York,  December,  1905  ;  cf.  Publications  of  the  Astronomical  and  Astrophysical  Society 
of  America^  Volume  I,  page  249. 
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might  be  expected  that  such  a  method  would  readily  reveal  all  the  solutions  pos- 
sible on  the  basis  of  the  given  series  of  observations;  but  no  serious  thought  was 
given  to  the  matter  until  after  the  appearance  in  September  of  this  year'  of  Lkk 
Obsen'atory  ButkttHS  78  and  82  giving  Perrine'S  account  of  his  discovery  of  the 
sixth  and  seventh  satellites  of  Jupiter,  the  first  series  of  observations  secured  at 
the  Lick  Observatory,  and  the  results  of  the  investigation  of  the  orbits  by 
Perrine  and  Ross.  On  page  130  of  Lick  Obsi-rz'alojy  Bullelin  No.  78,  Perrine 
calls  attention  to  the  fact  that  no  method  of  deriving  the  elements  of  a  satellite 
directly  from  three  or  more  observations  has  been  published,  and  that  conse- 
quently his  solutions  were  derived  by  graphical  methods  and  on  the  basis  of  arbi- 
trary assumptions.  The  method  used  by  Ross  in  the  case  of  the  seventh  satellite 
was  that  of  arbitrarj'  variation  of  the  position  uf  ihe  plane  of  the  orbit.  No 
reference  is  given,  however,  as  to  the  method  used  in  the  case  of  his  determina- 
tion of  the  orbit  of  the  sixth  satellite  of  Jupiter.  The  method  used  by  Pickering 
in  the  case  of  the  ninth  satellite  of  Saturn  is  entirely  graphical  and  based  upon 
the  assumption  that  the  plane  of  tlie  orbit  is  inclined  to  the  ecliptic  at  an  angle 
of  about  five  degrees,  which  assumption  was  obtained  by  inspection. 

From  correspondence  with  Professor  Newcomb  and  Dr.  Ross  during  the  sum- 
mer, it  appears  that  considerable  difiiculty  was  encountered  in  determining  the 
orbits  of  the  sixth  and  seventh  satellites  of  Jupiter.  In  all  of  these  determina- 
tions, the  object  of  the  investigators  was  to  satisfy  the  observations  by  an  eUiptu 
orbit,  irrespective  of  any  perturbations  which  might  have  prevailed  during  the  period 
of  observation,  although  Ross  fully  realized  that  the  perturbations  of  the  Sun 
were  quite  appreciable.  The  preliminary  orbits  obtained  by  Pickering,  Perrine 
and  Ross,  therefore,  leave  residuals  which  considerabli-  exceed  the  possible  errors 
of  observation,  although  Ross's  results  are  the  most  satisfactory  in  this  respect. 

My  own  original  intention,  also,  was  to  set  up  a  method  which  would  satisfy 
the  observations  hy  elliptic  orbits  irrespective  0/  perttirOations,  but  by  direct  analytical 
solution  zoithout  any  arbitrary  assumption^  so  that  the  numerical  values  of  none  of 
the  constants  would  be  prejudiced  beforehand.  My  further  aim  was  to  arrange 
the  forraulEE  in  such  a  manner  that  all  possible  solutions  would  reveal  themselves 
at  one  and  the  same  time  within  the  degree  of  certainty  that  a  limited  arc  would 
permit.  In  deriving  my  solution  of  the  problem,  I  had  the  able  assistance  of 
Dr.  RussELi.  Tracy  Crawford  and  Mr.  A.  J.  Champreux,  who  participated  in  a 
seminar  which  was  formed  for  the  purpose  of  considering  this  problem.  They 
also  volunteered  lo  perform  the  necessary  numerical  work  under  my  immediate 
direction.  Their  results  are  given  in  Part  10  of  this  volume  and  will  be  freely 
referred  to  by  me  in  this  discussion.  For  a  first  application  of  the  analytical 
method  of  solution,  irrespective  of  the  perturbations^  the  seventh  satellite  of  Jupiter 
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was  selected,  partly  because  Ross  encountered  greater  difficulties  in  this  case  than 
with  the  sixth  satellite,  in  spite  of  the  experience  gained  with  the  latter  and 
Phoebe,  and  partly  because  Pkrrine  had  settled  on  the  retrograde  motion  as  being 
more  probable  than  the  direct  motion.  In  order  to  make  the  analytical  results 
immediately  comparable  with  those  obtained  by  Ross,  it  was  decided  to  base  the 
determination  of  the  orbit  on  the  same  observations  that  Ross  had  used,  namely, 
on  the  observations  of  January  3,  the  first  of  the  two  secured  on  February  8, 
and  March  6.  The  observations  were  taken  from  Lick  Observatory  Bulletin 
No.  78,  page  133.  Crawford  and  Champreux  found  by  direct  computation 
that  these  observations  could  be  satisfied  by  two  and  only  two  distinct  and 
well-determined  orbits,^  one  placing  the  satellite  at  a  nearer  distance  from  the 
Earth  than  Jupiter's  distance,  with  a  retrograde  motion;  and  the  other  at  a  farther 
stance  with  direct  motion.  A  comparison  of  these  orbits  with  those  obtained 
by  Perrine  and  Ross  is  printed  on  page  498  of  this  volume.  In  the  mean  time 
Mr.  Albrecht  had  secured  positions  of  the  satellite  with  the  Crossley  reflector 
on  August  8,  9,  and  10.  A  comparison  with  Ross's  ephemeris  in  Lick  Observatory 
Bulletin  No.  8:«  showed  the  following  approximate  residuals,  O  —  C:  in  position 
angle,  — 4°.6;  in  distance,  29'.6,  the  computed  position  angle  and  distance  being 
respectively,  294°  and  25'.  Crawford  and  Champreux  found  the  following 
residuals  from  their  first  approximation  irrespective  of  the  perttirbations^  to  the  two 
possible  solutions  in  the  sense  O  — C: 

Date,  August  9  7>  '^ 

Direct  motion :  —       5°. 6         +  33'.6 

Retrograde  motion      —  270  4  22  .8 

An  improvement  of  the  first  approximation,  irrespective  of  perturbations, 
was  not  attempted,  as  it  was  decided  to  compute  a  new  orbit  by  taking  immediate 
account  of  the  solar  perturbations.  The  agreement  of  the  residuals  for  the 
first  approximation  to  direct  motion  with  those  of  Ross's  orbit  is  very  marked. 
But  the  representation  of  either  orbit  is  by  no  means  satisfactory.  The  lack  of 
representation  for  retrograde  motion  does  not  necessarily  imply  at  this  stage  of 
the  investigation  that  the  motion  is  direct  rather  than  retrograde,  although  further 
investigation  shows  this  to  be  the  case.  The  magnitude  of  the  residuals  which 
the  August  observations  leave  for  all  the  orbits  derived  on  the  basis  of  undis- 
turbed motion,  plainly  indicates  that  no  satisfactory  orbit  can  be  obtained  without 
taking  into  immediate  account  the  principal  perturbations  to  which  the  satellite 
was  subjected  during  the  period  covered  by  the  observations  on  which  the  orbits 
were  based.  Fortunately  onU'  a  simple  generalization  of  the  original  analytical 
method  for  determining  an  orbit  irrespective  of  perturbations  was  necessary  for 
the  derivation  of  formulae  for  the  direct  computation  of  osculating  elements  from  three 


^Cf,  the  footnote  on  page  501. 
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or  more  observations  in  cases  where  the  satellite  is  strongly  disturbed  by  the 
attraction  of  one  or  more  bodies.  The  modifications  arising  from  the  oblateuess 
of  the  central  body,  etc.,  as  yet  have  not  been  formulated  in  this  connectiou. 

In  the  case  of  comets  and  asteroids,  it  has  been  found  possible  to  approxi- 
mate an  osculating  orbit  closely  by  neglecting  the  perturbations  in  the  first  solu- 
tion. Such  elements  are  used  for  the  determination  of  special  perturbations  on 
the  basis  of  which  the  original  elements  are  changed  into  real  osculating  elements. 
At  most,  the  process  of  determining  the  special  perturbations  and  correcting  the 
elements  is  repeated  until  the  perturbations  no  longer  change  and  the  residuals  of 
the  normal  places  are  satisfactory.  But  let  us  consider  the  case  of  an  asteroid 
suffering  large  periodic  perturbations  during  the  discovery  opposition.  The 
process  referred  to  above,  if  applied  properly,  would  be  very  laborious.  It  may 
even  happen  iu  extreme  cases  that  the  successive  corrections  to  the  special  per- 
turbations and  the  osculating  elements  do  not  ajiproach  zero.  I  am  not  aware  that 
such  a  case  has  hitherto  actually  been  encountered.  But  it  does  occur  that  the 
normal  places  of  the  discovery  opposition  can  be  satisfactorily  represented  by 
an  orbit  in  which  the  perturbations  are  neglected,  whereas,  if  taken  account  of, 
there  result  osculating  elements  which  differ  considerably  from  the  adopted  ele- 
ments. If,  then,  the  adopted  elements  are  made  the  basis  of  an  ephemeris  for  the 
next  opposition,  with  or  without  the  inclusion  of  special  perturbations,  the  asteroid 
may  be  very  far  from  the  predicted  place  and  even  lost.  Such  has  been  the  case 
with  (132)  ..Ethra,  discovered  by  W.^.TSON  at  Ann  Arbor  on  June  13,  1873.  The 
planet  was  observed  from  June  13  to  July  5.  During  this  time  and  shortly  after 
it  was  disturbed  by  Mars,  but  Watson  computed  two  sets  of  elements  irre- 
spective of  the  perturbations.  Wilhelm  Luther  also  has  published,  particularly 
iu  the  AstroJtojnisc/ie  Nachrichlen^  3101,  several  sets  of  elements  and  opposition 
ephemerides  up  to  1S96.  But  in  all  these  calculations,  the  perturbations  during 
the  period  covered  by  the  observations,  as  well  as  the  subsequent  ones,  have  been 
neglected.  The  planet  was  of  the  eleventh  magnitude  at  the  time  of  discovery 
and,  in  spite  of  Luther's  extensive  calculations  and  a  careful  photographic  search 
instituted  by  various  observers,  has  never  again  been  identified.  It  is  extremely 
desirable  that  the  orbit  should  be  investigated  again  by  including  the  pertur- 
bations in  the  computation  of  an  orbit  from  the  available  observations  by  the 
method  outlined  in  these  pages.  The  computation  of  such  an  orbit  already  has 
been  undertaken  at  this  Observatory. 

In  cases  of  new  satellites,  asteroids  and  comets  which  are  strongly  disturbed 
at  the  time  of  the  observations,  which  must  form  the  basis  of  the  compulation, 
it  is,  therefoie,  essential  that  the  disturbing  forces  be  taken  into  account  in  the 
original  determination  of  the  orbit  from  the  observations.  This  applies  even  to 
arcs  covering  only  a  few  days. 

It  is  proposed  to  accomplish  this  by  an  extension  of  the  Sliorl  Method  of  Deter- 
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mining  Orbits  from  Three  Observations^  given  in  Parts  I  and  VII  of  this  volnrae,  to 
the  case  of  more  than  one  attracting  body.  The  analytical  method  of  determining  the 
orbit  of  a  satellite  from  three  or  more  observations  irrespective  of  perturbations^  referred 
to  above,  consists  in  an  adaptation  of  the  Short  Method  to  the  solution  of  satellite 
orbits.  The  most  general  solution  is  that  which  gives  an  osculating  orbit  of  an 
asteroid,  comet,  or  satellite,  considered  as  material  points,  from  three  or  more 
observed  positions  by  taking  immediate  account  of  the  appreciable  attraction  of 
other  bodies  and  of  their  figures  besides  the  attraction  of  the  supposed  central 
body.  The  ordinarj^  cases  of  an  asteroid  or  comet  moving  solely  under  the  Sun's 
attraction,  or  of  a  satellite  moving  solely  under  the  attraction  of  its  primary  are 
merely  special  cases  of  the  former. 

In  applying  the  general  solution  to  the  seventh  satellite  of  Jupiter  only  the 
attraction  of  Jupiter  and  the  Sun  have  been  considered  by  Crawford  and  Cham- 
PREUX,  and  this  has  been  found  entirely  sufficient  for  a  representation  of  the 
available  observations.  The  resulting  elements  osculating  for  February  8  are 
printed,  on  page  498  of  this  volume  and  those  derived  from  the  solution  irre- 
spective of  the  perturbations,  are  printed  alongside  for  comparison.  The  differ- 
ences between  the  two  sets  of  elements  are  due  solely  to  solar  perturbations. 
The  osculating  elements  represent  the  actual  Jovicentric  position  and  velocity 
of  the  satellite  at  the  epoch  on  the  assumption  that  the  satellite  was  subject  only 
to  perturbations  by  the  Sun  from  the  first  to  the  last  dates  covered  by  the  geocen- 
tric arc  on  which  the  elements  are  based.  These  elements  are  elements  that  %vould 
have  resulted  from  a  solution  irrespective  of  the  perturbations^  if  the  observed  right  ascen- 
sions and  declinations  could  have  been  corrected  in  advance  for  the  solar  perturbations^ 
starting  with  February  S  as  epoch  of  osculation.  The  first  approximation  of  such  oscu- 
lating elements  gave  as  residuals  for  the  direct  orbit  for  August  9  in  position  angle 
+  2^.7,  in  distance,  4  5'.2,  all  perturbations  being  neglected  in  the  computation  of 
the  position,  as  compared  to  — 5°.r>  and  +33'.6  for  the  solution  irrespective  of  the 
perturbations.  The  fact  that  the  preliminary  osculating  elements  represent  the 
August  observation  so  much  better  than  the  elements  computed  irrespective  of  per- 
turbations clearl}^  shows  that  shortly  after  discovery  the  satellite  was  subjected  to 
periodic  perturbations  of  considerable  magnitude  and  that,  therefore,  the  latter 
solution  is  insufficient.  Crawford  and  Champreux  have  also  computed  the 
residuals  on  the  basis  of  the  fnal  osculating  elements  and  of  the  perturbations  result- 
ing therefrom  for  all  of  the  observations  from  January  3  to  March  6  printed  in 
Lick  Observatory  Bulletin  No.  82.  These  residuals  are  entirely  comparable  with 
the  errors  of  observation,  so  that  the  result  must  be  considered  eminently  satis- 
factory. 

^The  discovery  of  the  eighth  satellite  of  Jupiter  has  led  Messrs.  CowELLand 


*  These  concluding  paragraphs  of  the  Introduction  were  added  in  June,  191 1. 
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Crommelin  to  derive  a  method  of  dealing  with  this  problem  which  has  giveu 
eminently  satisfactory  results  as  indicated  by  the  smallness  of  the  residuals  of  the 
observations  taken  during  the  discovery  opposition  and  by  the  accuracy  of  their 
predictions  of  the  positions  for  subsequent  oppositions.  The  process  adopted, 
however,  by  Messrs.  CowKi.i.  and  Crommelin  appears  to  be  very  laborious  in 
fippltcalion.  It  is  not  possible,  at  this  writing,  to  enter  upon  a  full  discussion  of 
the  practical  and  theoretical  merits  of  their  method.  A  brief  statement  of  the 
principal  features  of  the  process  adopted  by  them  in  dealing  with  the  orbit  of  the 
eighth  satellite  of  Jupiter,  as  compared  with  the  method  developed  in  these  pages, 
must  therefore  suffice. 

In  my  L)irecl  Solulion  of  the  Orbits  of  Oislurbeii  Bodus,  the  first  step  consists 
in  computing  the  velocities  and  accelerations  «',  5';  a'\  «S"  at  the  adopted  epoch. 
The  number  of  observations  to  be  utilized  for  this  purpose  is  readily  determined 
by  inspection  on  the  basis  of  the  run  uf  the  differences  of  the  observed  «,  <S.  the 
given  intervals,  and  the  available  arc. 

Tiie  next  step  consists  in  the  direct  solution  of  the  distances  of  the  disturbed 
body  from  the  Earth  and  from  the  attracting  bodies,  together  with  the  velocity  and 
acceleration  in  the  line  of  sight. 

The  final  step  consists  in  the  computation  of  the  osculating  elements.  But 
evidently,  after  the  coordinates  of  the  disturbed  body  and  their  velocities  become 
known,  osculating  elements  may  be  computed  with  reference  to  either  attracting 
mass,  e.  g.,  if  there  be  two  such  masses.  In  the  case  of  two  solutions  for  the  geo- 
centric distance  in  a  problem  where  two  attracting  masses  are  being  considered,  it 
is  tlierefore  possible  to  compute  simultaneously  four  sets  of  osculating  elements 
on  the  basis  of  the  initial  values  of  a',  5',  a",  iS".  The  selection  of  the  physical 
solution  in  the  usual  sense  is  then  accomplished  by  the  representation  of  the 
observations.  In  some  cases  it  may  be  necessary  to  base  the  selection  on  obser- 
vations subsequent  to  the  observations  utilized  in  the  solution  of  the  problem. 

The  computation  of  an  ephemeris  is  accomplished  in  the  usual  way  by  apply- 
ing the  special  perturbations  to  the  undisturbed  positions  computed  from  the 
osculating  elements.  The  improvement  of  the  orbit  on  the  basis  of  subsequent 
observations  is  accomplished  by  differential  correction  of  the  osculating  elements 
on  the  basis  of  the  differences  between  theory  and  observation. 

The  first  step  in  Coweli,  and  Crommeun's  procedure'  consists  in  interpolat- 
ing three  places  for  equidistant  dates  from  the  observed  places.  The  next  step 
consists  in  the  determination  of  the  geocentric  distances  by  trial  and  error  and 
the  subsequent  correction  of  these  distances  on  account  of  the  previously  neg- 
lected terms  of  the  fourth  order  with  respect  to  the  time.  Unfortunately,  the 
details  of  this  solution  by  trial  and  error,  etc.,  have  not  been  published,  and  it 


',1/okM/i'  Nolicti  of  the  Royal  AstrommUat  SocUty.  Vol.  LXVIII,  No.  8,  page  576. 
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is,  therefore,  not  possible  to  make  an  immediate  comparison  of  the  numerical 
processes  involved  with  those  fully  printed  for  my  method  in  Part  10  of  this 
volume,  but  the  description  given  of  the  procedure  leaves  little  doubt  that  the 
numerical  operations  are  exceedingly  laborious. 

The  next  step  in  CowELL  and  Crommelin's  procedure  consists  in  the  applica- 
tion of  mechanical  quadratures  to  the  disturbed  coordinates.  This  process  is  a 
modification  of  the  process  of  special  perturbations  in  rectangular  coordinates. 
The  subsequent  disturbed  coordinates  depend  upon  the  initial  coordinates.  Any 
inaccuracy  in  these  initial  coordinates,  which  may  reveal  itself  later  by  compar- 
ison with  subsequent  observations,  appears  to  require  for  the  improvement  of  the 
orbit  a  complete  revision  of  all  the  preceding  work.  Furthermore,  according  to 
the  theory  of  interpolation,  the  irregularities  in  the  differences  of  the  undisturbed 
rectangular  coordinates  on  the  one  hand  and  of  the  perturbations  in  these  coor- 
dinates on  the  other,  will  combine  in  the  differences  of  the  disturbed  coordinates, 
so  that,  in  general,  not  only  much  smaller  intervals  of  time  are  required  in  apply- 
ing the  process  of  mechanical  quadratures  to  the  disturbed  coordinates  than  would 
be  required,  if  it  were  applied  to  the  perturbations  alone^  but  the  process  must  also 
be  continued  over  periods  for  which  the  perturbations  are  insignificant. 

It  would  seem,  therefore,  that  the  direct  solution,  as  proposed  in  these  pages, 
combined  with  the  process  of  special  perturbations  after  preliminary  osculating 
elements  have  been  obtained,  presents  many  points  of  advantage  as  compared 
with  the  process  adopted  by  CowELL  and  Crommelin. 

At  the  time  when  my  direct  method  was  applied  by  Crawford  and  Meyer^ 
to  the  solution  of  the  preliminary  osculating  orbit  of  the  eighth  satellite  of 
Jupiter,  I  had  not  as  yet  derived  the  closed  expressions  for  :)/"  and  ^g  {cf.  page  247), 
so  that  the  removal  of  the  original  residuals  was  attempted  with  the  aid  of  the 
series  for  df  and  dg.  These  series  had  proved  entirely  sufficient  in  the  case  of 
the  seventh  satellite  of  Jupiter,  but  were  insufficient  in  the  case  of  the  eighth 
satellite.  Final  adjustment  of  the  orbit  was  accomplished  by  the  laborious  process 
of  variation  of  constants.  Since  then  Meyer  has  applied  ni}^  closed  expressions 
for  ij/and  dg  to  the  improvement  of  the  orbit  immediately  after  the  direct  solution 
and  thereby  has  been  enabled  to  correct  the  orbit  as  indicated  in  Part  10  in  a 
remarkably  short  time. 

In  the  next  section  the  formulae  will  be  developed  for  the  determination  of 
the  distances  of  the  disturbed  body  from  the  Earth  and  the  attracting  bodies,  the 
derivation  being  limited  to  two  attracting  mass-points,  for  simplicity's  sake.  The 
formulae  may  be  readily  extended,  if  the  occasion  demands,  for  more  than  two 
attracting  bodies  and  for  taking  account  of  their  figures. 

The  derivation  of  the  formulae  may  be  accomplished  in  various  ways  accord- 
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ing  to  the  choice  of  coordinates.  They  may  be  derived  very  conveniently  by 
considering  the  problem  the  converse  of  Encke's  method  of  special  perturbations. 
The  developments  are,  therefore,  based  on  the  equations  of  motion  in  rectangular 
coordinates.  In  the  problem  of  special  perturbations,  the  object  is  to  determine 
disturbed  coordinates  on  the  basis  of  osculating  elements.  In  the  problem  to  be 
considered  here  the  object  is  to  determine  osculating  elements  or  equivalent  con- 
stants, on  the  basis  of  disturbed  positions  furnished  by  observation. 

Only  the  case  of  a  disturbed  satellite  has  been  fully  developed,  the  solution 
of  the  osculating  orbit  of  a  disturbed  comet  or  planet  being  merely  indicated. 
But  the  computer  need  experience  no  difl&culty  in  applying  the  proposed  methods 
to  the  latter  cases.  Two  such  applications,  one  to  the  determination  of  the  oscu- 
lating orbit  of  a  comet,  the  other  to  that  of  a  disturbed  planet,  are  now  under 
way  at  the  Students'  Observatory. 
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THE  VELOCITIES  AND  ACCELERATIONS  «%  <5',  «",  d",  AT  THE 

EPOCH. 

The  coiiiputatiou  of  the  initial  velocities  and  accelerations  at  the  epoch  from 
five  or  more  observations  is  accomplished  as  in  Part  7,  page  229,  et  seq.  The  pro- 
cedure is  fully  illustrated  by  Example  2  in  Part  8.  The  velocities  and  accelera- 
tions are  most  conveniently  determined  in  mean  solar  days  as  the  unit  of  time. 

In  case  of  disturbed  comets  or  minor  planets  the  unit  is  then  changed  to  ^  mean 

solar  days  by  dividing  the  velocities  by  k  and  the  accelerations  by  i^,  where  ^  is 
the  solar  constant  of  attraction.  In  case  of  a  disturbed  satellite  or  also  in  case  of 
the  determination  of  the  orbit  of  a  satellite  irrespective  of  the  perturbations,  it  is 

most  convenient  to  change  the  unit  to  t^t  mean  solar  days,  where  [Icf  is  the  con- 
stant of  attraction  of  the  primary.  If  the  mass  of  the  planet  in  terms  of  the 
Sun's  mass  be  (;;/),  then  (Icf  -  {m)/r ,  the  numerical  ratio  of  the  constants  of  attrac- 
tion of  the  bodies  being  the  same  as  the  numerical  ratio  of  their  masses,  if  the 
same  units  of  time,  mass,  and  length  be  chosen.  Thus,  since  according  to  New- 
comb,  Jupiter's  mass  (;//)  ^  fo4~}55 »  ^^^  have  for  the  logarithm  of  Jupiter's  constant 

of  attraction  log  (/&)*^  =  3.4510689  — 10. 

If  in  the  case  of  a  newly  discovered  body,  it  can  not  be  decided  beforehand 
whether  the  Sun  or  the  major  planet  is  the  primary,  then  the  velocities  and  accel- 
erations may  be  expressed  either  in  -^  or  .^.  mean  solar  days  as  the  unit  of  time. 

If  the  geocentric  motion  of  the  disturbed  body  be  very  irregular,  then  it  may 
be  advantageous  to  depart  from  the  analytical  or  graphical  methods  of  determin- 
ing the  velocities  and  accelerations,  outlined  in  Part  7,  page  229,  et  seq,^  by  deriving 
the  velocities  and  accelerations  in  position  angle  and  distance  and  then  properly 
transforming  them  into  velocities  and  accelerations  in  the  geocentric  coordinates. 

In  this  connection  it  is  to  be  observed  that  a  complete  elimination  of  parallax 
may  be  performed  in  the  solution  of  the  orbits  of  disturbed  bodies  in  exactly  the 
same  manner  as  in  Part  7,  page  233,  et  seq.  But  as  any  minor  inaccuracies  com- 
mitted in  the  derivation  of  the  preliminary  osculating  orbit  are  removed  by  dif- 
ferential correction  in  the  final  representation  of  the  observations,  the  parallax 
may  be  either  entirely  neglected  or,  in  case  of  a  disturbed  satellite,  the  observa- 
tions may  be  corrected  for  parallax  on  the  basis  of  the  distance  of  the  primary. 

The  planetary  aberration  is  accounted  for  by  a  procedure  similar  to  that 
adopted  in  Part  7  in  the  determination  of  the  orbits  of  undisturbed  bodies.  This 
procedure  will  be  considered  in  detail  after  the  derivation  of  the  fundamental 
formulae,  which  follows. 
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DERIVATION  OF  THE  FORMULA  FOR  THE  DISTANCES  OF  THE 
DISTURBED  BODY  FROM  THE  EARTH  AND  FROM 

THE  ATTRACTING  BODIES. 


Osculating  Sateujtk  Orbits. 

The  velocities  and  accelerations  in  right  ascension  and  declination  of  the 
body  of  which  the  orbit  is  sought  having  been  determined  in  the  preceding  sec- 
tion, expressions  shall  next  be  developed  for  the  geocentric  distance,  its  velocity, 
and  acceleration  at  the  time  /  =  0.  No  restriction  need  be  placed  on  the  num- 
ber of  attracting  masses.  For  the  sake  of  simplicity,  however,  it  will  be  assumed 
that  the  body  is  attracted  by  only  two  masses.  The  terms  depending  on  addi- 
tional masses  ma}''  then  be  written  by  analogy.  If  it  be  possible  to  judge  in 
advance  which  of  the  attracting  bodies  is  the  central  bodj^,  it  is  convenient  to 
place  the  origin  of  coordinates  in  the  center  of  that  body.  Thus,  in  the  case  of  a 
suspected  satellite,  subject  to  perturbations  b)^  the  Sun,  the  center  of  the  primary 
should  be  chosen  as  origin  so  as  to  avoid  a  subsequent  transformation.  Similarly 
we  should  choose  the  center  of  the  Sun  as  origin  in  cases  of  asteroids  or  comets 
which  are  greatly  disturbed  by  one  or  more  planets.  This  choice,  however,  is  not 
essential  to  the  solution  of  the  problem,  as  the  same  results  will  ultimately  be 
obtained,  no  matter  which  mass  be  chosen  as  origin  of  coordinates. 

If  it  can  not  be  decided  in  advance  which  is  the  central  body,  the  center  of 
either  mass  may  be  chosen  as  origin,  as  would  necessarily  be  the  case  with  equal 
attractions.  We  shall  first  consider  the  case  of  a  satellite,  which  is  disturbed  by 
the  Sun.     Taking  the  Earth's  equator  as  fundamental  plane,  we  may  denote  by 

a ,  d ,  p ,  0"  =  p  cos  d  ,  5 ,  7/ ,  <3  the  coordinates  of  the  satellite  referred  to  the  Earth, 

a ,  (if ,  r ,  8  =  r  cos  d  ,  x ,  y ,  z  the  coordinates  of  the  satellite  referred  to  the  primar}', 

[a],  [</],  [r],  r^]  =  [/•]  cos  [f/],  [r],  [//],  [z]  the  coordinates  of  the  satellite  referred  to  the  Sun, 

(a),  (d),  (p),  (a)  =  (p)  cos  {6)j  {S),  (v),  (5)  the  coordinates  of  the  primary  referred  to  the  Earth, 
(a),  ((/),  (r),  {x)  =  (/•)  cos  (d),  {x)y  (//),  (r)  the  coordinates  of  the  primary  referred  to  the  Sun, 
A  ,  D  y  R  y  S  =  R  cos  D ,  X  y  VyZ  the  coordinates  of  the  Sun  referred  to  the  Earth. 

Then  the  equations  of  motion  of  the  satellite  referred  to  the  center  of  mass 
of  the  primary  are: 

d'x  ,      X  i  —  (x)—x         —(x)   ) 

L    ,,,Z.2  —    7.2  J  ^     ' ^     ^     f 

d^v  ,     ,,  y      ,,  (  —  (■'/)--?/      —(.'/))  ,,. 
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Introducing 

k'^  1 

1    ,1'  ..•       „        1    ,1^  ±.']lL^,'> 

(k-y-  dt-      '  '    (ky  dt^  "  •'  '    {ky  dt^        ' 

so  that  the  unit  of  time  is  .^.  mean  solar  days,  we  obtain  after  dividing  equations 
(1)  throughout  by  (i'f: 


[,-  ^  [r]'J        ^    [,-]»^   ^  (ry 


V" 


After  substituting 

X  ^B.   —(<?),       (/  =  ;/   —  (v),        J  =  5  —(5) 

^" -^"-(^)",  //  =  '/"-('/)",    z  =  e!'-{e,y\  ^  ' 

and  remembering  that 

(.?)_(.r)  =  A',      (v)-(,/)^r,      (5)-(:)  =  if,  (5) 

equations  (3)  become 


'/"  +  '/-.,- 


L'-^  [,]'J  ,'     ^    '    [r]»^^    (,)'     '    ^^' 


ft 


(6) 


ff 


(4)",  ('/)",  (<?)"  are  the  accelerations  of  the  primary  in  the  geocentric  coordinates. 
If  we  neglect  the  perturbations  of  the  primary,  then  (5)",  (7)",  (<?)"  may  be 
expressed  as  follows: 

{ay :--  (..)"  +  A-",   (;/)" -  (../)"  J-  r" ,    (zy  -  (O"  +  z"      ■  (7) 

V  )-  7  ^  ' 

where  the  mass  of  the  Earth  is  neglected  because  it  would  affect  only  the  seventh 
place  of  decimals.  When  the  approximations  (8)  are  not  sufficient  (^)",  (7)",  (5)" 
may  be  accurately  computed  as  indicated  later  (page  473). 

From  (7)  and  (><)  we  obtain  for  the  sum  of  the  last  three  terms  on  the  right 
hand  side  of  the  first  of  equations  (6) 


{^) 


and  similar  expressions  for  the  last  two  equations  (6). 
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lu  order  that  equations  (B),  after  introducing  expressions  (9),  may  be  made 
available  for  the  solution  of  p,  p',  p",  or  o^,  (^',  o'\  in  terms  of  the  observed  right 
ascension  and  declination  at  the  time  /  =  0,  their  velocities,  and  accelerations,  it 
will  be  necessary  to  introduce  polar  coordinates  throughout.     We  have 

B  =^  a  cos  ^y ,     V  =  a  sin  ^r ,     5  ^  a  tan  ^  , 


(10) 


and  after  differentiating  twice  with  respect  to  /  and  dividing  by  (^')' 


'2 


We  also  have 


B,**  =  g"  cos  ot  —  2  cr'  sin  oitx*  ---  g  sin  oiot"  —  g  cos  ^r  a 
if  =  cr"  sin  «  +  2  (T'  cos  ctoi'  +  cr  ccs  otot*'  —  g  sin  ol  a'  * 
5"  =  (T"  tan  <y  +  2  <y'  (tan  cJ)'  -\-  g  (tan  (J)"  . 

(^)  =  ((y)cos(r.),  (;/)=-(cr)sin(.0,  (^)  =  (cr)  tan  ((J) 
(•» )  =  {^)  cos  (a) ,  (//)  =  (x)  sin  (/<)  ,  ( • )  =  (x)  tan  (d) 
A"  =  S    cos  .1  ,      Y   =  S    sin  .1    ,      Z    =  S    tan  7). 


(11) 


(12) 


On  substituting,  as  indicated  above,  expressions  (9)  in  (fi)  and  then  introducing 
polar  coordinates  in  accordance  with  (10)  to  (12),  we  obtain  the  following  equations 
for  the  determination  of  ff ,  ff' ,  o" : 


r  1         y  -[ 
a"  cos  oc  —  2  <t'  sin  aa  —  ff  sin  an   -—  a  cos  «  oi"  -\-  a  cos  «    h  r  -.    M= 


(<r)cos(«)  r    1  11 

--_-        -  +  ;,,ScosJ[^^.^,--J- 


(x)  cos  {(l) 


(a) 


(,•)' 


r  1        V  1 

a"  sin  a  +  2  cr'  cos  n'n''  +  G  cos  «^y"  —  o*  sin  (x    a'^    +  cr  sin  ^r  -f 

L  >^         ['•]  J 


(c)  sin  {(x) 


+  ;^  N  sin  A 


[  [rf        K^  J 


{s)  sin  («) 

or 


(b)      (13) 


ff"  tan  «y  +  2  ff'  (tan  6)'  +  ff  (tan  ^J)"  +  ff  tan  <S  f -,   +   /,  1  =- 

L '        ['■]  J 

(ff)tan(tf)  ^  r    1  11 


(x)  tan  ((/) 

or 


(c) 


Multiply  (a)  by  cos  a  and  (b)  by  sin  a  and  add.  Then  multiply  (a)  by  —  sin  a 
and  (b)  by  cos  a  and  add,  and  copy  (c).  We  then  obtain  the  following  equations 
in  ^,  ^',  and  (x": 


.ff 


+  ^[  i  ~«'^+  [,y  =  ^;?  cos[(.r)  -  ..]  +  y  S 

(^) 
2  cr'  a'  +  cr«"  =  ^  -  sin  [{ix)  —  «]  ^-  ;r  ^S' 


1 

[['■]' 
1 

L['? 


{") 


—  r«  h^os  [.1  —  «]  —  --  cos  [{a  )  —  a]   (a) 


M  •   r 
.     sinlv 


{„) 

>-   «]  — /\»®"H(«) 
('■) 


[tan  S  tan  fJl 

—;^+ (tan  (?)"-[-;'    r  p    I 

^  Ll']' 


«]  (b) 

(14) 


-'l\an(tf) 


1 

ir 


tan/) 


(") 

,tan((0. 


(c) 
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In  these  equations  7/,  a,  (S,  a',  6',  a\  6\  {a\  (a),  (6),  (r),  {a\  (^  {s\  R,A, 
D  ^  5",  are  known  and  (tan  (S)'  and  (tan  <S)"  are  given  by 

(tan  6y  =  sec^  6^^  6' ;         (tan  Sy  =.  sec^  (5,,  [2  tan  tf,,  cJ'^  +  d"]  .  (15) 

The  unknowns  involved  are  0^,  o^,  ^",  r  and  [r]. 

The  equations  may  be  conveniently  solved  for  a,  a',  tr"  by  determinants. 
The  coefficients  of  <t  in  the  first  and  third  equations  contain  the  unknowns  rand 
[r].     But    the  determinant   of   the   coefficients   of  ^,  o^,  o"  is   independent   of  r 

and  [r].     This  determinant  shall  be  denoted  by  2J.     On  the  right-hand  side     ,  is 

a  factor  of  the  first  term,  [r7p—  ^j]  of  the  second  term,  and  ..^3  of  the  third  term 

in  each  of  the  three  equations.  If,  then,  in  solving  for  o  ^  we  replace  in  2 J  the 
coefficients  of  (T  by  the  corresponding  absolute  terms,  the  new  determinant  may 
be  written  as  the  algebraical  sum  of  three  determinants,  of  which  the  first  has  the 

factor  -^ ,  the  second  the  factor  [r^ia—  x*']  and  the  third  the  factor  7-. ^ .     Hence, 

if  we  write 


then 


Let 


then 


J         =        «'=»  tan  6  —  a"  (tan  Sy  +  a"  (tan  tf )" 

J    H    -.:■—  s    j(tantfcos[.4   — «]  —  tan    I))a'  +  sin[A  —a]{tsLnSy\ 

J  («)  =  —  (cr)  j (tan  6  cos  [(rr)  —  a]  —  tan  (tf )) tx'  +  sin  [(a)  —  a']  (tan  Sy  \  (16) 

J[«]=  -(.s)    j(tanrfcos[(/f)  -  «]  — tan(fO)^^'  +  9in[(a)  — ^](tan<y)'[, 

cos  d  L  ^^  (>')    J  L  ^         ^  (')  J 


(k)  y  H 

cos  O  COS  <> 


i'-l 


where  ^,  /%  and  G^  are  completely  known. 

As  a  check  we  evidently  have  (x)  =  x  ■-]-  [;r]. 

To  obtain  two  other  equations  for  the  complete  determination  of  the  unknowns 
p,  r,  and  [r],  let  0  be  the  angle  subtended  at  the  Earth  by  the  satellite  and  the 
center  of  its  primary  and  [0]  the  angle  subtended  at  the  Earth  by  the  satellite  and 
the  Sun.     Then 

r^    :.=  {fjy  +  p2  „  2  (p)  p  COS  t  (20) 

[;.p=    7^^  -;   p.'  — 2  //    pcos[y'], 

where  V'  and  \il'\  depend  on  known  quantities.  Equations  (19)  and  (20)  may  be 
solved  conveniently  by  approximations  in  several  ways,  according  to  the  condi- 
tions of  the  problem.     In  the  case  of  a  satellite,  for  example,  let 

[^P^-^'^^^  (21) 
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where  in  the  first  approximation  we  can  put  [r]   -  (r).     Then 

P       \  +H.  (22) 

Eliminating  p  from  (22)  and  the  first  of  (20),  we  have 

'^  —  [{py  —  2^/  (p)  cos  I/'  +  IP]  /•«   !   2K  [(p)  cos  t  —  ^H  '•"  ~  A'*    -  0 ,  (23) 

'•"  —  S  [(P)  cos  if^  —  II y  +  {pY  sin'  y-  (  /••  +  2K  [  (p)  cos  y-  —  7/]  /•»  —  A'*  =  0 , 
[  (p)  cos  y-  —  II  ]'  /  —  2 A  [ (p)  cos  'A  —  H]  /•'  -!   Z-;^  =  /•«  —  (pY  sin'  y-  /•• , 

j  [(p)  cos  y-  —  //:  r'  —  E  i  '^  =  r'  —  {pY  sin'  y-  /•• , 


or 

or 
or 


or 


or 


[(p)cos^'  — 7/]^*'— A'=-.  ±/i    ;.«_(p)»sin'^^  (24) 


,  ^     A  ±  /  1    /•'  -  (pY  sin'  i/^ 
'  (p)  cost/ --II  '  ^      ' 


As  a  first  approximation  we  have 

E 


r 


(p)  cos  y*    -  II 


(26) 


With  the  value  of  r  found  from  (26)  we  obtain  p  from  (22)  and  then  r  [r]  from  the 
second  of  (20).  //  may  now  be  more  accurately  computed  from  (21).  A  closer 
value  of  r  will  then  result  from  (25),  if  at  the  same  time  the  first  approximation  of 
r  obtained  from  (26)  is  introduced  on  the  right  hand  side  of  (25).  This  method 
of  approximation  has  proved  thoroughly  satisfactory  in  the  case  of  the  seventh 
satellite  of  Jupiter,  as  shown  by  Dr.  Crawford's  and  Mr.  Champreux's  investiga- 
tion in  Part  lo,  page  492. 

Instead  of  substituting  successively  for  a  given  value  of  //a  previous  approxi- 
mation of  r  in  the  second  term  of  the  numerator  of  the  right  hand  member  of  (25), 
it  is  advantageous  to  apply  the  method  of  differential  correction.     Let 

/  W  ./-'-■  ^-1'  "■' -W^--^ ,  ,27) 

A 

where 

K={p)cost  —  II^  (28) 

It  is  r^^uired  to  find  the  values  of  r  such  that  /  (;)  =  0.  Let  r,  be  any  approxi- 
mation, e.£:^  the  first,  if  obtained  from  (20),  and  let  /  (r,)  —  Af, ,  Then  the  correc- 
tion to  be  applied  to  r, ,  so  that  / [r)  =  / (r,  +  Or,)  =  0,  is 

^''~   '0Ar)\  '  (29) 


SHORT  METHODS  OF  DETERMINING  ORBITS.  473 

By  differentiating  (27)  with  respect  to  r  and  substituting  the  differential 
coefficient  for  r=r,  in  (29),  we  readily  derive: 

r  4/7  — 3  (p)' sin' ^'    1 

Two  solutions,  r^  and  r^,  result  after  the  first  approximation  and  these  are 
then  continued  separately  until  / [r^  =  0  and  f  (r-^  =  0.  The  values  of  H  and  K 
may  then  be  improved  for  both  solutions  by  the  second  equation  of  (20),  by  (21), 
and  (28).  The  approximations  for  r  are  then  repeated  with  the  new  value  of  /v', 
etc.  This  method  of  approximation  was  successfully  applied  by  Messrs.  Craw- 
ford and  Mkykr  in  the  case  of  the  eighth  satellite  of  Jupiter,  as  shown  in  Part  10, 
page  500. 

It  should  be  observed,  however,  that  by  proper  transformation  of  the  second 
of  equations  (20)  and  of  (23),  tables  similar  to  those  given  at  the  end  of  Part  7, 
might  be  constructed  so  as  to  serve  for  interpolating  the  values  of  the  geocentric 
distances  corresponding  to  the  two  solutions,  for  successive  values  of  H  or  K. 

The  foregoing  solution  is  based  on  approximate  values  of  (^)",  (7)",  (5)",  the 
perturbations  of  the  primary  being  neglected.  More  accurate  values  of  these 
accelerations  may  be  obtained  by  numerical  differentiation  from  the  data  given  in 
the  Astronomisches  Jahrbuch^  the  American  Ephemeris  and  Nautical  Almanac^  or 
other  similar  publications.  Let  us  assume  for  the  present  that  accurate  numerical 
values  of  (5)",  (7)",  (5)",  are  available.  Then,  after  introducing  polar  coordinates 
in  accordance  with  (10)  to  (12),  equations  (6)  become: 

r  1  Y  ^ 

a"  cos  It    -  2  <t'  sin  ota'  —  a  sin  aa"  —  a  cos  a  rr'*  -i    or  cos  a  \    ,   -  — _ 

L'-  W  J 


r  1      r  1 

or"  sin  a   |-  2  (5'  cos  oia*  -|   6  cos  aa"       or  sin  ct  a'^  -|    or  sin  oc   \    ,         ..^, 

L  '-  ['•]  J 

(cr)sin(^O     .        ^    •      1     ^  ^""^  '"^^^  ('')       /..^" 

— 7 • '' '' ""  '^  [.r  -  ^  -  jrf-  -  ^'^^ 

tan  6   :-  2  a'  (tan  6)'  +  a  (tan  (J)"  -'■   a  tan  cJ      ^   -;    y^^    = 

((y)tan(O^)     ,        ^.,       ,      1  (.^)tan(./)    , 


(b)       (31) 


a" 


(c) 


/ 


.»  ,    -  — 


[rY        '  (/•)' 


It  will  be  noted  that  the  terms  divided  by   .  r,  and  .  ,,  appear  in  consequence 
of  the  solar  perturbations. 
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As  before,  multiply  (a)  by  cos  a  and  (b)  by  sin  a  and  add.  Then  multiply  (a) 
by  —sin  a  and  (b)  by  cos  a  and  add,  and  copy  (c).  We  then  obtain  the  following 
new  equations  in  o ^  a\  a": 


a''  .\    or  [ a'2-!-  y  1  = 


(^)  r,     .  ,.n     .     ,.   .      1       „_r,  ...  ..    i^)  ^^^ 


,   cos  [(n^)  —  a']    ;-  r  ^'^^  r,y  ^^s  [-^       ^0  -:   r       3  cos  [{a)  —  rr]       (^)"  cos  a  +  (;/)"  sin  a 


2<y'  a'   !    (T  (X 


99 


(32) 


((T)  I  (s) 

3-  sin  [(^0  —  a]  -;-  ;/  N  --     sin  [J       n']  -:    ;/  sin  [(^i)  --  /r]     -  (/:)"  sin  «  +  (//)"cos  a 

r  L/-J  (/•)  (b) 

[tan  S  tan  ^1 

— J-^-  (tan(J)"+r— —    - 

((T)  1  (.«<)  ^^' 

^-^  tan  (r^)  +  V  S  --,-  tan  />  +  y  Vj.tan  ((/)  +  (5)"  . 

The  left-hand  sides  of  these  equations  are  the  safiie  as  those  of  (14). 

On  the  right-hand  side,   however,    the  first   three  terms   have   the   common 

factors  ^r  1  r^y  and  ,y  ,  respectively,  while  the  remaining  terms  are  multiplied  by 

the  geocentric  accelerations  of  the  primary.     In  solving  for  o  by  determinants, 
we  have,  therefore,  an  additional  determinant  depending  upon  these  accelerations. 
Let  this  be  denoted  by  2  (J) ,  so  that 

+  (^)"cosflr   i    (v)"sin« 

(33) 

tan  6  2  (tan  Sy  +  (5)" 

or 

2  {J) -=2  a'  {ay  —  2  a'  tan  6  (^)"cos  a  — 2  a'  tan  S  (;;)"  sin  a 

+  2  (tan  sy  {ay  sin  a  —  2  (tan  6  )'  (;/)"  cos  a  , 


1 

0 

--  {£)"  cos  a   1    (/;)"  sin  a 

2  (J) 

lO 

2«' 

(^)"sin«+  (7)"cos«  , 

tan  S 

2  (tan  S)' 

+  (5)" 

or 

(J)=--(5)"«'     -i- (^)"  [sin  «  (tan  <S)'    —  cos«tanrf«'] 

-     (V)"  [cos  rt  (tan  tf)'    +  sin  rr  tan  rf  «'].  (34) 

Then  performing  the  solution  by  determinants  exactly  as  in  the  case  of  equations 

(14)  and  letting 

-'\=(^),  (35) 

we  obtain 

(«)    ,      _«_  \^ 


"=   I  +y-nr.-\  y\:^.-r^'')«-  (36) 


Then  letting  E  and  /^represent  the  same  expressions  as  in  (18)  and  putting 

^^'  =  -"- ->;^ll^  (^Oo,  (37) 

COS  o  (/•)•* 

we  have  as  before  in  (19) 

l>  =  -,-  -I-       ,  -  0 .  (38 
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This  equation  together  with  equations  (20)  gives  the  values  of  p,  r,  and  [r],  the 
method  of  solution  being  exactly  the  same  as  in  the  former  case. 

After  p  and  therefore  o  have  been  determined  by  equation  (17),  o'  may  be 
computed  from  equation  (14b)  and  o"  from  equation  (14a)  or  (14c). 


Orbits  of  Satklutks  Irrespective  of  Perturbations. 

If  it  be  intended  to  compute  the  orbit  of  the  satellite  without  regard  to  any 
perturbations  whatsoever,  formulae  (32)  to  (3(>)  in  connection  with  the  first  of  equa- 
tions (20),  are  at  once  available,  if  all  terms  involving  y  be  omitted,  these  terms 
appearing  in  consequence  of  the  solar  perturbations.  The  equations  for  o ^  g\  a' 
may  also  be  written  out  directly  bj-  analogy,  as  follows: 


rt9 


a  r  ^    -  «'-!  ---     ^")  COS  [(^r)  -  «]  -1-  (^)"cos  a  +  (//)"sin  a 


(a) 


2  o'  ix'  +  ait" 


{<^)     . 


r 


:   sin  [{a)  —  it]  —  {ay  sin  a  +  (;/)"  cos  a        (b)        (39) 


r"  tan  rf  +  2  a'  (tan  6)'  +  a  \  ^''"  '^  -}   (tan  rf)"]  1 


(^0 


tan(rf)         +(5)". 


(c) 


PVom  these  equations  we  obtain,  by  the  first  and  third  of  (16),  by  the  first  of  (18), 

by  (34)  and  (35) 

K 

P--  ^.3  +^^0.  (40) 

This  equation,  together  with  the  first  of  (20),  gives  the  various  solutions  for  r  or  p 
in  the  usual  manner. 

The  geocentric  acceleration  (^)",  (7)",  (<?)"  in  (39)  are  supposed  to  have  been 
accurately  computed  from  the  data  of  the  astronomical  ephemerides.  Approxi- 
mate values,  however,  for  (^)",  (v)',  (<) "  n^aj^  be  obtained  as  in  the  general  case 
from  (7)  and  (8).     We  shall  then  have  in  (39) : 


(c"!;)"  cos  <K  ■■']-  (';)"  sin  /»'  ■ 


—  (.-:)"  sin  rf-i    (/;)"cosr»'- 


{ay 


s 


y  ---,—!--  ('^')  cos  [{ii)  -   /r]  -    ;/  --  cos  {A  —  ot) 
r  -  -  - ;- -  -  (>)  sni  [(^0  -  (^]—y  ^3  sm  (.4  —  a) 


(1    -  m) 
r---r-,--('^')taiw/ 


S 
y  -yfi  tan  /) . 


(41) 


• 

Solving  (3!))  l)y  determinants  as  before,  we  have  by  (16), 


(«) 

.3 


if  -^  y  {\  H    m) 


I 


('•)■■ 


r 


K 


(42) 


Now,  by  the  first  of  (IX)  and  letting 


cos  rf  [  A"  H  (,)'     "•  ■•] 


(43) 
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we  obtain,  as  before 

f-^  +  fi.  («) 

As  before,  o'  is  given  by  equation  (39b)  and  o"  either  by  (39a)  or  (3i>c),  after 
p  or  "■  have  been  found. 

Osculating  Orbits  of  Comkts  cm  Minor  Planets. 

The  formulse  for  the  determination  of  the  distances  of  a  disturbed  comet  or 
asteroid  from  the  Earth,  Sun,  and  disturbing  planet  luay  be  derived  either  directly 
from  the  equations  of  motion  in  rectauffular  coordinates  by  proceeding  in  a  similar 
manner  as  above  in  the  case  of  a  disturbed  satellite,  or  they  may  be  written  by 
analogy  from  the  formulic  for  a  disturbed  satellite,  or  they  may  be  deduced  from 
the  latter  by  change  of  notation  and  transformation  of  the  origin  from  the  center 
of  the  planet  to  that  of  the  Sun. 

If  the  last  mentioned  method  be  adopted,  we  would  first  substitute  in  equa- 
tion (3)  .r  =  [.r]  —  (.r);  .t"  =  [.r]"  -  tt )"  ,  etc.;  then  we  would  multiply  botli  sides 
of  the  equations  by  -^,-  =  w/,  to  change  the  unit  of  time  from  .,  to  .  mean  solar 
days.  Then  we  would  substitute  (-t)"  —  —  "''"■,  ■  ,  where  (.r)'*  now  represents 
the  acceleration  of  the  planet  in  -r-  mean  solar  days.  Kiually,  we  would  write 
jc,  J,  c,  r  in  place  of  [.r],  [^],  ["],  [rj,  and  vice  versa,  so  that,  as  in  the  case  of  dis- 
turbed satellites,  the  coordinates  of  the  disturbed  body  with  reference  to  the  cen- 
tral and  disturbing  body,  may  be  designated  without  parentheses  and  in  square 
brackets,  respectively. 

After  the  introduction  of  geocentric  coordinates,  the  only  change  in  equa- 
tions (6)  and  following  would  then  be  that  m  would  appear  in  place  of  y ,  that  in 
place  of  .r,  y, ;.,  r  we  would  have  [t"|,  [;)■],  [r],  [r],  and  vice  versa,  that  in  place  of 
(^),  (f/),  (5)  we  would  have  A',  J",  Z,  and  vice  versa,  and  that  iu  place  of  (-i),  {y),  [s) 
we  would  have  —  (.r),  —  {y),  -  (^).  Tlie  right  hand  side  of  the  first  equation  (*i), 
for  example,  would  then  contain  terms  multiplied  by  (f.],  (.v)  and  A'.  Since  any 
one  of  these  coordinates  may  be  expressed  in  terms  of  the  other  two,  the  equation 
may  be  reduced  so  as  to  contain  ouly  two  of  these  coordinates.  After  the  coeffi- 
cients of  these  coordinates  have  been  written  down,  only  two  expressions  (16) 
remain,  and  the  final  formulse  (17)  and  following  may  be  written  out  at  once. 


Orbits  of  Comets  and  Planets  Irresphctive  of  Perturbations. 
Formulse  for  the  determination  of  tlie  heliocentric  and  geocentric  distances 
may  be  written  at  once  by  merely  omitting  in  the  preceding  case  all  terms  multi- 
plied by  m,  the  mass  of  the  disturbing  body.     The  resulting  formulas  will  theu 
be  those  of  the  S/ior/  Method  as  derived  in  Parts  i  and  7. 
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In  case  no  assumption  can  be  made  regarding  the  nature  of  the  newly  dis- 
covered body,  the  decision  whether  the  body  is  a  disturbed  satellite  or  disturbed 
minor  planet,  or  whether  it  is  moving  under  nearly  equal  attractions,  can  be 
made  readilj'^  after  the  solution  of  the  orbit  has  been  accomplished  either  by  the 
formulae  for  a  disturbed  satellite  or  a  disturbed  planet,  by  representing  the  obser- 
vations on  the  basis  of  the  various  resulting  orbits.  This  is  due  to  the  fact  that 
either  set  of  formulae  takes  rigid  account  of  the  attractions  of  the  bodies  involved, 
the  difference  being  merely  in  the  choice  of  the  unit  of  time  and  of  the  origin  to 
which  the  accelerations  are  referred. 

As  stated  on  page  467  the  planetary  aberration  is  accounted  for  in  a  similar 
manner  as  in  Part  7-  The  aim  of  the  preliminary  computation  must  be  to  lead  to 
the  solution  of  the  true  rectangular  coordinates  x^y^  z^  and  velocities  x\  y\  ^  of  the 
disturbed  body  at  the  (reduced)  epoch  with  respect  to  the  primary,  which  may  be 
either  the  Sun  or  a  major  planet.  The  observed  (apparent)  coordinates  a,  6  of 
the  disturbed  body,  therefore,  are  reduced  to  the  beginning  of  the  year  inclusive 
of  the  aberration  of  the  fixed  stars  and  the  geocentric  rectangular  coordinates 
X^  Yy  Z  of  the  Sun  are  interpolated  from  an  ephemeris  for  the  observed  (uncor- 
rected) time. 

After  the  solution  of  the  geocentric  distance  p  of  the  disturbed  body  and  the 
computation  of  ^  =  pcosacos5,  etc.,  we  have  H—  A',  etc.,  for  the  trtie  heliocentric 
coordinates  of  the  disturbed  body  at  its  (reduced)  epoch  /.  It  is  evident  that  the 
geocentric  distance  p  just  referred  to  is  the  distance  of  the  true  position  of  the 
disturbed  body  (at  the  reduced  epoch  /)  from  the  position  of  the  Earth  at  the 
observed  epoch.  The  true  heliocentric  coordinates  of  the  disturbed  body  are 
designated  by  ^,  y^  z^  or  by  \x\  [j],  [^J,  according  to  whether  the  Sun  is  regarded 
as  the  primary  or  as  the  disturbing  body. 

Similarly,  if  the  apparent  geocentric  coordinates,  (a),  (5),  of  the  major  planet 
be  interpolated  from  an  ephemeris  with  the  observed  time  and  reduced  to  the 
beginning  of  the  year,  inclusive  of  the  aberration  terms,  then,  with  its  proper 
geocentric  distance  (p),  we  have  (jr)  ~  (p)cos(a)cos  {8)  —  X  =  {H)  ~  X ^  etc.,  for  the 
true  heliocentric  place  of  the  major  planet  at  its  reduced  time,  /'. 

It  is  evident  that  the  reduced  time  /  of  the  disturbed  body,  and  the  reduced 
time  /'  of  the  major  planet  are  not  identical,  so  that  the  combination  of  the  true 
heliocentric  coordinates  of  the  disturbed  bod}'  and  of  the  major  planet  produces  the 
coordinates  of  the  disturbed  body  at  the  time  /  with  respect  to  the  major  planet 
at  the  time  /'.  The  difference  between  the  times  /  and  /'  can  not  be  ascertained 
until  the  solution  has  progressed  to  the  determination  of  the  geocentric  distance 
of  the  disturbed  body.  In  the  direct  solution  of  the  osculating  orbit  of  a  dis- 
turbed satellite  this  difference  in  general  is  entirely  negligible,  but  it  should  be 
considered  later  if  necessary,  when  the  residuals  O  —  C  are  being  determined.     In 
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the  case  of  a  disturbed  minor  planet  or  of  a  comet  in  which  the  position  of  th 
major  plauet  need  not  be  kiuiwii  witli  absolute  rigidity,  the  differeuee  between  / 
and  /'  in  general  may  also  be  disregarded  iu  the  course  of  the  direct  solution. 

The  proper  geocentric  distance  (p)  of  the  major  body  referred  to  above  is  the 
distance  of  its  true  position  at  its  reducfd  time  /'  from  the  position  of  the  Earth 
at  the  observed  time,  but  for  practical  purposes  |p)  may  be  directly  interpolated 
with  the  observed  time. 

As  a  check  on  (x),  (y),  (r)  or  on  the  corresponding  polar  coordinates  (a),  (</), 
(y),  the  true  heliocentric  coordinates  (7),  (^),  (;)  of  the  major  planet,  referred  to 
the  mean  equinox  and  ecliptic  of  date,  may  be  interpolated  with  //*  reduced  time  /' 
directly  from  the  American  Ephemeris  and  NatUkal  Almanac  and  then  reduced  to  i 
the  beginning  of  the  year  and  transformed  to  the  equator.  Furthermore,  the  sum 
of  these  two  coordinates  (*),  (v),  (z)  of  the  major  body  aud  of  tlie  solar  coordinates 
-Y,  }',  Z  at  the  observed  time  will  furnish  a  check  on  tlie  apparent  coordinates 
(or),  (5)  of  the  major  body  and  at  the  same  time  will  produce  the /''«/«' geocen-  ■ 
trie  distauce  {p)  referred  to  above. 

Reference  to  these  points  is  made  for  the  purpose  of  preparing  for  a  rigid 
procedure  in  computing  the  true  rectangular  coordinates  .r,  j',  z  and  velocities  ,r', 
y,  z  of  the  disturbed  body  at  the  (reduced)  epoch  with  reference  to  its  primary 
after  the  geocentric  distance  and  its  velocity  have  become  known  in  the  course  of  the 
solution.  In  the  case  of  a  disturbed  satellite  where  a  major  planet  is  the  primary, 
the  simplest  procedure  appears  to  be  to  re-determine  the  true  heliocentric  rectan- 
gular coordinates  (a:),  (_r),  {^)  of  the  major  planet,  but  this  time  with  the  reduced  ' 
time  t  of  the  disturbed  satellite.  The  subtraction  of  (x),  {y\  {2)  from  the  true 
heliocentric  rectangular  coordinates  [x],  [_i'],  \z\  of  the  disturbed  satellite  at  the 
time  t  will  then  produce  the  true  rectangular  coordinates  .r,  y,  z  of  the  disturbed 
satellite  at  the  reduced  time  /  with  reference  to  the  major  planet.  The  true  helio- 
centric coordinates,  \x\  —  ^  —  X,  etc.,  of  the  disturbed  satellite  at  its  reduced  time  / 
evidently  are  computed  exactly  as  are  the  heliocentric  coordinates  J",  y,  z  of  au 
undisturbed  comet  or  planet  iu  Part  7.  In  the  case  of  a  disturbed  plauet  or  comet  ' 
the  helioceutric  coordinates  are  designated  here  by  .r,  ^',  j,  just  as  in  Part  7  and 
are  the  only  heliocentric  coordinates  to  be  computed. 

A  similar  procedure  must  be  adopted  in  the  comparison  between  theory  and 
observation  for  the  first  and  third  places. 

The  geocentric  distances  necessary  for  correcting  the  intervals  for  planetary 
aberration  may  be  derived  from  the  geocentric  distauce  at  the  epoch  and  from  its  . 
velocity,  its  acceleration,  in  general,  beiug  neglected.  But  if  the  geocentric  dis- 
tances resulting  from  the  representation  of  the  places  does  not  agree  within  the! 
required  accuracy  with  the  geocentric  distances  adopted  for  the  determination  o£J 
the  reduced  times  /,  aud  /„,  for  the  first  and  third  places,  then  the  representation "1 
should  be  repeated  with  improved  aberration  times. 
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DERIVATION  OF  THE  ELEMENTS  AND  COMPUTATION  OF 

THE  EPHEMERIS. 

The  elements  may  now  be  determined  for  each  solution  of  <t,  a\  and  <t". 
With  the  aid  of  formulae  VIII  of  the  Synopsis  of  FormuUe  in  Part  7,  we  first  com- 
pute the  geocentric  coordinates  /;,//,  5  and  the  velocities  ^',  7',  5'  of  the  disturbed 
body.  From  these  we  may  then  compute  the  coordinates  with  reference  to  the 
primary,  x^  y^  z^  and  their  velocities,  x\  y\  z\  or  with  reference  to  the  disturbing 
body,  [.r],  [j],  \z\^  and  their  velocities  |x]',  \y\ ^  \z\ .  In  the  case  of  the  direct 
solution  of  the  disturbed  orbit  of  a  satellite  the  planet  is  the  primary  and  the 
Sun  the  disturbing  body.  In  the  case  of  the  disturbed  orbit  of  a  minor  planet,  or 
of  a  comet,  the  Sun  is  the  primary  and  the  planet  is  the  disturbing  body.  But  if 
no  decision  can  be  made  beforehand  regarding  the  primary  and  disturbing  body, 
then  the  coordinates  or  velocities  should  be  determined  with  reference  to  both  the 
Sun  and  the  planet.  In  order  to  compute  the  velocities  referred  to,  it  is  necessary 
to  derive  by  numerical  differentiation  the  geocentric  velocities  X\  Y\  Z'  of  the 
Sun,  or  (^)',  (7)',  (5)'  of  the  planet,  or  both,  in  the  doubtful  case,  from  the  data 
of  an  ephemeris. 

For  each  set  of  rectangular  coordinates  and  velocities,  an  osculating  orbit 
may  now  be  computed  by  the  formulae  VIII c  of  the  Synopsis  of  Formnla:^  Part  7. 
The  computation  of  the  constants  to  the  equator  corresponding  to  the  osculating 
elements  and  of  the  corresponding  ephemeris  is  then  readily  accomplished  in  the 

usual  way. 

In  the  case  of  the  orbit  of  a  disturbed  comet  or  minor  planet,  the  special 
perturbations  are  most  conveniently  computed  by  Encke's  method  of  special  per- 
turbations for  the  purpose  of  comparing  the  computed  positions  with  future  obser- 
vations. 

In  the  case  of  a  disturbed  satellite,  EnckK'S  method  of  special  perturbations 
requires  slight  modifications  on  account  of  the  change  in  the  constant  of  attrac- 
tion. The  necessary  changes  are  indicated  in  the  Synopsis  of  Fo7'?nulcr  which 
follows. 

If  the  computations  have  yielded  more  than  one  solution,  the  physical  solu- 
tion is  readily  determined  by  the  representation  of  the  observations  on  the  basis 
of  the  various  orbits.  For  this  purpose  it  is  not  necessary  to  compute  the  special 
perturbations  for  all  mathematical  data.  The  perturbations  need  to  be  computed 
only  for  the  physical  orbit  after  it  has  been  determined. 

If  the  representation  of  the  observations  on  the  basis  of  the  physical 
elements  and  the  special  perturbations  is  not  entirely  satisfactory,  the  perturba- 
tions may  be  considered  constant,  and  the  osculating  elements  may  be  corrected 
in  exactl}''  the  same  manner  as  in  Part  7,  Synopsis  of  ForniiiUc^  B. 

In  case  of  very  large  corrections  to  the  osculating  elements,  the  special  per^ 
turbations  may  require  recomputation.  The  necessary  formulae  for  the  determina- 
tion of  the  orbit  of  the  disturbed  body  and  for  its  differential  correction  are  given 
in  proper  order,  and  in  detail,  in  the  Synopsis  of  PWniuhr  which  follows. 
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SYNOPSIS  OF  FORMUL.€. 

The  directions  for  computing  the  orbit  of  a  disturbed  satellite  are  giveu  in 
detail.  For  the  computatiou  of  the  orbit  of  a  satellite  irrespective  of  perturba- 
tions, see  page  475.  For  the  computation  of  the  orbit  of  a  disturbed  comet  or 
minor  planet,  see  page  476.  For  the  computation  of  the  orbit  of  a  comet  or 
minor  planet  irrespective  of  perturbations,  apply  the  "Short  Metliod,"  Part  7. 

In  case  no  assumption  has  been  possible  regarding  the  nature  of  the  newly 
discovered  body,  the  orbit  may  be  computed  either  by  the  formulae  for  a  disturbed 
satellite  or  by  those  for  a  disturbed  minor  planet. 


I. 

Express  the  observed  places  in  terms  of  «  and  5/  reduced  to  the  beginning 
of  the  year,  inclusively  of  the  aberration  of  the  fixed  stars.  Compute  «',  i5',  a",  6'' 
by  the  formulae  A  II,  footnote  2,  Synopsis  of  Formula^  Part  7. 

The  parallax  may,  in  general,  be  neglected.  Its  complete  elimination  as  set 
forth  in  the  footnotes  of  the  Synopsis  of  FormuUe^  Part  7,  is  unwarranted  on  account 
of  the  additional  computation  involved  as  the  solution,  in  general,  is  based  on 
more  than  three  observations,  and  also  because  any  inaccuracies  committed  in  the 
direct  solution  may  later  be  removed  by  differential  correction.  In  case  of  a  sus- 
pected satellite,  however,  the  parallax  corrections  may  be  applied  on  the  basis  of 
the  primary's  distance. 

Compute  with  (;«)  the  mass  of  the  attracting  planet, 


('") 


sin  1" 

"a-)" 


2 


(ir-(v«)t'.     (t), 

and  if  account  is  to  be  taken  of  the  Earth's  mass, 

^,{l+w^);     log  (l  +  r»^)=  0.000001. 

Interpolate,  for  the  beginning  of  the  year,  from  an  epheraeris,  the  solar  coor- 
dinates A",  I',  Z  for  the  observed  date  of  the  epoch  (for  which  it  is  most  convenient 
to  choose  the  date  of  an  observation  near  the  middle  of  the  available  arc).  Then 
interpolate  also  the-  apparent  geocentric  coordinates  of  the  attracting  body  at  the 
observed  epoch  (p),  (a),  ('S)' and  reduce  these  to  the  beginning  of  the  year,  includ- 
fpg  the  aberration  terms.     Then  (ff)  —  (p)  cos  {&), 

I  in  terms  of  position  angle  p 


'la  exceptional  caaea  it  is  more  advantageous  to  express  tlie  observed  plac 
and  distance  s.  to  derive  the  velocities  p' ,  s' ,  and  accelerations  P' ,  i".  in  tbe  sau 
derived,  and  then  to  transform  fi',  s'  into  a' ,  S\  and  p' ,  s"  into  a" ,  8". 
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Similarly,  the  velocities^  (5)',  (7)',  (<?)'  may  be  derived,  either  here  or  under 

IV,  in  terms  of  ,^  mean  solar  days  by  numerical  diflferentiation  from  the  data  of 
an  ephemeris,  exactly  as  in  Part  7,  Synopsis  of  Formulee  A  I.  For  this  purpose  the 
(5),  (7),  (<?)  may  be  computed  from  the  corresponding  (p),  (a),  (<5). 

Correct  the  observed  date  of  the  middle  place  for  planetary  aberration  on  the 
basis  of  the  primary's  distance.  With  the  corrected  date,  take  from  an  ephemeris 
the  heliocentric  coordinates  of  the  planet  (primary)  (r),  (/),  (^),  from  which  (a),  (rf) 
may  be  computed.     Then  {s)  --=  (r)  cos  (d), 

72 cos 7) cos  ^  =  .Y,  i^cos /)sin  ^  =  F,  i?sin/)=Z,  S  =  RcosD 

cos  }  r^-i  (  =  sin  cy  sin  <y  +  cos  go  cos  6  cos  {XI  —  «), 

where  ^  is  computed  from  «  =  (<J),  fl  =  [a)  and  [t/i]  from  00=  D  and  il  =  A. 
For  small  values  of  ^  (or  \j^\)  use 

cos  ^^  =  cos  (J  co3  (or  —  Q),        sin  ^  cos  P  =  cos  ^  sin  (or  —  Q),        sin  ^  sin  P  =  sin  (^ . 


II. 
A  =  a"  tan  6  —  a"  (tan  (J)'  +  «'  (tan  (J)" , 


K  = 


I  (tan  6  cos  [^     —  a]  —  tan  D)     a'  +  sin  [^  —  a]  (tan  <y)'j , 


( X)  =  —  -^  j  (tan  <y  cos  [-(a)  —  a]  —  tan  (<J) )  «'  +  sin  [(a)  —  a]  (tan  (J)'  j , 
[x]  = ^  j  (tan  6  cos  [(a)  —  a]  —  tan  (rf) )  a'  +  sin  [(a)  —  a]  (tan  (J)'  | . 


cos  O  COS  o 


^  =  -^[:^  +  7p] 


III. 

Solution  of  the  Distances  of  the  Disturbed  Body  from  the  Earth 

AND  Attracting  Masses. 

H  =  ~  +  G,  (a) 

where  as  a  first  approximation  [r]  =  (r). 


,       /;±rM    /'^-(P)^sin^^- 

Then,  r'  = -— ,  (b) 

'  (p)  cos '/'  —  // 

where  in  the  first  approximation   ±  r^  v '  —  0  .     The  equation  (b)  is  then  solved 


^Cf.  footnote  2,  page  482. 
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successively  by  introducing  tlie  preceding  approximation  of  r  in  ±t^\\  the  two 
resulting  solutions  being  kept  separate.  After  the  equation  (b)  lias  been  satisfied, 
compute  for  both  solutions 

'^=>+  [^7  +  G  (c) 

i-'=(^}M-  (!/-2(^)/:.cos^-,  {rY=  fP  {  It' -  2  R,i cos  [4-].  (d) 

Tlien  repeat  the  whole  process  with  more  accurate  values  of  //  from  formula;  (a) 
until  dVand  r  remain  constant. 

Or,  for  any  approximation  of //,  correct  the  first  approximation  of  r  succes- 
sively by 

L         ik  I   ,;•  — (pj'sin'l/' J 

IV. 
Compute  o  =  fi  cos  (5  and  a'  and  o"  from 


a.r'a' 


.  («) 


cos  [(<<)-..] +rS 


(■) 


['I' 


V. 


'[^«-M.]- 


Compute  the  residuals,  the  elements,  and  the  constants  to  the  equator  as  in 
Part  7,  Synopsis  of  Forniulce  A  VI  and  VIII,  using  the  closed  expressious  for  _/"  and 
jf,  if  necessary  as  in  Part  7,  Synopsis  0/  Formulte  B. 

In  case  of  doubt  as  to  the  nature  of  the  disturbed  body,  four'  orbits  may 
require  consideration.  The  orbits  with  reference  to  the  Sun  as  primary,  rest  on 
.r  =  ^  —  --V,  .r'  =  £'  —  X' ,  etc.  The  orbits  with  reference  to  the  second  attracting 
mass  (planet)  as  primary  rest  on  x  =  P.  —  (^);  x  =  f  —  (^)',  etc.'' 

If  an  assumption  regarding  the  nature  of  the  disturbed  body  has  been  pos- 
sible, then  the  orbits  with  reference  to  only  one  of  the  attracting  masses  (either 
Sun  or  planet)  require  consideration. 

The  selection  of  the  physical  solution  in  any  case  is  made  on  the  basis  of  the 
representation  of  the  positions  upon  which  the  solutions  were  based, 

VI. 

To  improve  the  physical  solution,  the  special  perturbations  of  the  disturbing 
body  are  best  computed  by  Encke's  method  of  rectangular  coordinates  and  applied 
to  the  positions  computed  from  the  osculating  elements  for  the  purpose  of  deriving 
the  residuals  to  be  removed. 

'C/,  footnote  I,  page  501,  whcce  ttiree  solutions  for  the  dislaacvs,  corrcspouiling  to  six  niathemalical  orbits 
wfrte  fonnd  to  exist. 

'Provided  it  t»  intended  10  neglect  the  difletcnce  of  the  aberration  times  for  the  planet  and  satellllv.  For 
greater  rigiditj  (/.  page  478,  third  paragiapb,  wbicb  applies  to  tbc  velocities  as  well  as  to  the  coiirdiDates. 
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In  the  case  of  a  disturbed  satellite,  the  Sun  being  the  disturbing  body, 
Encke's  formulae  as  given  in  voN  Oppolzer's  Lehrbuch  zar  Bahnbestimmung^  Vol.  II, 
pages  72  to  81,  take  the  following  form,  starting  with  equation  (3),  page  73: 


rf'j;  z  (x\  +  z  (j;)  1 

I  —  Y —r-^r- -^  Y -m  ^  Y  =  r-T  = 


and  since 


and 


{kydt*  r»       '       [r]'       '    '  (r)''  '        (m)       (Jt)» 

X  =  1.-^5 


d'  a;,  X, 


{ky  de  r.' 


(*)'  rf<'  (     [»•]•  (r)»  I  "^  I  r.'         H  ) 


or 


Let 


g  =  K  + i  ^)'^  + (]/.  + i  7)  7+ («.+ i  5)  ^  . 


With  ^  as  argument   take  /  from  v.  Oppolzer's  table  or  compute  /  directly. 
Then 


or,  if 


h  = 1 —  ;      a  =  —-TT— — — -—  ;     6  =  -    ■ -  -  :     c  = 


Then 


7  = 


If  further 

i  +  iV'i 
then 

I^^A{l-^h  h)  ;        S  {X)  =  [_^ckY  {  ^  -  i^  |. . 

The  residuals  are  removed  by  differential  correction  by  applying  the  proper 
formulae  of  Part  7,  Synopsis  of  Formulee^  A  VII  or  B. 


t 


•"  »     . 


■  « 


I   ' 


•*    > 
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INTRODUCTION. 


Two  examples  are  given  to  show  the  computations  necessary  for  the  deter- 
mination of  an  orbit  according  to  Leuschner'S  method  of  Direct  Solution  of  Orbits 
of  Disturbed  Bodies^  as  set  forth  in  Part  9  of  this  volume.  The  numbers  of  for- 
mulae given  are  those  of  the  Synopsis  of  Formulce  in  Part  9. 

The  computation  for  the  Seventh  Satellite  of  Jupiter  is  given  in  full.  The 
only  diflference  in  the  direct  solutions  between  the  orbits  of  the  Seventh  and  the 
Eighth  Satellites  is  in  the  manner  of  solving  the  equation  for  r,  so  that  this  will 
be  given  in  detail  for  the  case  of  the  Eighth  Satellite. 

The  computations  for  the  Seventh  Satellite  were  made  by  R.  T.  Crawford 
and  A.  J.  Champreux;  those  for  the  Eighth  Satellite  were  made  by  R,  T.  Craw- 
ford and  W.  F.  Meyer. 


THE  ORBIT  OF  THE  SEVENTH  SATELLITE  OF  JUPITER. 


The  observations  upon  which  this  orbit  is  based  were  made  by  Perrine  at 
the  Lick  Observatory.  They  are  published  in  Lick  Observatory  Bulletin  No.  78. 
They  are: 

1905  Gr.  M.  T.  a  (1905.0)  5  (1905.0) 

I  Jan.  3-633333  19'  5'  fi^^'^  +  7*  13'  58'.! 

II  Jan.  28.623611  21  56  5  .4  +  8  18  II  .6 

III  Feb.  8.631944  23  40  9  .8  +8  55  18  .8 

IV  Feb.  21.642361  26  o  45  .8  +  9  43  5^  -4 

V  Mar.  6.652778  28  36  3 .4  + 10  35  50 .7 

The  coordinates  ot  and  5  given  here  are  the  observed  coordinates  corrected 
for  parallax  corresponding  to  Jupiter's  distance. 

Use  for  the  mass  of  Jupiter  Newcomb's  value,  viz.,    ^^^  =  1047.355.     Then 

111  ,      sin  r  , 

log  r  =  log   ^^  3-0200939  log-T^  7.9600404 

log  J  i  1.5100470  log  -^  3.5754956 

log  \/  m        8.4899530  log  We  4.4889 

log  k  8.2355814  log  (I  +  m^  o.oooooi 

log  {k)  6.7255344  .     ^      k  /-T——'  I   OOQ48 

log(>t)^  3.4510689  ^^^(^^    ^^"'®         '-5'°^^ 

Using  the  first,  third,  and  fifth  observations  and  formulae  A  II  of  Part  7,  first 
approximations  to  the  velocities  and  accelerations  for  the  middle  date  are  found 
to  be 

log  «'§'        0.729270  log  6/        0.272687 

log  a."        2.095593  log  <5/        1.541625 

The  more  accurate  determination  of  these  quantities  depending  upon  the  five 
observations,  according  to  the  formulae  A  II,  footnote  2,  of  Part  7,  is  made  exactly 
as  shown  in  detail  in  example  No.  2  of  Part  8.     The  resulting  values  are: 

log  cr^,'        0.743547  log  <5o'        0.289298  log  (tan  5),'        0.299872 

log  a,"        2.069686  log  (5/        1.496778  log  (tan  <5)/        i. 523510 

From  the  American  Ephemeris  and  Nautical  Almanac^  we  take,  for  the  middle 
date,  approximate  log(p)  ^0.72426.  Using  this  to  correct  the  middle  date  for  aber- 
ration, we  have  for  the  corrected  date,  Feb.  8.601357.  With  this  date  then,  we  take 
out 

Uog  {ft)  =  0.724258  (cr)  =  ih     3r     34M4  (S)  =  +     S'    41'     i^.S 

Then 

{it)  -  cr„  =   -  6-.5I 
tan  iff  =  7.621292  cos  ip  —  9.999996  sin  «/'  =  7.621288 


lit  would  have  been  more  accurate  to  use  (p),  (a),  (£)  for  the  uncorrected  date,  and  to  have  reduced  them  to  the  beginning  of 
the  year,  including  the  aberration  terms.    C/.  also,  last  paragraph,  page  477,  and  the  discussion  on  page  478. 
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Again,  from  the  American  Ephemeris  and  Nautical  Almanac^  we  take  for  the 
corrected  middle  date  the  heliocentric  coordinates  of  Jupiter  reduced  to  1905.0. 
Whence 

(/)  =  35'    28'    34*.6,  (^)=-i'     10'    36^o  log  (r)  =  0.696347 

Transforming  these  to  the  equator  in  the  usual  way,  gives 


(«)    33*    34'    39*.6 
log  tan  {d)        9.336497 


log  sin  (d)        9.326503 
log  cos  (^)        9.990006 


Since  the  observations  were  reduced  to  the  beginning  of  the  year  by  includ- 
ing the  aberration  terms,  the  Sun's  coordinates  should  be  taken  out  for  the  middle 
date  uncorrected  for  aberration.     They  are 


log-V» 

/?t  cos  D  cos  A 
R^  cos  D  sin  A 
tan  A 
A 
A-  ix^ 

sin  A 
cos  A 


+  o.75293'to 
9.8767552 

9.876755 
9.76728 in 

9.890526n 
322*  8'  45*9 
298      28     36  .1 

9. 78792 in 
9.897395 


log  «)» 
tan  (5^ 

log  I 


2.330641 
9. 195864 
1.426505 


log  OL^  2  069686 

log  (tan  <$V       0.299872 
log  II  2.369558 


log  tr/ 

0.743547 

log  (tan  (5V 

1.523510 

log  III 

2.267057 

I 

+   26.6996 

-II 

-234.1844 

III 

+  184.9512 

A 

-   22.5336 

log  A 

i.35283on 

log  K, 


-  0.5851685 
9. 76728 ion 


logZ, 


-  0.2538530 
9.4045823n 


log  S^  =  R^  cos  D    9.979360 


R.  sin  D 
\avlD 
sin  D 
cosD 

log  y?. 


9.404582U 
9.425222n 

9.410354" 

9.985132 

9.994228 


II 

P\   q;   s 

Un<5^ 

COS  iP  -  a^) 
tan  d„  cos  ( p  -  a^) 
tan  q 
sub 

logC     ) 
log  a/ 
log  I 

sin  (p  -  aj 
log  (tan  <5V 
log  II 
add 

log)      ( 

log  (    -  s) 

log  -  5    }      j 

log  h;  log  (h);  log  [h] 


9.195864 

9.678338 
8.874202 
9.425222n 
0.107610 
9  532832 

0.743547 
0.276379 

9.9439940 
0.299872 
o.243866n 
8.890629 

9.134495 
9.97936on 

9. 1 138550 
7.761025 


siti  S^ 
sin  J? 
log  I 

cos  fi„ 
COS  D 
cos  (A 
log  II 
cos  [^] 


-  a  J 


9.190578 

9.4i0354n 

8.6oo932n 

9.994713 
9.985132 
9.678338 
9.658183 
9.618345 


A;  D;S        (a);  {S);  {6)     (a);  (d);  (s) 


9.195864 
0.000000 
9.195864 
9. 183932 
8.444926 
7.628858 

8.372405 

6.675247n 
0.299872 
6.975 1  I9n 
9.982244 

8.354649 
o.7i925on 

9.0738990 
7.721069 


9.195864 

9-993473 
9. 189337 

9.336497 
9.605662 

8.7949990 

0.743547 
9-538546n 

9-235709 
0.299872 

9.535581 

7-835714 

7.3712950 

o.686353n 

8.057648 

6.7048i8n 


log  y?,3    9.982684 


'"H^-R.^ 

}  7.7/0341 

log  m 

6.979906 

log  [k] 

6. 70481 8n 

colog  (r)^ 

7.910959 

log  II 

i.595683n-»o 

add 

0 

log[     J 

7.778341 

logr 

3.020094 

sec«5^ 

0.005287 

log  G 

o.8o3722n 

log  y  sec  d^ 
logF 

log  £ 


3.025381 
0.786406 

7.726356 
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LctN  = 


iry 


+  G. 


For  first  approximation  to  //  let  (r)  =  [r]. 


Solution 

forr. 

Trial 

I 

logF 

0.786406 

(fj)  cos  (^) 

0.724254 

colog  (r)» 

7.910959 

sub 

0.264665 

log  I 

S.697365 

log  detioni. 

1.064974 

logC; 

0.803722n 

log^ 

7726356 

add 

9.996587 

logr^ 

6.661382 

log// 

0.80030911 

logr 

8.887127 

Substituting  this  approximate  value  of  r  in  the  complete  right  member  of 
the  equation  {6)  for  r^,  we  will  hereafter  get  two  solutions  for  r  because  of  the 
double  sign  before  the  radical.  The  solution  coming  from  the  positive  sign  for 
the  radical  will  be  designated  rj  and  called  "first  solution";  that  from  the  negative 
sign  r2  and  called  "second  solution."     The  trials  then  proceed: 


Trial  II 

III  for  ri 

III  for  r.. 

•■ 

logr» 

7-774254 

7.776090 

7.772408 

log  (p)' 

>sin' 

'  {iff)         6.691092 

6.691092 

6.691092 

sub 

9.962572 

9.962737 

9.962405 

diff. 

7.736826 

7.738827 

7.734813 

logi/" 

diflT 

8.868413 

8.869414 

8.867406 

logr» 

6.661382 

6.664135 

6.658612 

log  r^  1/  diff.             5*529795 

5.533549 

5.526018 

log  £ 

7.726356 

7.726356 

7.726356 

add 

0.002753 

0.002777 

sum 

7.729109 

7-729133 

log  r^s 

6.664135 

6.664159 

log  r, 

8.888045 

8.888053 

sub 

9.997230 

9-997253 

- 

diff. 
logr,^ 

7.723586 
6.658612 

7.723609 
6.658635 

• 

logr. 

8.886204 

8.886212 

- 

- 

Second  Approximation  for  //  by  (f,  iiy  a). 

First  Solution. 

Second  Solution. 

First  Solution. 

Second  Solution. 

logr» 

6.664159 

6.658635 

I 

+    0.97377 

+   0.97377 

logE 

7-726356 

7.726356 

II 

+  27.30800 

+  28.87353 

1        ^ 
log   ^ 

1. 062 1 97 

1.067721 

-III 

-    4.28300 
+  23.99877 

-    4.40406 
H  25.44324 

log// 

0.80030911 

o.8oo309n 

log  [ry 

1. 380189 

1.405572 

add 

9.917836 

9.929941 

log  [r] 

0.690094 

0.702786 

logp 

0.718145 

0.730250 

log  [ry 

2.070283 

2.108358 

logp^ 

1.436290 

1.460500 

log/' 

0.786406 

0.786406 

log  2 

0.301030 

log   f,p 
log  c; 

8.716123 

8.678048 

logy? 

9.994228 

o.8o3722n 

o.8o3722n 

cos  [l/f] 

9.618345 

add 

9-996436 

9.996736 

log  III 

0.631748 

0.643853 

log// 

o.8ooi58n 

o.8oo458n 

log^ 

9.988456 

{p)  cos  (if>) 

sub 
log  [ip)  cos  (^)  -  //] 

0.724254 

0.264734 
1.064892 

0.724254 

0.264597 
1.065055 
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Trial 

IV  (or  rj 

IV  for  r, 

log  r« 

7.776106 

7.77«4^4 

{pY  sin'  (t) 

6.691092 

6.691092 

snb 

9.962738 

9.^2407 

diff. 

7.738S44 

7.734831 

log  ^/  diff. 

8.869422 

8.867415 

logr» 

6.664159 

6.658635 

logr»  I  ^  diff. 

5-533581 

5.526050 

log  E 

7726356 

7-726356 

add 

0.002777 

sum 

7.729133 

log  denom. 

1 .064892 

log  r,^ 

6.664241 

logr, 

8.888080 

Using  Second  Approximation  for  H  hy  {b). 

Trial, 
sub 
diff. 
log  denom. 

log  r.? 
logr, 


IV  for  r^ 
9.997253 
7  723609 
1.065055 

6.658554 
8.886185 


Stkhstituting  these  values  of  r  in  the 
equation  for  [p]  we  find  (details  omitted) 


logp 
log[r] 


0.718147        0.730251 
0.690096        0.702787 


which  agree  so  closely  with  those  found 
in  the  second  approximation  for  H  that 
another  approximation  is  not  necessary 
and  the  solution  for  r  is  ended. 


IV 


log/0* 
cos  5^ 
log  6. 

log  a,* 
log  I 

colog  r,' 
log  (6) 
sin  [(a)  - 
log  II 


^^.'\ 


colog  [r]^ 
colog  R^^ 
sub 

log[     ] 

sin  {A  -  crj 

log  5 

logr 

login 


log  (j) 
colog  r^ 
sin  [{a) 
log  IV 

-I 

+  11 
+  III 
-IV 

sum 
log  sum 
log  2  a/ 
log  6.' 


^^-J 


Firat  Solution. 

Second  Solution. 

O.718147 

0.730251 

9-994713 

9.994713 

0.712860 

0.724964 

2.069686 

2.069686 

2.782546 

2:794650 

3.335759 

3.341446 

0.719250 

0.719250 

6. 67524 7n 

6.675247n 

o.730256n 

0.735943" 

7.929712 

7.891639 

0.017316 

0.017316 

9.996436 

9.996736 

o.oi3752n 

o.oi4052n 

9-943994n 

9.94399411 

9-979360 

9.979360 

3.020094 

3.020094 

2.957200 

2957500 

0.686353 

7.910959 

9-235709 

7.833021 

-606.1029 

-623.2329 

-     5-3735 

-     5.4443 

+  906.1500 

+  906.7760 

-     0.0068 

-     0.0068 

+  294.6668 

+  278.0920 

2.469331 

2.444188 

1.044577 

1.044577 

1.424754 

1.399611 

Determination  of  6 ,  6\  and  <f 


colog  re' 
log  (a.'Y 

sub 

diff. 

log-f^ 

add 

log[    ] 
log  6. 

log  I 


log 


(^0) 


cos  [(a) 
log  II 


-o'J 


\ogrs[^^,-^] 


cos  {A  -  tt^) 
log  III 


log 


is) 


cos  [(a) 
log  IV 

-I 
+  11 
+  III 
-IV 

log  (s: 


-^-j 


First  Solution. 

Second  Solution. 

3.335759 

3.341446 

1.487094 

1.487094 

9.993802 

9.993884 

3.329561 

3.335330 

0.949806 

0.91 I 733 

0.001808 

0.001635 

3.331369 

3.336965 

0.712860 

0.724964 

4.044229 

4.061929 

4.055009 

4.060696 

0.000000 

4.055009 

4.060696 

3.oi32o6n 

3.oi35o6n 

9.678338 

9.678338 

2.69i544n 

2.69i844n 

8.597312 

0.000000 

8.597312 

- 11072.08 

-"532.65 

+  11350.34 

+ I 1499.95 

-     491.52 

-     491.86 

0.04 

0.04 

-     213.30 

-     524.60 

2.32899in 

2.7i9828n 
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Determination  of  the  Velocities  of  Jupiter's  Geocentric  Rectangular  Coordinates  at  the  Middle  Date. 


1905  Gr.  M.  T. 

Feb.  1.0 

5.0 

9.0 

13.0 

Feb.  17.0 

log  {9) 

0.7147895 

0.7198293 

0.7246981 

0.7293847 

0.7338806 

(a)  1905.0 

22*  33'  23''.4 

23"   6'  36''.o 

23**  41'  5i'.8 

24*  19'   3*'.3 

24'  58'  3".8 

(«)  1905.0 

+  8   13  42 .1 

+  8   27  42 .8 

+  8  42   24 .5 

+  8   57  43.6 

+  9   13  36  5 

cos  (6) 

99955060 

9.9952463 

9.9949661 

99946653 

99913442 

COS  (a) 

9.9654377 

9.9636712 

9.9617430 

9.9596504 

9  9573897 

log  ($) 

0  6757332 

0.6787468 

0.6814072 

0.6837004 

0.6856145 

sin  {d) 

9.5838721 

9.5938371 

9.6041303 

9.6146801 

9.6254232 

log  Kv) 

0.2941676 

0.3089127 

0.3237945 

0.3387301 

0.3536480 

sin  (6) 

9.1556969 

9.1677647 

9.1800634 

9. 1925 153 

9.2050500 

log  (C) 

9.8704864 

9.8875940 

9  9047615 

9.9219000 

99389306 

(« 

r 

/" 

/III 

P^ 

Feb.  i.o 

+4.739508 

+0.033002 

50 

4.772510 

-  0.003678 

29324 

-  0.000223 

• 

90 

4.801834 

25423 

3901 

-0.000200 

+  0.000023 

13-0 

4.827257 

+0.021322 

-0.004101 

Feb.  17.0 

+4.848579 

• 

•     .* 

iv) 

Feb.  1 .0 

+  1:968646 

+0.067987 

5.0 

2.036633 

70998 

+  0.00301 1 

.  -0.000266 

9.0 

2. 10763 1 

2745 

+  0.000009 

. 

73743 

-  0.000257 

130 

2181374 

+0.076231 

+  0.002488 

Feb.  17.0 

+  2.257605 

Feb.  1.0 

+0.742I4IO 

+0.0298176 

5.0 

0.7719586 

311264 

+  0.0013088 

-0.0001096 

9.0 

0.8030850 

323256 

1 1992 

-0.0001138 

-0.0000042 

13.0 

0.8354106 

+0.0334 1 10 

+0.0010854 

Feb.  17.0 

+0.8688216 

Date:    =  Feb.  8.631944 
n  —  -  0.092014 

A7  («)  =  -  0.16243 

AV  («)  =  -  0.0819 


(<P) 

^^)  . 

(V) 

C) 

/»  (rt  +  iw) 

+  0.0273735 

+  0.0723705 

+  0.0317260 

n  /"  [a  +  iw) 

+    3589 

2526 

1 103 

A?  («)  /"»  (^  +  iw) 

+     342 

+     424 

+    181 

^/  («)  /"'  (<»  +  '*«') 

19 

07 

+      3 

sum 

+  0.0277647 

+  0.0721594 

+  0.03 1 634 1 

log  sum 

8.443493 

8.858293 

8.500155 

log  (<?>).' 

1.115899 

1.530699 

1.172561 
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V 


First  Solution. 

Second  Solution 

log  <^,, 

0.712860 

0.724964 

COS  iX^ 

9.961837 

9.961837 

sin  <r^ 

9.603641 

9603641 

tan  6^ 

9  195864 

9.195864 

log  6^  cos  <r^ 

0.674697 

0.686801 

log  (^). 

0.681 177 

0.681 177 

sub 

8.177067 

8. 1 15077 

log  .lo 

8. 85 1 764 n 

8.796254 

log  0',  sin  ix^ 

0.316501 

0.32S605 

log  (y;), 

0.322421 

0.322421 

sub 

8.137500 

8.156571 

log  J'. 

8.454001 n 

8  478992 

log  0'^  tan  ^„ 

9.908724 

9.920828 

log  C), 

9-903183 

9.903183 

sub 

8.108583 

8.617692 

log -. 

8.011766 

8.520875 

log  .1  •' 

7.703528 

7  592508 

log  /•* 

6.908002 

6.957984 

add 

0.064507 

0.090608 

sum 

7.768035 

7.6831 16 

log  r.- 

6.023532 

7.041750 

add 

0.007752 

0  089328 

log  r,^ 

7-775787 

7-772444 

log  re* 

8.887893 

8.886222 

•These  values  would  have  checked  more 
closely  with  the  final  values  resulting  from  the 
trials,  if  the  inaccuracy  indicated  in  the  foot 
note  3,  pa^e  K^2.  had  not  t>een  committed. 


First  Solution. 

Second  Solution. 

log  6^ 

1.424754 

1. 39961 1 

log  I 

1. 38659 1 

I. 361448 

log  iX^ 

0.743547 

0.743547 

log  II 

1.060048 

I.072152 

I 

+  24.35517 

+  22.98517 

-II 

-  1 1. 48281 

-".80733 

-  Ill  =  -  (d; 

-  13.05867 

-13.05867 

-iV 

-    O.1863I 

-     I.S8083 

log  .r/ 

9.270236n 

o.27435on 

log  I 

1.028395 

I  003252 

log  II 

1.418244 

1.430348 

I 

+  10.67566 

+  10.07516 

11 

+  26.19653 

+  2693694 

-  Ill   --    -  (V)o' 

-33.93900 

-  33  93900 

/o' 

+   2.93319 

+   307310 

log  )\: 

0.467340 

0.487577 

log  I 

0.620618 

0.595475 

log(lan^); 

0.299872 

0  299872 

log  II 

I. 012732 

1.024836 

I 

+  4  17463 

+   3.93981 

II 

+  10.29750 

f  10.58854 

-III.-  -  uv 

-  14  87855 

-  14.87855 

-0 

-   0.40642 

-   0  35020 

log  zj 

9.6oS975n 

9.5443i6n 

log  .\\  .r/ 

8.122000 

9.07o6o4n 

log  y\s  yy' 

8.92 1341 u 

8  966569 

add 

9.924936 

9432450 

sum 

8.8462770 

8.399019" 

log  -..  z: 

7.620741 n 

8.06519M1 

add 

0.025098 

0.165431 

log  r„  rj 

8.871375" 

8.564450" 

log  r^ 

9-983295" 

9.678265n 
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log  Jo  c! 
log  z,  y,/ 
sub 

\    p    sin  /sin  il 

log  .r„  r/ 
log  r,,  .ro' 
sub 

]/  p    sin  /  cos  /A 

tan  /2 

/2 

sin  /i 
cos  /2 

1     ^    sin  / 

log  -lo  /./ 
log  .Ko  v./ 
sub 

1     p   cos  / 
tau  / 


sill  / 
cos  / 
log  I     p 
log/ 

log    ^ 

sub 
e  cos  T/« 
<f  sin  7'tf 
tan  7'* 

sin  v^ 
cos  x/o 
log^ 

log^''' 

log  (I  -  e) 
log  (I  +  ^) 
I  -  e 


First  Solution. 
8.062976 
8.479106 
9.789868 

8. 2 68974 n 

8.460739 
7. 28200 2 n 

0.027864 

8.488603 
9. 78037  in 
32S^   54'   24 


"8 


Preliminary  Osculating 

Second  Solution. 
8.0233o8n 
9.008452 
0.042765 

9.051 2 1 7n 

8.340570U 
8.79522511 
9.812224 

8.607449 
o.443768n 
289-  47'  45*. 3 


Elements  (Hquatorial). 


9.7i30i2n 
9.932641 

8.555962 

9.3i9io4n 

7724237 
0.010900 

9.330004U 

9-22595Sn 

170"   26'  57".8 

9.219896 
9993938n 

9336066 
8.672132 

9.784052 

9.809003 

9- 593055 n 
9  3 1936 in 
9.726306 
2o8'     2'     4''.4 

9  672ioin 

9945795" 
9  647260 

4  961685 
26**     21'    9".5 


104 


21' 
I' 


2  .2 


log 


I  +  e 


9  745173 
0.159529 

9.585644 


9973546" 
9.529778 

9.077671 

9.283831 
8-753342" 
o  1 1 2199 

9.396030 
9.681641 

25°  39'  4i''.7 

9636543 
9954902 

9.441 128 
8.882256 

9.996071 

7.958444 

7954515" 

9  119393" 
1. 164878 

266''     5'    n^3 

9.9989S6n 
8.834 io8n 
9.120407 

4  434832 
f     34'    56^I 

133^       2'     35^6 

9938545 
o  05  VS27 

9.8S4718 


First  Solution. 

Second  Solution. 

log  X\  COS 

iX 

8.7S4405n 

8.326032 

log  y^  sin 

a 

8.167013 

8.452538" 

add 

9  8S0054 

9-529115 

log  r,  cos 

«• 

8.664459U 

7.855147" 

log  r^  siu 

«0 

8.791870 

8.884332 

tan  i/« 

o.i274iin 

I.029i85n 

«• 

126'  42'  48*4 

95'   20'  30^o 

7^0 

208      2      4  .4 

266      5    II  .3 

(t) 

278    40    44  .0 

189    15     18  .7 

sin  f/o 

9903977 

9  9981 10 

cos  u^ 

9  776566n 

8.96892511 

logr. 

8.887893 

8.8S6222 

log  e' 

9.294520 

8.240S14 

log  (I  -  / 

•-') 

9  904702 

9  992372 

logdf 

8.767430 

8.889884 

log  d^ 

6.302290 

6.669652 

log  a    2 

8.151145 

8.334826 

'°K  (X.)   ' 

I  +  ///,j, 

1. 510048 

1.510048 

log  I  year 

(days) 

2.562581 

2.562581 

log  /'  (days) 

2.223774 

2.407455 

P 

i67'*.4o73 

255'*.  5376 

log  360" 

2  556302 

2.556302 

log ./'" 

0.332528 

0.148847 

//• 

2'.  150445 

I '.408793 

log,    1  -'• 

\   1  +  .- 

9.792822 

9-942359 

tan  Yi  7'e 

0.60267  in 

o.o29687n 

tan  %  Eq 

0-395493" 

9.972046U 

Vz  a; 

HI*  54'  46*.7 

136"  50'  33'-7 

/•:• 

223    49    33-4 

273    41      7  .4 

sin  A', 

9.8404oon 

9.99910111 

log  e"  sin  TT^ 

4.80208511 

4433933" 

e"  sin  A'o 

-  63399*.  4 

-27 1 60*.  2 

-    17*   36'   39^4 

-     7**   32'  40*.  2 

^r, 

241     26    12  .8 

281     13    47  .6 

log  ah.  T 

8.47943" 

8.49153" 

ab.  T 

-   0.030160 

-  0031012 

to  =  Feb. 

8631944 

8.631944 

ICpoch  -.  Feb. 

8.601 7S4 

8.600932 
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Constants  for  the  Equator  1905.0. 
(Preliminary  Osculating  Elements). 


First  Solution. 

Second  Solution. 

sin  a  sin 

An 

9.932641 

9.529778 

sin  a  cos 

^/. 

9.70695011 

9  928448 

tan  A,, 

o.22569in 

9.601330 

A. 

120"  44'  26''.o 

21-   46'      5"'^ 

ai 

278    40    44  .0 

189     15     18  .7 

A' 

39     25     10  .0 

211       I     24  .3 

sin  .'/, 

9.934241 

9.569202 

cos  .-/„ 

9.7o855on 

9.967872 

sin  a 

9.998400 

9.960576 

First  Solution. 

Second  Solution. 

sin  d  sin 

/•'. 

9.7I30I2n 

9.973546n 

sin  fi  cos 

IK 

9.926579" 

9.4S4680 

tan  /y^ 

9-786433 

o.488S66n 

^. 

211*    26'    52*.5 

287°   5^'   30^4 

B' 

130      7    36  .5 

117     13    49.' 

sin  i?„ 

9.717441" 

9.978268n 

cos  B^ 

9.93ioo8n 

9.489402 

sin  b 

9-99557' 

9995278 

First  Solution. 

.1-  z=  r  [9.998400]  sin  (  39*    25'  lo^.o  +  t/) 

/  =  r  [9-995571]  sin  (130       7  36  .5  +  'v) 

z  =z  r  [g  219896J  sin  (278     40  44  .0  +  v) 


Second  Solution. 

X  =  r  [9.960576]  sin  (211'       1'  24''.3  +  7*) 

y   =  r  [9.995278J  sin  (117      13  49  -i   +  7') 

-   =  ''  [9.636543]  sin  (1S9      15  18  .7  +  v) 


111  order  to  determiue  which  of  the  two  solutions  is  the  physical  solution,  a 
place  other  than  those  upon  which  the  orbits  are  based  was  computed  from  each 
orbit.  An  observation  of  August  9  was  available  at  the  time  this  work  was  done. 
The  position  was  determined  without  taking  into  account  the  perturbations  due 
to  the  action  of  the  Sun. 

The  representation  of  the  August  9  observation  in  position  angle  and  dis- 
tance (with  respect  to  Jupiter)  is 


<»-<^'i"f 


First  Solution.    Second  Solution. 
+  216-.9  +2^7 

+    I5'-6  +5'. 2 


These  residuals  lead  us  to  reject  the  first  solution  (which  is  retrograde)  and 
accept  the  second  solution  (which  is  direct). 


VI 

Using  the  second  solution,  the  special  perturbations  due  to  the  action  of  the 
Sun  were  then  computed  by  Encke's  method  for  the  period  January  4  to  March  9 
(using  eight  day  intervals). 

Then  with  the  osculating  elements  and  these  perturbations,  the  positions  for 
the  dates  of  the  fundamental  places,  January  3,  January  28,  February  21  and 
March  6  were  computed.     The  representation  of  these  places  is: 


(O  -  0 


\  Ja 


Jan.  3 

Jan.  28 

Feb.  21 

Morch  6 

-    9"  6 

-  2".3 

+  2".6 

+  r.o 

+  23  .9 

-0.4 

-0.6 

-II    3 

j  J6 

Using  the  residuals  of  January  3  and  March  6,  with  the  use  of  the  series 
for  d/j  dg ^  Synopsis  of  FormuUc^  L^'^^^l^  P^^^t  7,  a  differential  correction  was  com- 
puted, giving  an  orbit  which  represented  these  places  by 


(O  -  C) 


Jan.  3 
-3".5 
+  3.« 


March  6 
-  i".4 

+  I  .2 
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This  orbit  is  given  by  the  following: 


Elements. 

Kpot 

:h 

1905  Feb. 

8.6009  Gr.  M.T. 

J/o 

283'' 

4'    4" 

6J 

187 

29   41 

j  Mean  Equinox 

a 

288 

19   59 

>  anil  Equator 

• 

/ 

25 

39    24 

j     1905.0. 

e 

0.121519 

lov^  a 

8.893716 

;/• 

1^-39027 

P 

258.9424  days. 

Constants  for  the  Equator  1905.0. 

X  =  r  [9  959820]  sin  (207°  40'  43"  +  7') 
J/  =  r  [9.995934]  sin  (114  7  31  +7') 
z  -  ^[9.636463]  sin  (187      29     41    +  7'} 

Messrs.  Crawford  and  Champrf:ux  have  also  computed  an  orbit  irrespective  of 
the  perturt>ations  for  this  satellite.  For  the  sake  of  comparison  all  of  their  results 
are  tabulated  below,  together  with  the  preliminar}^  orbit  derived  by  Pf:rrixf:^  and 
the  final  orbit  derived  by  Ross.*'^ 

The  three  orbits  by  Crawford  and  Champrkux  are  designated  below  respec- 
tively by  (Cr.  &  Ch.)i,  (Cr.  &  Ch.),,  and  (Cr.  &  Ch.);,.  The  orbit  (Cr.  &  Ch.)i 
represents  the  solution  irrespective  of  the  perturbations:  the  orbit  (Cr.  &  Ch.)2  repre- 
sents the  direct  solution  of  the  disturbed  orbit;  the  orbit  (Cr.  &  Ch.)^  represents  the 
same  after  the  removal  of  the  residuals  of  the  first  and  last  places  by  differential 
co7'rection.  All  of  these  orbits  are  freely  referred  to  by  Professor  Leuschner  in 
the  Introduction  to  Part  9. 


Ar> 


Elkments  of   the  Seventh  Satellite  of   Jupiter  (Direct   Motion)  Referred 

TO   THE   EarTH*S   Es^L'ATOR. 


Computer 


fCr.  &  Ch.)i 

(Cr.  &  Ch.V, 

(Cr.  &CI1.), 

Perrine  (preliminary) 
Ross  (final) 


F^poch  1905 


February  8.6009 
February  8.6009 
F*ebruary  8.6009 


M 


«3° 

17'     57 

28 1 

»3     48 

283 

19     59 

n 


279" 

45' 

8" 

289 

47 

45 

288 

19 

59 

275 

47 

281 

7.8 

26-* 

i 

6- 

38' 

42" 

e 
0.12576 

Period 
2511415 

a 

27' 

14" 

49'      48" 

25 

39 

42 

1S9 

^5 

19 

0.13195 

255-5376 

50       20 

25 

39 

23 

187 

29 

41 

0.12152 

258.9424 

50       47 

26 

15 

182 

6 

0.24 

2i.>(J 

43       48 

26 

12 

331 

16.S 

0.0246 

265.0 

52       54 

a  iCr.  &  Ch.)  for  log  (^;)  ~  0.72124;  a  (Ross)  for  log  [i^\  =  0.71624. 


'/..  O.  nulletin  No.  78. 
'A.  CK  IhilUtin  No.  82. 
'-''Cf.  Addendum,  page  503. 
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THE  ORBIT  OF  THE  EIGHTH  SATELLITE  OF  JUPITER, 


The  observations  upon  which  this  orbit  is  based  are  the  following: 


1908    Gr.  M.  T. 

I  Jan.        27.5288 

II  Feb.       22.4560 

III  March     8.8486 

IV  Apr.         1.7021 

V  Apr.       29.7023 


ex  (1908.0) 
131'     27'     50*.2 

128     23     42  . 1 

127  9     49    I 
126      41      24  .4 

128  26       3  .9 


<5  (1908.0) 
+    18''      5'      6''.3 

+  19  5  54  -3 
+  19  31  36  .7 
+    19      49      27  .6 

+    19      35     49  -6 


Reference 
M.  N.  Vol.  LXVIII,  No.  8. 
M.  N.  Vol.  I.XVIII,  No.  8. 
L.  O.  BulUlin  No.  156. 
L,  O.  BuUetin  No.  156. 
L.  O.  D  idle  tin  No.  156. 


The  coordinates  a  and  8  are  the  observed  coordinates  corrected  for  parallax 
corresponding  to  Jupiter's  distance. 

The  mass  factors  that  are  used  are  the  same  as  those  used  for  the  Seventh 
Satellite. 

The  first  approximation  for  the  velocities  and  accelerations,  using  the  first, 
third,  and  fifth  observations,  gives: 

log  a,/     2.2288Son  log  ^^     1.857764 

loga^;    0.997216  logV    o.4i3583n 

The  more  accurate  values  of  these  quantities  depending  upon  the  five  obser- 
vations are: 

log<V    2.3229i9n  logV     1.902567  log  (tan  <5V     9-9M059 

log  oc;    1.039044  log  <5„"    o.447788n  log  (tan  (Jy     i.730332n 

From  the  American  Ephemeris  and  Nautical  Almanac  we  take,  for  the  middle 
date,  approximate  log  (p)  =  0.658699.  With  this  (p),  the  corrected  middle  date 
becomes  March  8.82230.     For  this  date,  we  have  the  following: 

»(<0       126^    48'    37".6 
('5)     +19      59     30-5 

The  heliocentric  coordinates  of  Jupiter  reduced  to  1908.0  for  the  corrected 
middle  date  are 

(/)  =  131°    44'    47"'-o  (^)  =  +0-    41'    ^l"'i  log  (r)  =  0.725533 

Hence 

{a)  134"     24'    47". I  sin  [d)        9.488674 

tan  (^)  9-510330  cos  (//)        9978344 

The  Sun's  coordinates  for  the  uncorrected  middle  date  are 


(ft)  -  (r,^       -21'     ii''.5 
tan  ^  7.998946n 


cos  ^     9.999978 
sin  V'     7.998924n 


Then 


.V9=  +0.9728883  Ke  =  -0.1833903  Z«  =  -0.0795554 

log  /?o  =  9  9S)7043  cos  [V'l  =  9.859229n 


Jupiter's  geocentric  rectangular  velocities  are  given  by 

log  (?r  =  o  569466n  log  (?/)'  =  i. 322412  log  (C)'  =  0.973888 


log  K 


7.57006611 


log  G  0.624754 


II 

log  \k)         7-OOI973 

log  F  o.6i5886n 


1  Sec  footnote,  page  490. 


log  {k\        7.67395 


log  if 


7.027699 
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Ill 

With  a  first  approximation  to  //,  letting  (r)  =  [r],  we  get  for  the  first  trial 
log  r  =  9.153204. 

Using  this  r  in  the  complete  equation  for  ;-'^  , 


r»  =  £'± 


r'^     r-  -  (AJ)^sin-((/') 


(/J)  cos  (0)  -  // 

we  get  for  a  second  triaP  for  each  solution 

log  r,  =  9.198200  log  r^  =  9.087567 

and  from  a  third  trial 

log  ^  =  9.217353  log  t't  =  9121781 

The  solutions   for  r  from  this  point  on  differ  from  the  method  used  in  the 
computation  for  the  Seventh  Satellite,  so  the  computation  will  be  given  in  detail. 


Trial  IV 


Trial  V 


Solutions. 

I 

2 

log  r^ 

8.43171 

8.24356 

log  4  r-" 

9.03677 

S.  84562 

log3(/>)'sin-(0) 

7.79237 

7.79237 

sub 

9-97453 

9.95978 

log  [numer.] 

9-01130 

8.80540 

log  3  A' ^/'•'"(R)' sin' W 

9.24541 

9.13974 

log  II 

9.76589 

9.66566 

sub  ;  add 

9.85394 

log[     ] 

961983 

0.16527 

log  3  r' 

8.91183 

8.72068 

log  denotn. 

8.53166 

8.88595 

log(-  M) 

6.50140 

6.3368911 

log  dr 

7.96974 

7.45094" 

old  log  r, ;    log  r, 

9.217353 

9.121781 

add 

0.023888 

9.990632 

log  r, ;  log  r. 

9.241241 

9  112413 

log  r- 

8.482482 

8.224826 

(lyy  sin-^  (1^') 

7.31 S246 

7.315246 

sub 

9.969398 

9.942927  + 

diff. 

8.451880 

8.167753  + 

log  ]     diff. 

9.225940. 

9.083877 

logr^ 

7.723723 

7.337239 

logr'  y    diff. 

6.949663 

6.421116 

logi^ 

7.027699 

7.027699 

add  ;  sub 

0.263762 

9.876570 

sum  ;  diff. 

7.291461 

6.904269 

log  A' 

9.568086 

9.568086 

log  r/ 

7.723375 

73361S3 

log  r,  ;  log  r. 

9.241125 

9.112061 

sub 

6.903S 

7.3865 

log  .)/ 

4.672 

4.7227 

8.48248 

8.22483 

9.08454 

8.82689 

7.79237 

7-79237 

997725 

9.95792 

9.06179 

8.78481 

9.27115 

9.12908 

9.79064 

965573 

9.79197 

958261 

0.16215 

8.95960 

8.70195 

8.54221 

8.86410 

4.6272n 

4.722711 

6  085011 

5.8586n 

9. 24 1 24 1 

9.112413 

9.999696 

9.999758 

9240937 

9.112171 

8. 48 -.874 

8.224342 

7.3«5246 

7.315246 

9969353  + 

9.942859  + 

8451227  + 

8.167201  + 

9  2256r4 

9.083601 

7.722S11 

7.336513 

6.948425 

6.420114 

7.027699 

7.027699 

0.263199 

9876887 

7.29089S 

6.904586 

9.568086 

9.568086 

7.722812 

7336500 

9  240.37 

9.112167 

5.47 

2.81 

log  denoni. 

8.8641 

i«>K  y  -  ^1^) 

2.8in 

h.«r  ,T;- 

39511 

oM  log  r. 

9.112171 

a<M 

9  99^997   • 

log  r, 

9.112168 

i.\ftcr  the  first  trial  llic  differenU.il  fonuuUc.  the  applioalioii  of  which  follow.-^,  nn;;ht  h.ive  bfjcn  applied  at  (Mice. 
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With  these  values  of  r,  and  ^2 ,  we  get  for  a  second  approximation  for  //,  as 
shown  in  detail  for  the  Seventh  Satellite,  the  following: 


First  Solution, 
log  [r]  0.712058 

log  //  0.621633 

log  fC  =  ]  {n)  COS  (tjy)  -  H  \       9.571221 


Second  Solution. 

0.735589 
0.622103 

9.565903 


With  this  second  approximation  for  //,  we  get  new  values  for  r^  and  7^2  by  the 
differential  method: 

log  r,  =  9.238241  log  r.,  =  9. 1 1 2669 


A  third  approximation  for  //gave  the  following  final  values 


,1 


log  r,  =  9- 238259 


log  r^  =  9. 1 1 2669 


IV 


First  Solution. 

Second  Solution 

log  (J 

0.616736 

0.644368 

log  0" 

1. 300 1 39 

1.542730 

logo- 

2.897837 

2.850649 

V 


First  Salutioii. 

second  Solution. 

First  Solution. 

Second  Solution. 

log  .1-,,        8.823340 

8.9895270 

log  .1 V 

0.3054950 

i.o2638on 

log  Jo        9- "90190 

8.929802 

log  j»V 

9.489438n 

1.075799 

log -To            8.95763111 

7.755080 

log  V 

0.023899 

0.817936 

log  ro         9.238270 

9. 1 1 2645 

log  r; 

o.o39975n 

1.207024 

Preliminary  Osculating 

Elements  (Equatorial). 

First  Solution. 

Second  Solution. 

First  Solution. 

Second  Solution. 

CJ           61"     40'      I0".7 

289-     46'     I9''.6 

log  a    9.203422 

.   7- 5489790 

^^        235       55       28  .0 

139      46      52  .9 

P          2 

.06624  years 

/           144       51       14  .9 

108      44      14  .9 

/',)         0' 

.477023 

e              0.48212 

13.55153 

Af,    287' 

'     13'     34^4 

Epoch  =  March  8.82326 


7'  =  Feb.  24.5842 


Constants  for  the  Equator  (1908.0). 


First  Solution. 

A' 

281'     16'      fA 

ir 

0      37        I.I 

c 

61       40       10  .7 

Second  Solution. 

First  Solution. 

Second  Solution 

214^     58'       9".6 

sin  a 

9.943989 

9.898318 

358      58      17  .4 

sin  b 

9.976146 

9.839306 

289      46      19 .6 

sin  c 

9.760166 

9.976351 

The  ob.servations  were  represented  by  means  of  the  Elements  and  Constants 
for  the  Equator  for  each  solution,  with  the  following  results: 


Representation  from  the  First  Solution. 


(O  -  C)  \ 


Ja 


Jan.  27 

Feb.  22 

April  I 

April  29 

-  46".  2 

-  Io".9 

+  34".9 

+  136^0 

+  10  .7 

+   4  .7 

-13.3 

-    46  .5 

^  By  the  ^raphicil  solution,  c/.  footnote  i,  page  290.  Dr.  K.  S.  Haynks  has  found  the  number  of  solutions 
to  be  three,  the  third  solution  being  close  to  the  second. 
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Representation  from  the  Second  Solution, 


Jan.  27 

Feb.  22 

April  I 

April  29 

4'      27*.4 

+  0'        12*.  I 

+  2'       24*.  9 

+  18'        \f.2 

21         4  .4 

2            3  .2 

-0         14  .1 

-    2         49  .2 

It  is  evident  from  a  comparison  of  the  residuals  by  the  two  solutions  that  the 
first  solution  is  the  physical  one. 


VI 

Using  the  first  solution  the  special  perturbations  due  to  the  action  of  the  Sun 
were  computed  by  the  modification  of  Enckp:\s  method  over  the  period  from  Jan- 
uary 25  to  April  30. 

The  osculating  Elements  with  the  perturbations  gave  the  following  represen- 
tation: 


(o  -  c)  I 


Jan.  27 

Feb.  22 

April  1 

April  29 

-42*.  7 

-9^9 

+  37''.8 

+ 146''.7 

+    6.7 

+  4  .2 

-14  .4 

-    51  .2 

Using  the  residuals  of  January  27  and  April  29,  a  differential  correction  by 
the  use  of  the  closed  expressions  as  shown  in  Part  8,  Example  No.  10,  gave  the 
following  results: 

Jan.  27  April  29 

^  (Jd         -o  .3  -30 

These  residuals  were  substituted  for  the  constant  terms  in  the  equations 
arising  from  the  first  differential  correction.  This  procedure  gave  the  final  results 
as  follows: 

Represeutation  of  the  Observalions. 

Jan.  27  Feb.  22  April  1  April  29 

^     ^^(JS  +0.8  +0.8  -0.4  +0.3 

Epoch  1908  March  8.82326  Gr.  M.  T. 

.1/,,  266**    3'    51" 

^  67      45      54    ^  Mean  equinox 

/2  240        I        9    /       and  equator 

/  144     51      21    )       1908.0. 

^  0.351958 

log  a  9.215643 

M"  0^.457308 

P  2.15532  years 

Constants  for  the  Equator  190S.0. 

X  -  r  [9-937932]  sin  (2S2'*  58'  7"  +  2') 
y  -  r  [9.981246]  sin  (3  i  12  +  ?•) 
r  =  r  [9.760148]  sin  {  67      45     54    +  7') 
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Below  is  given  a  tabulation  of  the  original  elements  derived  by  CowKLL  and 
Crommelin  and  of  those  derived  above,  together  with  the  corresponding  residuals, 
from  which  it  would  appear  that  the  results  obtained  by  Leuschner's  method  are 
all  that  could  possibly  be  desired. 


Elements, 


CowEM«  and  Crommblin 

Crawford  and  Mhvhr 

/                 1 48'.  86 

144^86 

il              277  .46 

240  .02 

^                     0  -333  (about; 

0352 

a                   0  .1702  (about) 

0.1643 

F                    2  .  167  years. 

2.155 

Residuals  (O  -  C). 


Date 

Ja 

J(5 

• 

1908 

C.  &C. 

C.  &M. 

C.  &  C. 

C.  &  M. 

Jan.  27 

+  o\6 

+  4''.3 

+  o\6 

+  o\8 

Feb.  22 

+  1  .0 

+  4  .5 

+  0  .3 

+  0.8 

March  8 

-2  .4 

0  .0 

;        +0.4 

0  .0 

April  I 

+  2  .0 

+  0  .8 

-I  .6 

-0  .4 

April  29 

+  8  .2 

+  2  .8 

-2.6 

+  0  .3 

ADDENDUM. 

Before  this  volume  was  ready  to  go  to  press  the  following  set  of  elements  for 
the  Seventh  Satellite  by  Ross  appeared  in  A,  N,  4175: 


£1  =  29i'.5 

i     =    25  -3 
cj    =  182  .8 


Earth's  Equator  1905.0 


e    =  0.208 

P  =  260.6  days. 


These  elements  depend  '^upon  twelve  observations  distributed  uniformly  over 
the  observed  arc  from  January  3,  1905,  to  September  25,  1906.  The  principal 
perturbations  have  been  included."  This  set  of  elements,  based  upon  two  oppo- 
sitions, is  to  be  regarded  as  the  best  set  of  elements,  at  this  time,  for  the  orbit 
of  the  seventh  satellite.  Comparison  shows  that,  with  the  exception  of  the 
eccentricity,  the  elements  derived  above  by  the  direct  solution  agree  better  with 
these  last  elements  by  Ross  than  any  of  the  others. 
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